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I. INTRODUCTION

Multiple-input multiple-output (MIMO) antenna technology can provide significant improve-
ments in capacity [1-4] and error performance [5] over conventional single-antenna technology,
without requiring extra power or bandwidth. When channel knowledge is available at both the
transmitter and receiver, MIMO transmit beamforming with maximum-ratio combining (MRC)
receivers [6] is particularly robust against the severe effects of fading. This robustness is achieved
by steering the transmitted signal along the maximum eigenmode of the MIMO channel, resulting
in the maximization of the signal-to-noise ratio (SNR) at the MRC output.

Recently, MIMO-MRC has been investigated in uncorrelated and semi-correlated channel sce-
narios (i.e. where correlation occurs at only one end of the transmission link, or not at all). A key
to deriving analytical performance results is to statistically characterize the SNR at the output of
the MRC combiner. In [7-11], uncorrelated Rayleigh fading was considered, and the output SNR
statistical properties were derived based on maximum eigenvalue statistics of complex central
Wishart matrices. In [12], uncorrelated Rician channels were characterized using maximum
eigenvalue properties of complex noncentral Wishart matrices. Semi-correlated Rayleigh channels
were considered in [13], utilizing properties of semi-correlated Wishart matrices.

In this paper we consider double-correlated Rayleigh channels, by first deriving results for
the eigenvalue statistics of double-correlated complex Wishart matrices. In practice, double-
correlated channels (i.e. with correlation at both the transmitter and receiver) commonly occur
due to, for example, insufficient scattering around both the transmit and receive terminals, or to
closely spaced antennas with respect to the wavelength of the signal. While there are numerous
statistical results on general Wishart matrices, there are almost no results for the eigenvalue
statistics in the case of double-correlated Wishart matrices. In [14], the joint probability density
function (p.d.f.) of the eigenvalues of such matrices was derived in terms of hypergeometric
functions of three matrix arguments. In [15], the marginal p.d.f. of an arbitrary unordered
eigenvalue was derived. Here, we add to these general statistical results, by deriving new exact
closed-form expressions for the p.d.f. and cumulative distribution function (c.d.f.) of the maximum

eigenvalue of double-correlated complex Wishart matrices.
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The new general statistical results allow us to consider performance measures for MIMO-MRC
in double-correlated Rayleigh environments. In particular, we present explicit expressions for the
p.d.f. of the output SNR, and for the outage probability. These expressions are in closed-form,
simple, and apply for arbitrary antenna configurations, and over the entire range of SNRs.

We also derive explicit closed-form expressions for the average symbol error rate (SER) with
various modulation formats. SER expressions are only currently available in closed-form for
uncorrelated Rayleigh channels with 2 X m (i.e. 2 transmit and m receive antennas), or m X 2
systems, where m > 2 [8, 9]; and all other results either require numerical evaluation of unknown
coefficients (e.g. [7]), or evaluation of infinite series. For the SER results in this paper, we also
restrict attention to 2 X m and m X 2 systems in order to obtain closed-form solutions, however
our results are much more general since they apply for double-correlated channels. The 2-
antenna restriction in fact has important practical applications. As discussed in [9], size and cost
constraints in realistic cellular MIMO systems will typically limit mobile units to accommodate
a maximum of two antennas. Base stations, on the other hand, usually have greater design
flexibility, and can easily be implemented with more antennas. As such, 2 x m and m x 2
correspond to uplink and downlink communication scenarios in such systems, respectively.

Even more insights can be gained by analyzing the performance at high SNR. In particular,
we formally prove that MIMO-MRC achieves the maximum possible spatial diversity order in
double-correlated Rayleigh environments, and show a clear and direct relationship between the
SER and the transmit and receive correlation matrices in the high SNR regime.

Finally, we verify the analytical SNR p.d.f., outage probability, and SER expressions by
comparing with Monte-Carlo simulations, and examine the impact of correlation in each case.
Our results show that the outage probability may increase or decrease as a function of the spatial

correlation, whereas the SER tends to vary monotonically.

II. STATISTICAL PROPERTIES OF DOUBLE-CORRELATED COMPLEX WISHART MATRICES

This section presents new general statistical properties of complex double-correlated Wishart

matrices, which will be used in the subsequent performance analysis of MIMO-MRC.
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A. Cumulative Distribution Function (C.D.F.)

The following theorem presents the c.d.f. of the maximum eigenvalue of double-correlated
complex Wishart matrices. This will be used for deriving the outage probability of MIMO-MRC
in double-correlated Rayleigh channels.

Theorem 1: Let X ~ CN iy (Omxn, 2 @ ), where n < m, and 2 € C"*" and X € C"™*™
are Hermitian positive-definite matrices with eigenvalues w; < ... < w, and 01 < ... < o,
respectively. Then the c.d.f. of the maximum eigenvalue \,, of the double-correlated complex

Wishart matrix XX is given by
(—=1)"T,,(n) det(2)" det(X)™ L det(P(x))

F: = 1
Am (m) AH(Q)Am(E)(—x)"("_l)ﬂ (1)

where T,,(+) is the normalized complex multivariate gamma function, defined as'
To(n) =[[T(n—i+1) 2)

i=1

and A,,(-) is a Vandermonde determinant in the eigenvalues of the m-dimensional matrix
argument?, given by
A (D) =]](o;—02) - (3)
i<j

Also, ¥(x) is an m x m matrix with (i, j)*" element

(%)m_z for i <7
(lp(x))m = 7 4)
e wi-r9 P <m; —wiiaj> for i > 71
where 7 = m — n, and
-1
Pliy)=1—e¥> y"/k! (5)
k=0

is the regularized lower incomplete gamma function.

Proof: See the Appendix. [ ]

"Note that this is related to the standard complex multivariate gamma function T',,(n) (as defined in [16]) via T, (n) =
ﬂ_fn(nfl)/21:xn(n).
?For notational convenience, we will sometimes give a set in place of a matrix in the argument of A, (-), as a shorthand.

Specifically, for the set A, we use A,,(A) as shorthand for A, (diag(.A)).
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Corollary 1: For the case n = 2, m > 2, (1) reduces to

_ det(R) N NS e m-1 ip:)
) = s, () 2, 2, VT ) A ) Qi) ©

where
t ,t<p
o(t) = @)
t—1 ,t>p

and O‘[pvt} — {O‘Z"L 6 {]_, “ e ,m} \ {p,t}}, al’ld

1 __ = _ =
Qpi(z) = —e 27 P (m; -= ) e “itp (m; - ) - (®)
x W20y W10t
Proof: The proof follows by applying Laplace’s Expansion to the last two rows of det (¥(x))

in (1), and then simplifying the resulting (Vandermonde-type) minors using (56). [ ]

Corollary 2: For the case n = m = 2, (1) reduces to the simple expression
2 2

W1W20102 ; T —— T
F m x) = _]‘ ! € w‘lij‘+laj + - = 1) ' (9)
o (2) z(o2 — 01) (w2 — w1) ;( ) };[1 ( Wli—j|+19;
Proof: The proof is straightforward and is omitted. [ |

B. Probability Density Function (P.D.F.)

The following theorem presents the p.d.f. of the maximum eigenvalue of double-correlated
complex Wishart matrices. This will be used for deriving the p.d.f. of the output SNR of MIMO-
MRC in double-correlated Rayleigh channels.

Theorem 2: Let X ~ CN iy (Oimxn, 2 @ ), where n < m, and 2 € C"*™ and X € C"™*™
are Hermitian positive-definite matrices with eigenvalues w; < ... < w, and 01 < ... < o,
respectively. Then the p.d.f. of the maximum eigenvalue )\, of the double-correlated complex

Wishart matrix XX is given by
(=)™, (n) det(Q)"~!det(X)m 1
An(€2) Ap(B) (=Ap )1/

% (n(n—l) det(‘I/()\m)) 4 i det(‘:[’g()\m))> (10)

2A
(=7+1

Fam ()‘m) =

where W,()\,,) is an m x m matrix with (4, )" element
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(T(Am))i; fori # ¢
(‘Ilf()‘m))i,j = —1 - (11)
GWii:;jJ P (m -1 w;)‘;j) fori =1/

and where (¥(\,)), ; is defined in (4).

Proof: The result follows by differentiating (1) with respect to x. [ ]

III. MIMO-MRC SYSTEM MODEL

Consider N, transmit and /N, receive antennas, where the NV, X 1 received vector is
r =+ Hwz +n (12)

where 7 is the transmitted symbol with E [|z|*] = 1, w is the beamforming vector (specified
below) with B [|[w||’] = 1, n is noise ~ CA'y, 1 (On, «1,Ly,), and 7 is the transmit SNR. Also,
H is the N, x N, channel matrix, assumed to be flat spatially-correlated Rayleigh fading, and is
decomposed according to the common kronecker structure (as in [4, 14,17, 18], among others)

as
H= R%sté ~ CNNT-,Nt (ONT'XNt7 R® S) (13)

where R and S are the receive and transmit correlation matrices respectively, with unit diagonal
entries, and H,, ~ CN'y, v, (On,xn,, In, @ Iy,).

The receiver employs the principle of MRC to give
z=wHr=/fwHHwz+wHn . (14)
Therefore, the SNR at the output of the combiner is easily derived as
v=~wHHw . (15)

The BF vector w is chosen to maximize this instantaneous output SNR, thereby minimizing
the error probability. It is well known that the optimum BF vector w,, is the eigenvector

corresponding to the maximum eigenvalue \,,, of H H. In this case, the output SNR (15) becomes

v =3w  H Hwoy = T\, (16)
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Clearly the output SNR (and therefore the performance) of MIMO-MRC depends directly on
the statistical properties of \,,.

In the previous section we presented results which apply directly to \,, for the case when
N, > N, (i.e. H'H is full-rank), by setting 2 =S, ¥ = R, n = N, and m = N,. The results
of the previous section also apply to the case when N, < N,, (i.e. HH' is full-rank), by setting

Q=R,¥=S,n=N,, and m = N;; since the maximum eigenvalue is the same in both cases.

IV. PERFORMANCE ANALYSIS OF MIMO-MRC IN DOUBLE-CORRELATED CHANNELS
A. Statistical Characterization of the Output SNR

We now characterize the statistics of the output SNR ~. Using (16), and making a simple

change of variables to (10) we obtain the p.d.f. of ~, given in closed-form by

- S e )
n(l—n)det (¥ (2))5
’ 27( ( ))V+ 2 det <‘I’e (%)) - an

l=7+1

The outage probability is an important quality of service measure, defined as the probability

that v drops below an acceptable SNR threshold 7yy,. It is obtained from (1) and (15) as follows

Fy () = Pr(y < ) = B, (”7)

()" () det(€2)"~" et ()"~ det (¥ (%))
— n(n—1)/2 ' (18)
() A (%) (- 220)

5

In Section V we show that the outage probability can increase or decrease with the spatial

correlation, depending on the value of ~,.

B. Symbol Error Rate Analysis

In this subsection we derive closed-form expressions for the average symbol error rate (SER)
of MIMO-MRC in double-correlated Rayleigh channels, with various modulation formats. As

discussed in Section I, we consider the practical special cases 2 X m and m x 2. Our results
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apply for all general modulation formats that have a SER expression of the form

P, = E, [aQ (v/207)] (19)
where Q)(-) is the Gaussian Q-function, and a and b are modulation-specific constants. Such
modulation formats include BPSK (a = 1, b = 1); BFSK with orthogonal signalling (a = 1, b =
0.5) or minimum correlation (¢ = 1, b = 0.715); and M —ary PAM (a = 2(M — 1)/M, b =
3/(M? —1)). Our results also provide the approximate SER for those other formats for which
(19) is an approximation, e.g. M-ary PSK (a = 2,b = sin®(7/M)) [19, Eq. 5.2-61].

A common useful approach for evaluating SERs of the form (19), is to first evaluate the moment
generating function (m.g.f.) of v, and then apply the well-known m.g.f.-SER relationships given
in [20]. In the context of MIMO-MRC, this approach was used in [7,9] to evaluate SERs in
uncorrelated Rayleigh channels. Although it is possible to evaluate the output SNR m.g.f. for
double-correlated channels considered in this paper, unfortunately the resulting expression has
significant convergence problems.

As such, we adopt an alternative approach. We begin by generalizing a result presented in
[13], which directly related the SER of MIMO-MRC in semi-correlated channels with BPSK to

the c.d.f. of the output SNR. We start by noting that the Gaussian Q-function can be written as

1 o 2
o —v?/2
Q)= VT /m/\/ie a0 20

and substitute into (19) to give

P, = %/0 [/\/b_e_vzdv} £y (u)du . (21)

Now we apply (definite) integration by parts to (21). To do this we integrate f,(u), and differ-

entiate the quantity in square brackets as follows

0o Vou
g[ / e_UQdU}:_g [ / d]
du | )y du |/,
1 /b,
L 22
2\/;6 (22)
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where the first line followed by noting that

/ T ey = VT (23)
) 9

and the second line followed from the Chain Rule, and last line was obtained using the Second

Fundamental Theorem of Calculus. This gives

P, = avh [~ LFV (u) du. (24)

27 o Vu
Note that (24) is a generalization of [13, Eq. 32] to SER expressions of the form (19).

Now we can directly substitute (18) into (24) and integrate term by term. This procedure,
however, is problematic since the term-by-term integrals are divergent (although the overall
result converges). To circumvent this problem, we first write (24) in terms of the c.d.f. of A,

given in Corollary 1, as follows

P, = ;f f FAm <3) du (25)

and derive an alternative expression for @, () in (8).

Expanding the exponentials into power series, and using (5), we manipulate (8) as follows

k k
(e () ) (= (-5)
il D el D P
k=m k=m
o oo (—g)hthe ( 1 )’f ( 1 )’“
_ 1 Z Z w20p w10t
T i i ]{31”{72
1=m ko=m
=—> (-2)"s, (26)
k=2m
where
or (o) (a)
w20p m
= ) 27
Sk g:zm 0k —0)! @7)
Now, substituting (26) into (6) and (25), the SER can be written as

av'b det _1
P, = Z Z PO (0,0 Ay (cP) T (28)
2\/7 AZ p=1 t=1,t#p
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where

oo —bu
T=1[ “—q,, (3) du
Y

o Vu
00 1 k—1 00
— Z Sk <__) / uk—3/2€—budu
k=2m v 0
iy s (-
=~Vb Sp|——) T'(k—1/2 29
7 k;m k< bﬁ) (k—1/2) (29)

where the last line followed by applying the integration identity [21, Eq. 3.381.4]. To remove

the infinite summation from (29), we apply the Binomial Theorem to express Sy in (27) as

1 1 1 \* &k 1\ / 1 \"*
Sk:ﬁ((wz%jLwlUt) _;(5) (Wzo'p) (Wlat)
k ]{7 1 ? 1 k—¢
- > (G GR) ) e
(=k—m+1 W20p Wiot

Now, performing the change of variables ¢ — (k — ¢) in the last summation in (30), and using

the property (’;) = ( k ), we can write

RO @)@ @)

1 1 1 \"
. Wo0p W10t ;
31

Note that the key advantage of writing Sy in this way, as opposed to (27), is that we have

3

Il
o

removed the dependence of the summation limits on k. We now substitute (31) into (29) and

1
’ ’walcft

~ 17
0 (Fbwyo,)

simplify to obtain

) 1/ 1 ~— 17 ( 'ybw2crp>
I=3vb 7](07_%<u)20'p wlat)) Zg_—

(Ybwi0¢)

MS

=0
(32)

where

-3 ZF _1/2)

k= 2m
B | k+€—1/2)
- > i
k=2m—{

R (k00— 1/2
TR (- 2y -y SR (33)
k=0 ’
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where | Fj (+) is the binomial hypergeometric function. Noting that 1 Fjy (a;y) = oF} (a; b; b; 1),

and using [22, Eq. 15.1.8], we obtain

—0—
I'(k —1/2
n(ty) =T (£—1/2) (1 —y)"/*" - Z M /2 (34)
k=
Now we apply the identity
2k — DHI/7
F(l{:+1/2):% (35)
where
(2k—1)'—1><3>< x (2k —1) (36)
for & > 0, and define (—1)!! =1 and (—3)!! = —1, which yields
™ .
n(ty) = it y) (37)
2
where
Ty 2k +0) = 3)!
700, y) = (20— 3 (1 — ) /> — (Q) 38
n(ly) = ( ML —y) ; 5 X (38)
Finally, substituting (37) into (32) and (28) yields the desired closed-form SER expression
det aIw “ m—1
P e O S S (1O )" s ()
p 1 t=1,t#p
1/ 1 1y (¢ ) ety (6 -5k
y n(o __( )) Z—ﬁ _$ . (39)
b \waoy, w10t P 0 (25bw, o) s 0! QwaQap)

Note that (39) is a simple finite closed-form expression (involving only polynomial terms in

7), which can be evaluated easily and efficiently.

C. High SNR SER Analysis

We now analyze the SER performance in the high SNR regime in order to derive the diversity
order of the system.

Consider the SER expression given by (28) and (29). It can easily be shown that, irrespective of
the SNR, the first term in (29) (i.e. £ = 2m) cancels with terms in (28) to give zero contribution
to P;. Therefore the summation in (29) could equally well be written starting from k& = 2m + 1.

Since as ¥ — o0, the infinite series in (29) is dominated by the low order terms, in the high
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SNR regime we need only to consider k£ = 2m + 1. To proceed, we take the k = 2m + 1 term

in the series and use (27) to write (29) at high SNR as follows

r o (L) () () ) )

(7)™ T(2m 4 1/2) 1 < L1 )
Vhml(m+ 1)1 det ()" (0,00)™ \wior ~ waop /)
Substituting (40) into (28) gives P, at high SNR as follows

P aT(2m +1/2) (30)°" s @D
2y/mml(m + 1)!1A; () A, (X) det ()™

(40)

where

© e — o]
S=)_ D (= 9hns (o )<1 + 1). 42)
p=1 t=L,t#p OpTt Wiy Waop

Now, it can be shown that

Z Z ot o—<(7 and Z Z 1yt Uz(ozw)

p=1 t=1,t#p p=1 t=1,t#p

are Laplace expansions of (—1)™2A,,(X) and (—1)™'A,,(X) respectively. As such, (42) can

~ 1 1)\ A
g _ (_ B _) An(E)
Wi det (3)°

A3 ()AL (X)

det( ) det (E)
where the second line followed from (56). Finally, substituting (43) into (41) and simplifying

be written as

(43)

using (35), we obtain the desired high SNR SER result
o a (4m — 1!
© p2m22mtll(m 4 1) det (Q)™ det (X)

Therefore, clearly MIMO-MRC achieves the maximum possible spatial diversity order of 2m in

Sy (44)

double-correlated Rayleigh channels. Also, using Hadamard’s inequality [23, Th. 16.8.2], and

the fact that the diagonal elements of {2 and X are unity, it can be easily shown that
0<det(2) <1 and 0<det(X)<1 (45)

with equality in the upper limit only when the correlation matrices are identity matrices. This

proves that the presence of spatial correlation (at either end) yields a net reduction in error
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performance in the high SNR regime.

V. NUMERICAL RESULTS

While the analytic results in this paper apply to arbitrary channel correlation matrices, for
our numerical studies we construct the correlation matrices using the practical channel model
presented in [24]. The model assumes that there are uniform linear arrays at both the transmitter
and receiver. Let us denote the relative antenna spacing between adjacent antennas (measured in
number of wavelengths) as d, at the receiver and d; at the transmitter. Also, define 6,., 6;, af and
o? as the mean angle of arrival (AoA), mean angle of departure (AoD), receive angle spread
and transmit angle spread respectively, and let 0, = 6, + 6, and 0, =0,+ 6, denote the actual
AoA and AoD, with 6, ~ N (0,02) and 6, ~ N (0, c2). With these definitions, the (p, ¢)*" entry
of R and S is given by

R, = ¢ /2rap)d cos(0r) o~ 3 (2m(q—p)dr sin(0r)or)? S, , = ¢ 92 P-a)d cos(01) o5 (27 (p—q)de sin(01)o1)*

) N/

Recall that R and S are directly related to €2 and ¥ as discussed at the end of Section III. For
all results in this section we assume d, = d; = % and 0, = 0, = 7.

Fig. 1 shows the p.d.f. of the output SNR of MIMO-MRC with various antenna configurations.
The ‘Analytical’ curves are from (17), and clearly agree with the Monte-Carlo simulated p.d.f.s.
Moreover, we observe that both the mean and variance of the output SNR increase with the
number of antennas.

Fig. 2 shows the (analytical) p.d.f. of the output SNR, comparing various correlation scenarios.
We see that for 4 x 4 antennas, extra correlation increases the spread of the SNR around the
mean. This effect was also observed for semi-correlated channels in [13]. For the 2 x 2 case,
the correlation has less effect.

Fig. 3 shows the outage probability of MIMO-MRC, with the same antenna configurations as
in Fig. 1. The ‘Analytical’ curves are from (18), and agree precisely with Monte-Carlo simulated
curves. We see that the outage probability is significantly improved as the number of antennas

are increased.

Fig. 4 shows (analytical) outage probability curves, comparing different correlation scenarios.
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We see that for both antenna configurations, the correlation increases the outage probability at low
SNR thresholds, and decreases the outage probability (thereby improving system performance)
at high SNR thresholds. These general trends were also previously observed for semi-correlated
channels in [13]. Moreover, we see that the cross-over point of the different correlated curves
occurs at lower outage probabilities as the numbers of antennas increase.

Fig. 5 shows the SER of MIMO-MRC with BPSK modulation, for various antenna configu-
rations. The ‘Analytical’ curves are from (39) with ¢ = 1 and b = 1, and match exactly with
the Monte-Carlo simulated SERs. The ’Analytical (High SNR)’ curves are from (44). Clearly
they converge to the exact SER in the high SNR regime, confirming that the maximum possible
diversity order is achieved.

Fig. 6 shows the SER of MIMO-MRC with 4-PAM modulation, for various antenna configu-
rations. The *Analytical’ curves were generated from (39) with a = 1.5 and b = 0.2. Again we
see an exact agreement with the Monte-Carlo simulated curves in all cases.

Fig. 7 shows the SER of MIMO-MRC with QPSK modulation, for various antenna config-
urations. The ’Analytical’ curves were generated based on (39) with @ = 2 and b = 0.5. As
discussed in Section IV-B, (39) only provides an approximation for QPSK, however we see that
this approximation is accurate for all but very low SNRs. In particular, for all SERs of practical
interest (i.e. P; < 0.01), the analytical curves match almost exactly with the simulated curves.

Fig. 8 uses the analytical expressions to examine the effect of correlation on the SER. Results
are presented for BPSK modulation. We see that for both antenna configurations, the SER
increases monotonically with the level of correlation. This agrees with the high SNR predictions

from (44) and (45).

VI. CONCLUSION

We have examined the performance of MIMO-MRC in double-correlated Rayleigh fading
environments. Our results are based on exact closed-form expressions which we derived for the
p.d.f. and c.d.f. of the maximum eigenvalue of double-correlated complex Wishart matrices. We

showed that the outage performance may increase or decrease due to the presence of spatial
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correlation, depending on the average SNR. When the minimum number of transmit and receive
antennas is two, we proved that MIMO-MRC achieves the maximum available spatial diversity

order in double-correlated channels.

APPENDIX
A. Proof of Theorem 1

First consider the n = m case of square random matrices X ~ CN . m(Omxm, 2 ® ), and

let \; < ... < )\, be the non-zero eigenvalues of X'X. The c.d.f. of \,, is obtained using

Py, () = /D F(A)dA (46)

where A = diag{\1, ..., Am}, f(A)isthe jointp.d.f.of Ay,..., A, and D ={0 <\ < ... < )\, <z}

It was shown in [14] that

_ oFy (—Q7L 27U A) AL (A)?
JA) = )7 det( @)™ det(z)

where (Fy, (+;-;+) is a complex hypergeometric function of three matrix arguments. To evaluate

(47)

the integral in (46) we first expand OFO(-) in complex zonal polynomials [16] as

B o0 SN e Yo —1\
By (-2 s A) =3 Y O (=) (% 2 )Ck(A) 48)
prdars E!'Cx(I,,)
where the inner sum is over all partitions C = (ky,..., k) with k&y > ky > ... k,, > 0, and

ky + ...+ k,, = k. Using the character representation for complex zonal polynomials [16]

Ck(A) = xi)(1)x 3 (A) (49)

and

s p oy = X (D) o (m, )

Ci(Ln) R T (m) (50)

where xiy(-) is the character of the representation {C} of the linear group, xcj(1) is the

dimension of the representation [K] of the symmetric group, and

Lo(m, K) = [[TOm + ki — i+ 1) (51)

i=1
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we can write

kDo (m)? x ey (=7 ) x ey (B x ey (A)
ofy (727 A) Z; i, K SSIEY @

Now we apply Weyl’s formulas [25]

H;Z](k; kj —i+7)

Xixy(1) = k! NN (53)
and?
det ()\k sHm= J) et (Afj*’” J)
A) = L (—1)mlm= 54
to give
B 2
oF) (_9—1’ E_I,A) _ : Fm(lm> 1 1
|3 -2) (3 -2)]
kj—i-m— i kj-i—m— 1 L m—i
o e (=) e ((2)7 ) e ()
X - — . (55)
kzz(); I (m, )T, (kj — ki — j + 1) Ap(A)
Now changing from K to strictly ordered partitions I, = (/%1, o /;;m) withky > ...>k, >0
(i.e. such that k; +m — i — k;), and using
n "o(wp — wj
fl(2-1) e
i<j Wi Wi Hz’:l Wi
we obtain
2 ol sl Ay L (CD)7URT, (m)? det ()™ det ()™
oFb (707, T A) = A () B ()
k;j kj P
o den (=) Yaer ((2)7 ) e (37)
x> Y —— . (57)
= (I k) An(K) An(A)
Substituting (57) into (47) and simplifying, the joint eigenvalue p.d.f. becomes
-1 m(m—1)/2
FA) = o)
det(2) det(X) AL (2)A,,(X)
iﬂj ifj L.
o den (=) Yaer ((2)7) et (3F) At
x>y . (58)

= (IT2 Ft) An(KC)

*Here we introduce the compact notation for the determinant of a matrix, written in terms of the (4, 7)™ element.
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Now substituting (58) into (46), the c.d.f. of \,, can be written as

e

" det(Q) det(Z)A,, (A, () & o m(K

k;
(_1)m(m_1)/2 00 det ((—%) ) det
Fy, (z) Z Z (Hj;l ]%Z') A
where

J = /D det <>\k) A (A)dA . (60)

To evaluate this integral, we note that A, (A) = det ()\i _1), and apply [26, Corr. 2] to obtain

T = det ( / t’5f+"—1dt)
0

T N L 61)
ki + i

Now, in order to remove the infinite sum over partitions in (59), we must manipulate the right-

hand determinant in (61) as follows

1 1 1

Ei+1 kol B +1
1 _ 1 _ 1 .. _ 1
det | = | =det | =P B T R (62)
kj+1 : : " :
1 1 .. 1
I;1+m l;2+m I;erm
1 foy— koo oy —Fom
k141 (k1+1)(ka+1) (k141) (km+1)
_1 _ ’51*1}2 _ lglfl:ﬂm
= det k1.+2 (k1+2).(k2+2) . (k1+2)?km+2) (63)
1 foy— koo By —Fom
ki+m  (k14+m)(ka+m) (k1 +m) (km+m)
1 1
LR xS ST
T - 1 1 1%21+2 TR 1+2
=[Gk —E) ] (=—— ) det | . =7 = ™ (64)
paiey i1 \k1+1 : : . :
1 1
1 l;2+m T l;m+m
1 1
L Tl p—
0 —— ... -1
m. om 1 (k2 +1) (k2+2) (ke +1) (Fm+2)
J— — . JE— 72,, P RS 72,,
- H(kl k’,) H <]% 4 ’L) det 0 (k2+1)(k2+3) (km+1)(km+3) (65)
=2 i=1 1 : : - :
0 —(m—1) —(m—1)

(k2+1) (ka+m) (km+1) (km+m)
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R . Fat2 Fmt2
m ki — kq m ( 1 ) E1+3 1_61%
— T(m " § det | *F " (66)
( >g<k‘,—|—1>g ki+1 : :

Note that in (63) and (64) we have subtracted the first column from all other columns and removed
common factors. In (65) and (66) we have then subtracted the first row in the determinant from
all other rows and removed common factors. Notice that the determinant in (66) is a principle
submatrix of the determinant in (62). Applying the same sequence of operations (m — 1 times)
to the determinant in (66), we obtain

1 i 1
det (@H) = T (m) A (KC) H <%i+j) . (67)

3,j=1

Substituting (67) into (61) and (59) and simplifying gives

- g () o () s

k=0 K i=1
(68)
where
k; ™ 1
) == (—) (69)
k j=1 k’z +7
Now we apply the Cauchy-Binet formula [27] to give
(_1)m( 1)/2 Fm(m) xm(m+l)/2 0 1 k
F = det e k 70
2 () = (60 det(®) A (2) Bz © kZ:O o) 9 (70)

and deal with the infinite sum as follows

i (_Wilaj)kg(k> - i # ﬁ <ﬁ)

s
- Lo (1;m+ 1;—0}‘0,) 1)
| -
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where 1 F1(+) is the confluent hypergeometric function. Applying the identity (see [22, Eq. 6.5.2]
and [22, Eq. 6.5.12])

VFL(150;2) = T(b)2%e* P (b — 1;2) (72)

in (71), and then substituting into (70) yields

(=1)™ T (m) det (€)™ det ()™ e (g
A () A, (Z) (—aymin-tz 4 ( ”p<m,_%)). 73

This establishes the result for square matrices.

Py, () =

To obtain the result for rectangular matrices (i.e. for n < m, and n x n matrix €2), we follow
an approach of [15], and consider an auxiliary (expanded) system with m X m matrix Q with
eigenvalues (&1, ...,0n) = (€1,...,€7,w1,...,w,), for which (73) holds, and take limits of (73)

as €1 — 0,...,¢, — 0. We then have

(=1)™ Ty (m) det ()"
A (Z)(—z)mlm=D72

Py, (z) = L (74)

where

~\ m—1
det (Q) s v
L= lim —————det (e “i% P <m; —— )) . (75)
To take these limits, we start by noting that

__z T _ =z F<m>_@iv>
e U'Jz-fw7><m;—~ ):e a1 - ——22 (76)

wi0j F(m)

where I'(+,-) is the upper incomplete gamma function, and use [22, Eq. 6.5.32] to obtain

1 m—1 -1 —1 -2
lime‘“’JP< x>: <_~$) 1+ +(m )(m )+ :
w;—0 wzgj P(m) CUZU] _a)fa'j (_Tz‘;—])z

(77)

We then consider each of the 7 limits in turn, starting with «©; — 0. We replace the first

row in the right-hand determinant in (75) with the first term in the expansion in (77) (i.e.

m—1
S (—&}ﬁ,) ). For the denominator we have
J

w1—0

lim Ay () = Ap1 (@, ..., @ H . (78)
=2

Now, factoring the numerator determinant yields a finite ratio for L in (75) in the limit «J; — 0,
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given by

m—2
Ly (H?L ) @j) det (2, (z))
n P(m) &)2—>0,1..1’.I,1®7——>0 Am_l((jdg, ce ,(:Jm)

(79)

where E,() is an m x m matrix with (i, j)'" element

(%> _ X (80)

(Eé(x))i,j = __z
e wioj'P(m;—@foj) ,’L>€

Now we take the limit as Wy, — 0. In this case the leading divergence in the numerator comes
from the second term in the expansion (77) (i.e. taking the first term results in a determinant
. _1ym—1 m—2
of zero). Hence, we can replace the second row of Z;(x) with % <i> . For the
m—1) \ @&;0;

denominator we have
lim A1 (Q) = Ao (@s, .-, @m) [[ @5 - (81)
wo—0 i3

Hence, factoring the numerator determinant again yields a finite ratio for £ as wy — 0, given by
(_1)m+(m—1) x(m—1)+(m—2)

L= . (H;’lg,@j) det (E,(z))

F(m)r(m — 1) w3—0,...,0r—0 Am_g(a)g, e ,(Dm)

(82)

Continuing this procedure until all limits have been calculated, and simplifying the result, yields

n(n+l) _ n(n-1)

r— (-7 2777 det ()" det (E,(x))
Cim)...T(m—74+1)A,(Q) '

Now noting that 2, (z) = ¥(x), where W(x) is defined in the theorem, and substituting (83)

(83)

into (74), we perform some basic manipulations to obtain the desired result in (1). UJ
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