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Abstract

Drawing ideas from differential geometry and optimization, this thesis presents novel
parameterization-based framework to address optimization problems formulated on
a differentiable manifold. The framework views the manifold as a collection of local
coordinate charts. It involves successive parameterizations of a manifold, carrying
out optimization of the local cost function in parameter space and then projecting
the optimal vector back to the manifold. Several algorithms based on this approach
are devised and applied to four computer vision tasks involving recovering pose in-
formation from images. First, we cast 2D-3D pose estimation as an optimization
problem on the intersection of the special orthogonal group and a cone. We move on
to estimate the essential matrix by minimizing a smooth function over the essential
manifold. This is followed by formulating the problem of locating quadratic surfaces
as an optimization problem cast on the special Euclidean group. Last, we demonstrate
how one could simultaneously register multiple partial views of a 3D object within a
common coordinate frame by solving an optimization problem involving the N-fold
product of the special orthogonal group with itself. A mathematical proof establishes
the local quadratic convergent rate of the Newton-like algorithms. Simulation results
demonstrate the robustness of techniques against measurement noise and / or occlu-
sion. New closed form calculations for the problems serve as a good initial estimate
for any iterative algorithm presented, and give exact solution in the noise free case.
The algorithmic technique and mathematical insights developed appear applicable to

many problems in computer vision, as well as in other areas.
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9.5

This figure shows the results of three algorithms for simultaneous reg-
istration of multiple 3D point sets - our Optimization-on-a-Manifold
method MBR,, Williams and Bennamoun’s SVD-based method M AT,
and Benjemaa and Schmitt’s Quaternion-based method QUAT (from
left to right) on different instances of the David model. In all cases, the
registration produced by our algorithm is quite plausible. The other
methods do not fare so well; a typical problem is that the two halves
of David’s face do not register properly, creating the false effect of two
heads. . . . . . . .
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Notations

The real numbers.

The set of all real n x 1 vectors.

The set of all real m x n matrices.

The set of real n x n orthogonal matrices,

O, ={X eRV|XTX =1,}.

The set of real n x n special orthogonal matrices,
SO, = {X e R™"|XTX = I, det(X) = 1}.
The set of real n x n special Euclidean matrices,
SEn::{X: {)2 i ReSOn,teRn}.
The set of real n x n skew symmetric matrices,

50, :={X e R X = -XT}.

The n-dimensional projective space, i.e. the set of lines
through the origin in R™*!.

The n-dimensional unit sphere in R*!,

S" = {z e R"|zTz = 1}.

The normalized essential manifold.

The tangent space of a manifold M at x € M.

The affine tangent space of a manifold M at x € M.

The tangent bundle of a manifold M, the disjoint union
of all tangent spaces.

The affine tangent bundle of a manifold M, the disjoint
union of all affine tangent spaces.

The Lie bracket of two matrices, [A, B] = AB — BA.

The Kronecker delta function, d,; = 1if i = j, §;; =0

if 1 #£ 5.

The n X n identity matrix.

The transpose of a matrix A.

The Euclidean norm of a vector z € R", ||z|| = vz Tz.
The Frobenius norm of a matrix A € R™*",
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Kronecker product: A ® B is formed by replacing each
element of A, denoted a;;, by a;; B. Recall,
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Chapter 1
Introduction

Integrating ideas from differential geometry and optimization, this thesis proposes a
novel geometrical framework to study optimization problems formulated on smooth
manifolds, particularly those which arise in computer vision. In this chapter, we intro-
duce the subject of computer vision and geometric optimization, including motivation
for the study. Developments in the two fields are reviewed and research issues that
arise are highlighted. Building upon these, we state the research goals and describe
the proposed methodology. Finally, the scope and key assumptions of the research

are put forward and an outline of the thesis is presented.

1.1 Computer Vision

As humans, our vision system allows us to understand the world that we see. Can
computers have this capability? This becomes the central challenge of computer vi-
sion. Many years ago, computer vision was not widely used due to expensive hardware
and sophisticated software which could hardly be used for real time applications. In
recent years, computers with high speed processors and larger memories at reduced
prices have emerged. This, together with cheap off-the-shelf digital imaging devices
which can produce good quality images have made computer vision system increas-
ingly used for various real world applications.

In robotics, computer vision have been used by industrial robots for parts assembly



and by autonomous vehicles (mobile robots) as a sensor to navigate and localize in an
environment. In the area of human computer interaction, computer vision algorithms
are used to create a user friendly computer interface. They also find applications
in the automobile industry. In January 2004, Toyota Motor Corporation offered
an option package for its Prius model (a gas-electric hybrid car) that included a
computer vision system together with steering sensors which could parallel park the
car “automatically”. In the entertainment industry, computer vision techniques are
adopted to construct 3D computer models of real objects or scenes to make animation
in games or movies more natural and realistic.

All applications discussed above involve recovering pose information from images,
one of the classical problems in computer vision. Pose refers to the knowledge about
“what is the location of the object and how is the object oriented relative to the
camera?” For example, mobile robots and intelligent cars need to know where the
obstacle is in order to avoid it. Industrial robot needs to know the pose of the parts
in order to pick them up and assemble them correctly. Computer software needs to
know how the head of the user is oriented in order to decide whether to scroll the
page up or down. To construct a 3D computer model, multiple partial views of the
real object need to be taken and the unknown pose information between the views
need to be recovered. These applications motivate us to revisit the pose estimation
problem using mathematical tools from differential geometry and optimization theory
and thereby develop new enhanced algorithms that carefully exploit the underlying
geometry of the problem.

1.2 (Geometric Optimization

Various computer vision problems, including pose estimation can be addressed using
an optimization framework. Optimization is a branch of applied mathematics con-
sisting of two main areas, namely numerical optimization and variational methods.
Numerical optimization, also known as mathematical programming, is concerned with
finding the optimal point that minimizes or maximizes a cost function, possibly sub-

ject to constraints. It can be classified further depending on the nature of the cost



function and its constraints. On the other hand, variational methods are devoted
to finding the optimal function that minimizes or maximizes a functional, possibly
subject to constraints.

Traditionally, researchers have focused on developing techniques for unconstrained
optimization problems, or equivalently those formulated on Euclidean space. When
the problem is constrained, as often occurs in many computer vision tasks, the widely
used strategy is to transform the constrained problem into an unconstrained problem
using the method of Lagrange multipliers [68]. This approach is relatively simple
and allows one to exploit the wealth of existing Euclidean optimization techniques.
However, it merely treats constrained problem as a ‘black box’ and solves it using
algebraic manipulation. Algorithms developed using this strategy only preserve the
constraint assymptotically. Any premature termination of the algorithm may fail to
satisfy the constraint set. Also, this approach always increases the dimensionality of
the optimization.

An alternative strategy, known as geometric optimization, which we adopt in
this thesis, is to exploit the geometry of the underlying parameter space. If the
underlying parameter space is the Euclidean space, then Euclidean geometry such as
distance and angle are exploited. This has been the main principle behind developing
classical optimization techniques. On the other hand, if the underlying parameter
space is non-Euclidean, as often occurs in constrained problems, then there can be
advantage in exploiting the geometric structure of this space. That is, develop a
strategy which views constrained problems as equivalent to unconstrained problems
posed on the constraint sets. Unlike the traditional Lagrange multiplier method, this
approach deals with the original problem directly and ensures that the constraints
are fulfilled at every iteration. Philosophically, this approach is geometrically more
intuitive, conceptually simpler and mathematically more elegant. From a practical
perspective, geometric optimization ensures that the constraints are satisfied at every
iteration. Thus, any premature termination still gives a meaningful solution.

In this thesis, we focus on optimization problems formulated on manifolds. Gener-
ically, a manifold is a space which ‘locally looks like’ Euclidean space but does not

do so globally. For example, Euclidean space is itself a manifold, spheres are mani-



folds, as is the surface of the earth on which we live. Since often a manifold can be
implicitly defined by a set of equality constraints, it deals with a rather large class of

optimization problems, for background theory of manifolds, see [47].

1.3 Literature Review

The development of numerical optimization on manifolds can be traced back more
than a century ago when the Rayleigh Quotient Iteration, or essentially the Newton’s
iterate on a sphere was first introduced to compute eigenvectors of a symmetric matrix
[19]. In this section, we first review the classical Riemannian approach of generalizing
Euclidean optimization techniques to a manifold setting before turning our attention

to the relatively recent non-Riemannian approach.

Riemannian Approach

Recall that manifolds are ‘locally’ Euclidean but not globally so. Hence, it is not
surprising that some nice Euclidean mathematical objects such as a straight line,
gradient and Hessian of the cost function have their counterparts in a manifold set-
ting. The Riemannian approach proposes the concept of endowing manifolds with a
metric structure. This gives rise to the corresponding mathematical objects such as
a geodesic, Riemannian gradient and Riemannian Hessian. Most existing numerical
algorithms on manifolds have been proposed based on this approach. Each varies
from others based on the type of manifold for which the algorithms is formulated and
the Euclidean optimization technique that is being generalized, as discussed below.
Gradient method on manifolds. The gradient method is one of the most popular
Euclidean optimization techniques to be generalized to a manifold due to its nice
global convergence properties. The method was first conceptually extended to man-
ifolds by Luenberger [56, 57] in 1972, see also the work by Gabay [26]. In the early
1990s, gradient methods on manifolds were popularized by researchers in the area
of systems and control theory to address problems which arise in linear algebra and

linear systems theory using a calculus approach. Some fundamental work in this area



were carried out by Brockett [11], Helmke and Moore [32], Smith [78], and Mahony
[59]. See also independent work by Udriste [83].

Newton’s method on manifolds. The gradient method on manifolds, as for its
Euclidean counterpart has a slow (linear) local convergence rate. Thus, it is not always
suited for applications requiring online computation. As a result, many researchers
turn their attention to the classical Newton’s method which is well known for its fast
(quadratic) local convergence rate. In 1982, Gabay [26] proposed Newton’s method
formulated on a submanifold of Euclidean space and each update is carried out along
a geodesic. There is independent work by Shub [76] who defined Newton’s method
for finding the zeros of a vector field on a manifold. Other independent work to
extend Newton’s method for general optimization problems on Riemannian manifolds
has been carried out by Smith [78] and Mahony [59, 60| restricting to compact Lie
group, and by Udriste [83] restricting to convex optimization problems on Riemannian
manifold. Edelman, Arias and Smith [20] developed Newton’s method specific to
orthogonality constraints, being then Stiefel and Grassmann manifolds. This method
was later adapted by Ma, Koseckd and Sastry [58] for solving the structure from
motion problem in computer vision. There is also a recent paper by Adler and Dedieu
[3] which studied Newton’s method to find zero of a vector field defined on general
Riemannian manifolds with applications in medicine.

Quasi-Newton method on manifolds. Newton’s method requires computation of
the inverse of a symmetric matrix containing second order local information of the cost
function, known as the Hessian. However, in certain applications, it is time consuming
to evaluate the Hessian inverse. To overcome this problem, in Euclidean space, a
variant of Newton’s method, known as the quasi-Newton method was introduced by
Davidon [18] in late 1950s. The technique approximates Hessian inverse using first
order gradient information and has a fast (superlinear) local convergence rate. To the
best of our knowledge, the paper by Gabay [26] is the first and only published work
focusing on generalizing the quasi-Newton method to a manifold.

Conjgugate gradient method on manifolds. Quasi-Newton’s method faces difficulties
when there are large scale optimization problems with sparse Hessian matrices. This

problem can be overcome using the conjugate gradient method. In Euclidean space,



this technique was originally introduced by Hestenes and Stiefel [35] in the 1950s
to solve large scale systems of linear equations. In 1960s, Fletcher and Reeves [24]
extended the method to solve general unconstrained optimization problems. It was
about 30 years later Smith [78] first generalized the method to manifolds. Since then,
he also collaborated with Edelman and Arias [20] to study the method specifically on
Grassmann and Stiefel manifolds.

Others. In Euclidean space, it is well known that there is a trade off between
gradient methods (good global convergence properties but slow local convergence
rate) and Newton’s method (fast local convergence rate but poor global convergence
properties). Two strategies have been presented to either globalize the Newton’s
method or speed up the gradient method, namely the line search and the trust region
methods. Since both methods also exhibit similar properties in a manifold setting,
Absil [1] has extended the trust region strategy to a manifold, while line search

strategies on manifold can be found in the work of Udriste [83] and Yang [85].

Non-Riemannian Approach

The traditional Riemannian approach is somewhat natural and intuitive, and has
since established its dominance in the field. Problems arise when it is difficult to
find Riemannian metrics such as in the case for non-compact Lie groups [61]. As
pointed out in [63], the Riemannian approach is justified when the cost function is
somewhat related to the Riemannian geometry and works best when the cost function
is convex with respect to Riemannian geometry. Moreover, many algorithms proposed
based on this approach are either abstract conceptually and difficult to implement
on a computer, or are computationally inefficient. Consequently, it is not suitable for
many computer vision tasks which require online processing.

At the beginning of this research, we are unaware of any framework other than the
Riemannian approach and those that exploits Lie group structures [61, 69]. Later, we
became aware of two independent prior works which present a similar framework as
ours: The unpublished report by Taylor and Kriegman [82] and the paper by Manton

[62] to address problems arise in computer vision and signal processing, respectively.



Since our work, Hiiper and Trumpf also present a related approach in a recent paper
[41]. Since all these works, including the one proposed here, are somewhat similar,

detailed discussions and comparisons will be deferred to a later chapter.

1.4 Research Issues

Having introduced the areas of study and reviewed its development, several research
issues naturally arise. First, there exists a gap between mathematical development of
the geometric optimization and its practical application. On the one hand, researchers
develop rigorous abstract mathematical concepts using tools from differential geom-
etry and optimization, that is less accessible to engineers and computer scientists.
On the other hand, computer scientists and engineers are rather sceptical about the
practicality of these concepts. Notice that the development of geometric optimization
starts with theory in early 1970s. Abstract algorithms started to appear in the 1980s
but its practical applications start only in early 1990s, mainly in the areas of linear
algebra and linear systems theory [11, 32|. Later, only a handful of these algorithms
find applications in robotics [12, 33], signal processing [20, 79|, computer vision [58]
and the medical area [3]. Although algorithms on manifolds have evolved from ab-
stract notions [26, 78, 59] to concrete implementable recursions [20, 2, 58], it is still
not suitable for many real time applications.

Second, the majority of iterative computer vision algorithms simply adopt stan-
dard optimization techniques without exploiting the geometric structure of the un-

derlying parameter space.

1.5 Aims and Methodology

The aim of this thesis is to address the research issues just highlighted, giving rise to

three specific objectives,

e To devise new iterative computer vision algorithms that exploits the geometric

structure of the underlying parameter space, and explicitly preserve constraints



at every iteration,

e To explore and extend a relatively new geometrical framework for optimization
on manifolds that is simpler and more accessible to computer scientists and

engineers,

e To develop the practical importance of geometric optimization algorithms as a
tool that is not only implementable, but also suitable for real time applications,

particularly in the area of Computer Vision.

To achieve these, we present and develop further a relatively new parameterization-
based framework, focussing on the special class of problems arising in computer vision.
Since a manifold ‘locally looks like’” Euclidean, this approach views a manifold as a
collection of local coordinate charts. It works as follow: At each iterate, a local
parameterization of the manifold at a point is constructed, the point is pulled back
to Euclidean space via the parameterization. The optimal vector that maximizes or
minimizes the cost function expressed in local parameter space is then pushed forward
to the manifold via the same parameterization. Various classical optimization tech-
niques are extended to manifolds using this framework and implemented to address

four problems arising in computer vision under the theme of pose recovery.

1.6 Scope and Key Assumptions

In this report, we are mainly interested in recovering pose information from two
commonly used sensor modalities in computer vision, namely the 2D intensity image
and the 3D range image. The sensors are assumed to be calibrated. The input
data from the sensors is modelled as a set of points. The proposed algorithms work
with real-valued cost functions with at least twice continuous differentiability and the

constraint set is a smooth manifold.



1.7 Outline of the Thesis

The thesis consists of an introduction, four technical chapters and a conclusion chap-
ter. Aligned with our goal to make the subject of geometric optimization more ac-
cessible to readers with a background in engineering and computer science, we do
not offer a systematic mathematical treatment of the proposed framework, rather we

demonstrate the approach by practical problems arising in computer vision.

Chapter 2: 2D-3D Pose Estimation. In this chapter, we are interested in estimat-
ing the relative position and orientation between a 3D object and its projection on
a 2D image plane from a set of corresponding points. The task is formulated as an
optimization problem on the intersection of a rotation group and a cone constraint.
Newton-type iterations based on a proposed geometrical framework are devised. A
key feature of the proposed algorithms, not used in earlier studies, is an analytic
geodesic search. This increases the probability of escape from local minima and con-
vergence to a global minimum without the need to reinitialize the algorithm. For
the case of finite number of local minima on the manifold, including periodically ran-
dom line search directions then as the iterations become infinite, such escape can be
achieved with probability one. We also present a new analytical method which in the
noise free case, gives the exact solution and a good initial estimate for any iterative
algorithm. The proposed algorithm is proved to be locally quadratically convergent.
Simulations also suggests that the algorithms give lower parameter estimation errors
than earlier methods and convergence to a global minimum occurs in typically 5-10
iterations.

Chapter 3: Estimation of Fssential Matriz. 1t is well known in the computer vi-
sion literature that relative pose information between a pair of calibrated 2D images
is encapsulated by the essential matrix. In this chapter, we focus on recovering this
matrix by minimizing a smooth function over the essential manifold. We have imple-
mented Newton-like optimization techniques using the proposed parameterization-
based framework. The algorithm is proved to be locally quadratically convergent.
The efficiency is demonstrated by means of computer simulations, where convergence

typically occurs in 520 iterations.
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Chapter 4: 3D Localization of Quadratic Surfaces. Quadratic surfaces are com-
monly occurring shapes in man made objects. This chapter addresses the problem of
locating quadratic surfaces from 3D range image data as minimizing a smooth func-
tion over the special Euclidean group. The optimization is based on locally quadrati-
cally convergent Newton-type iterations on this constraint manifold. To achieve this,
analysis of the underlying geometric constraint is required. Analysis shows that the
proposed algorithm is relatively robust against additive Gaussian noise and occlusion.

Chapter 5: Global Registration of Multiple 3D Point Sets. To construct a 3D
computer model of a real object, multiple partial views of the object need to be taken
and relative pose between these partial views need to be recovered. This chapter
demonstrates how one can simultaneously register multiple 3D point sets. We formu-
late the task as an unconstrained optimization problem on N-fold product of special
orthogonal groups. The optimization is based on locally quadratically convergent
Newton-type iterations on this constraint manifold. The proposed algorithm is fast,
converges at a local quadratic rate, computation per iteration is low since the itera-
tion cost is independent of the number of data points in each view. In addition, we
present a new closed form calculation for the simultaneous registration of multiple
point sets. In the noise free case, it gives correct registrations in a single step. In the
presence of noise an additional projection step to the constraint manifold is required.
This analytical solution is a useful initial estimate for any iterative algorithm.

The final chapter revisits the parameterization-based approaches, draws conclu-
sions from the development and implementation of the proposed framework and iden-
tifies continuing research themes that have arisen out of this work. To avoid disturb-
ing the flow of the report, most of the proofs, derivations and details of problems for

future work have been relegated to Appendix.

1.8 Summary

This chapter outlines the basis of the thesis. It provides an overview of computer
vision and geometric optimization, including the thrusts behind the study. Develop-

ments in the fields have been reviewed and research issues identified. Building on this,
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research goals has been stated and the proposed methodology briefly described. This
has been followed by discussion of the research scope and summary of each chapter.

Based on these, we are now ready to proceed to detailed descriptions of the thesis

research.
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Chapter 2

2D-3D Pose Estimation

As pointed out in the previous chapter, recovering the pose information from images
plays a fundamental role in many computer vision tasks and its subsequent applica-
tions ranging from robotics to the entertainment industry. In this chapter, we are
mainly interested in estimating the relative position and orientation between a 3D
object and its 2D image from a set of point correspondences. With an appropriate
choice of reference frame, the problem can be viewed as either determining the cam-
era pose with respect to a known object frame or as estimating the object pose with
respect to a known camera frame. It is also known as absolute orientation or extrinsic

camera calibration. Most of the material in this chapter has been published in [48].

Existing Work There are many algorithms, but perhaps only two approaches for
solving this problem presented in the literature. The first approach adopts linear
methods that yield closed-form solutions [23, 73, 4]. These linear methods are very
sensitive to noise because the orthonormality constraint of the rotation matrix is not
taken into account, yet are simple enough to implement in online computation. The
second approach is to formulate the task as a constrained nonlinear optimization
problem [30, 53, 54, 55]. As opposed to linear methods, these iterative techniques
provide numerical solutions that are more accurate and robust to measurement noise.
Also, when Newton-based recursions are used, fast (quadratic) local convergence rate

can be achieved. However, the methods rely on a good initial pose estimate. Also,
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without random reinitializations and selection of the lowest cost function outcome,
such methods might converge to a local minimum which is not the global minimum,
or converge to an infeasible solution, for which the object, or part thereof, is estimated
to be behind the camera. Among the existing recursive algorithms, only the tech-
nique proposed by Lu, Hager and Mjolsness [55] adopts the geometric optimization

framework.

Our Work In this chapter, the 2D-3D pose recovery task is formulated as minimiz-
ing a smooth function over the intersection of a rotation group and a cone, as depicted
in Fig. 2.1. To address the problem, we introduce a novel framework based on suc-
cessive parameterization of the constraint manifold. In contrast to the ‘fast’ linearly
convergent geometric algorithm of [55], the Newton-like recursions devised based on
this framework is locally quadratically convergent. The main novelty of our approach
is the use of closed-form global geodesic search step, requires only the solution of a
quartic equation. It assists in escaping local minimum and infeasible domain, as well
as converges to a global minimum without the need to reinitialize the algorithm. The
Newton decrement or its estimate is used as an indicator for selecting the optimal
directions for a geodesic search, assists in the decision for selecting Newton step, and
for algorithm termination. We also put forward a method for algorithm initialization,
which leads to an exact solution in the noise free case, and a good initial estimate
in the presence of noise. Simulation results suggests the proposed algorithms achieve
significantly lower parameter estimation errors than techniques presented by [55] and

convergence to a global minimum occurs in typically 5-10 iterations.

Chapter Outline In Section 2.1, the 2D-3D pose estimation task is formulated as
an unconstrained optimization problem cast on a constraint manifold. We propose
a parameterization-based geometric optimization algorithm to address the problem
in Section 2.2. The analytical noise free solution and noisy initialization procedures
are presented in Section 2.3. This is followed by an implementation summary in
Section 2.4. Simulation studies is presented in Section 2.5. A modified version of

the algorithm which takes into account outliers is described in Section 2.6. This is



14

followed by a chapter summary in Section 2.7.

0. 1

SOs

=N

K

SOsNK

Figure 2.1: The special orthogonal group SOs3, the cone constraint /C, and the result-
ing constraint manifold SO3 N KC, which is the intersection between SO3 and K.

2.1 Problem Formulation

In this section, we provide definitions of relevant terms before formulate the pose

recovery task as an optimization problem on a constraint manifold.

2.1.1 Definitions

Model The model of a known 3D object is a set of points described in an object

centered frame that lie within the field of view of a camera, as

{mi}izl,---,na m; 1= [xz Y; Zi]T € R3.

Transformed model To represent each model point in the camera centered frame

2 S A A
m; =[x} y; 2

Z]T, a rigid body transformation is performed as follows,

mi = le +t,
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object frame

image plane

'- optical axis

e
-

focal length, f=1

Figure 2.2: The 2D-3D pose estimation problem: given the model {mq,--- ,my}
expressed in object frame, and its corresponding image {uq,---,u4} expressed in
camera frame, find the relative pose (R, t) between the object frame and the camera
frame.

where R € SOs, i.e. RTR = I, det(R) = 1, representing the rotation, and ¢t € R? is

the translation vector.

Image FEach transformed model point m/ is observed by a camera. The origin of
the camera frame coincides with the center of projection, and the optical axis is along
the positive z’-axis, as illustrated in Fig. 2.2. The point m] on the image plane is
described in pixel coordinates, denoted p;. Such an image point is then normalized
by the camera calibration matrix F', assumed known, to obtain the corresponding
normalized image point u;, as

U; = F_lpi.

The camera calibration matrix F'is an upper triangular matrix consisting of intrinsic

camera parameters, details can be found in [31]. Under full perspective projection,
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each point in the model m; is related to its corresponding normalized image point by
the following equation,

Ui = Zi=e3 (Rm; +1), es:=[0 0 1]". (2.1)
Here, {2/};=1.... » are depth parameters which must satisfy the cone constraint K, that
is {2} > 0};=1.... , to ensure that the estimated pose always locates the object in front

of the camera.

2.1.2 Object Space Error

object frame

Object space error {Hmy 4 ¢

image plane

Image space error

Figure 2.3: The image space error and the object space error.

Instead of recovering the pose { R, t} using a least squares cost function penalizing the
classical image space collinearity error via (2.1), we adopt the object space collinearity

error introduced in [55], as depicted in Fig. 2.3. Let U; be the projection operator,

T
U =U = 2=, (2.2)
u,; U;

)
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For object space collinearity, the orthogonal projection of m, = Rm;+t on to the line-
of-sight of the corresponding image point u; should be equal to m/ itself, as described

by the following equation,

In the presence of pixel noise, the cost function penalizing the object space collinearity

error is given as,
$: 503 xR* — R,

SR = 3D = U B+ 1) (2.4)

Observe that the cost function is quadratic in terms of errors, which are linear in
the unknown pose parameters R, t. It is zero if and only if (2.3) is satisfied. The
optimization is made nontrivial by the constraints that R is an element of the manifold
S0O3 and the presence of a cone constraint K resulting from the requirement that the
object must be in front of the camera. Actually optimizing quadratic cost functions
on SO5 is well studied, as is optimization on cones. What is interesting here from an
optimization point of view is to tackle the much harder problem of optimizing a cost
function on the intersection of SO3 and a cone.

We have also applied the proposed algorithm to more conventional image space
cost functions, but our simulations suggest that the pose estimates are not as good
as those obtained using the object space cost function (2.4). It is of interest to
ask: why does this cost function yield estimates of R, denoted R, which are better
estimates than obtained using other indices? Our conjecture is that it is as close as
we can reasonable work with an index penalizing the term ||[R — R||? or equivalently

maximizing the term tr(RR).

2.1.3 Optimal Translation

We eliminate the translation vector ¢ from the cost function (2.4) via least squares
optimization to reduce the number of parameters for optimization. Note that this

is not a noise-free elimination. It might appear that we formulate the problem as
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two-stage optimization, first optimize R then optimize t. However, by eliminating ¢
via least squares, this two stage optimization actually gives optimal solutions as if we
have solve it in one stage. Exploiting the fact that (I — U;)" (I —U;) = (I — U;), cost

function (2.4) can be re-expressed as,

n

¢= % > m] R (I-U;)Rm;+t" Z(I—Ui)(m;r@I)VeC(R)—l—%tT > (I-Ut. (2.5)
=t =1 i=1

Denoting

n

U=> I-U), U=U" Zn:(l —Uy)(m] @1), (2.6)
with R fixed, an optimz:lt that minimizes (25Z)zis given by
t = —Uvec(R), (2.7)
Substituting (2.7) into (2.1), the depth parameters z, can be reformulated as,
2 = Bivec(R), B;:=e;((m] @1)—U). (2.8)

The cone constraint I can now be expressed in terms of R € SOj3 as

K= {R ‘ {BiVeC(R) > 0}2'21,27...7”}. (29)

2.1.4 Cost Function Independent of Translation
Substituting (2.7) into (2.4), the cost function can be reformulated as,
1

f:50;3 =R, f(R)= §||Dvec(R)||2, (2.10)

where
-
D=|D] D] - DI |, Di=(-U)(mf @1 -U). (2.11)
Remark 2.1.1 Note that the function
3x3 1 2
g: R =R, ¢g(X)= §||Dvec(X)|| , (2.12)

is quadratic in the Fuclidean space R**3. However, the cost function f = g|so,, which
is the restriction of g to manifold SO3 is no longer a quadratic function. Also, we
do not linearize this cost by using earlier estimates of R and t in the optimization

process as in [55].
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Shifted Centroid It turns out to be useful to refer all measurements to the cen-

troids. Thus, denoting m := £ >~ 'm;, (2.3) can be rewritten as follows,

The shifted model {m; — m} has created a new object frame at its centroid and a
new translation vector (¢ + Rm). Once the translation vector (¢t + Rm) is estimated
from the algorithm, it needs to be transformed back into the original object frame.
Without loss of generality, we assume subsequently that m = 0, and the desired

translation parameter is t.

2.2 Optimization on the Special Orthogonal Group

Having mathematically formulated the problem as minimizing a smooth function over
the intersection of the manifold SO3 and a cone K, we turn attention to developing

numerical algorithm that exploits the geometric structure of this constraint manifold.

2.2.1 Geometry of the Special Orthogonal Group

Rotational motion in R3 can be represented by the special orthogonal group SOs,
which consists of 3 x 3 orthogonal matrices with determinant +1. It is a Lie group
and its associated Lie algebra so3 is the set of 3 x 3 skew symmetric matrices. There is
a well known isomorphism from the Lie algebra (R?, x) to the Lie algebra (sos, [.,.]),
where x denotes the cross product and [.,.] denotes the matrix commutator. This

allows one to identify so3 with R? using the following mapping,

Wy 0 —w., wy
Q:R* —s03, w=|w,|— | w, 0 —wyl- (2.13)
W, —Wy Wy 0

Notice that ) can be written as,

Qw) = Quwr + Quuy + Q.w, (2.14)
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where
00 O 0 01 0 -1 0
Q=100 —=1|, Q=10 0 0|, Q.:=1]1 0 0]. (2.15)
01 0 -1 0 0 0 0 0

Tangent Space of SO3
Consider the tangent space of SO3 at point R,

TrSO; ={RQ | Q € s03}, (2.16)
and the affine tangent space of SO3 at the point R is given as,

THSO; = {R+ RQ | Q € s03}. (2.17)

Local Parameterization of SO;

Recall that a manifold is as a collection of local coordinate charts. Computations on
a manifold are often conveniently carried out in these local parameter spaces. Let

R € SOs3, there exist a smooth exponential map
pr R — 8Os, w— ReSH), (2.18)

which is a local diffeomorphism around the origin in R3.

2.2.2 Cost Function

Cost Function on the Manifold SO;

Recall D in (2.11) and the smooth function from (2.10),
f:505 R, J(R)= g |Dvec(R)|*

In the noise free case, the value of this function is zero if and only if there is a rotation
matrix which aligns all object points with the line-of-sight of the corresponding image
points exactly. In the presence of noise, the value of the cost function is no longer zero.
Thus, we are seeking for the minima of this cost function, which can be interpreted

as the least squares approximation to the true rotation.
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KR f

]R3
I SO, % AR

foug

Figure 2.4: The mapping ug is a local parameterization of SOz around the point R
such that R = pg(0), f is the smooth function defined on SOz and f o ug is the
function f expressed in local parameter space R3.

Local Cost Function

Consider the mappings as in Fig. 2.4. The cost function f at R € SO3 expressed in
local parameter space using the smooth local parameterization ug defined in (2.18)
is given by,

foun:R* SR, fopun(w)= %HDvec(ReQ(“’))||2. (2.19)

Quadratic Model of Local Cost Function

The second order Taylor approximation of f o ur about 0 € R? in direction w is
(2
§67(f o pr) : R® =R,

o (U mm)() + 040 o pa) 1) + 317 0 e)1))

t=0

This expansion contains three terms:

(i) A constant
(f 0 um)(t) im0 = 5 | Drec(R) |,
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(ii) A term linear in w

%( Fomite) = vee (RQ(w))D T Dvec(R) = TV oy, (0),

recall Q from (2.13), and let vec(2) = Quw, Q := [vec(Q,) vec(Q,) vec(Q.)],

then we have the Euclidean gradient of the local cost function evaluated at zero,
Voun(0) = QT (I ® RT)D Dvec(R), (2.20)

(iii) A quadratic term consists of a sum of two terms. The first term is given as,
vee ! (RQ(w))D Dvec(RQ(w)) = w Hyop, (0)w. (2.21)
Denoting vec(C') := DT Dvec(R), the second term is,
vec' (R)D " Dvec(RO*(w)) = vec' (R)D'D(Q (w) @ R)vec(Qw)),
= vec' (R'CQ'(w))vec(Q(w)),
= W Hjoup (0)w.
Thus, the Hessian matrix of f o up evaluated at 0 € R? is,
H oy (0) = Hyop) (0) + Hyoyug (0), (2.22)
where
Hso(0) = QTUR®RND DI ®R)Q >0,
Hioun(0) = —QTI®RTC), (2.23)
and since H four (0) is always symmetric, we have

f oy, (0) = —%QT (I®RC)+ (I ®CTR)) Q. (2.24)

Remark 2.2.1 Recall f from (2.10), the element R = pugr(0) is a critical point of f
if and only if the following holds,
Q" (I ® R")D " Dvec(R) = 0.

A positive definite Hessian, Hy,,,(0) > 0 indicates that R is a local minimum. In
the noise free case, I:ifouR(O) = 0 and hence Hyo,,,(0) = ﬁfouR(O) > 0. For generic

objects we expect that the number of critical points is finite, and that each is isolated.
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2.2.3 Newton Decrement

The Newton decrement § is defined in terms of the gradient Vs, (0) and the Hessian
Hf OMR (0)7 as

6 = /19 s (O)] T TH s O]V g (0). (2.25)

This decrement ¢ approaches zero as the algorithm converges to a local or global min-
imum. It features in the work of Nesterov [67] for optimizing convex self-concordant
functions in Euclidean space. Recall that self concordant functions are those where
the second derivative terms to the power % dominate third derivatives. A key result
is that there is a domain of attraction for the Newton step using a unity step size if

3_\/5, a global constant.

0 < =5

Although the theory of [67] does not apply immediately for optimization on a
manifold, yet since manifolds are locally Euclidean, it can be used as a guideline. In
[42], the notion of convex self-concordant functions is explored in a manifold setting.
Here after some manipulations, it can be shown that on SOj3, in the neighbourhood
of a minimum, the cost function f is locally convex and self-concordant. Thus here
we conservatively estimate a domain of attraction as § < % Here as curvature
of the manifold increases, it makes sense to use more conservative values. We use
Newton decrement as an indicator on selecting the appropriate direction of geodesic

search as,

Gradient direction : ¢ > ¢ (eg. 1071,
Gauss direction : € >0 > ey (eg. 1072),

Newton direction : § < €. (2.26)

It is also used to assist in the decision for using a Newton step size instead of carrying

out geodesic search and for algorithm termination, as

Newton step size=|Wyewon|| @ 0 < €3 (eg. 1073),

Terminate : § <€, (eg. 1079). (2.27)
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2.2.4 Algorithm

The proposed algorithm is iterative in nature. Each iteration consists of three map-
pings as,

s=mgomom :(SO3NK)— (SO3NK). (2.28)

TS0,

T

Figure 2.5: Each iteration of the proposed algorithm consists of three mapings, namely
m1 maps a point R € (SO3 N K) to an element of the affine tangent space T%HSOg,
followed by 7o which projects that vector back to the manifold and 73 which carries
out geodesic search on SOj in the direction of the projected vector.

At each iteration, a local parameterization ug of the manifold around R € (SO3NK)
is constructed. The point R is pulled back to the Euclidean space via pg. The
optimal vector that minimizes the quadratic model of the local cost function f o ug,
achieved by the operation 7, is then pushed forward to the manifold via the mapping
my. Finally, in operation 73, a one dimensional search along the geodesic on SO;
in the direction of this projected vector is carried out to ensure cone constraint is
satisfied. By appropriately identifying the local parameter space R® with the affine

tangent space T%ﬂSOg, the first two steps of the algorithm can also be interpreted
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geometrically as carrying out an optimization procedures defined on T%HS O3, followed
by a nonlinear projection back to the manifold to give a geodesic search direction, as

illustrated in Fig. 2.5.

Optimization in Local Parameter Space
Consider the optimization step,

- (503 N ]C) — (SOg ﬂIC, TaHSOg) (229)
R — (R, R+ RQwop(R))),

where wop as a function of R = pupg(0) is a suitable descent direction of f expressed
in local parameter space. Actually, three possibilities for the w,p calculation are of

interest to our algorithm.

1. Newton direction. First, we have the Newton direction, which minimizes the

quadratic model of the local cost function,

wopt " (R) = argmin jo”'(f 0 ) (v) (2:30)

= [H o (0)] 7V s 0.

2. Gauss direction. Consider the restriction of the function g defined in (2.12) to

the affine tangent bundle T** SO,
N 1
h:T HSO?, —R, A= 9|Taffsog = §HDV€C(5)H27
and the function h expressed in the local parameter space,
vp iR = T*S0s, y— R+ RQy),
1
hovg:R* =R, houvg(y) = §||Dvec(R + RQ(y) ||
The Gauss direction is the minimizer of the function h o vg,
wSﬂ“SS(R) = argmin(hovg)(y), (2.31)
y€ER3
= _[HhOVR(O)]_lthVR(O)’
= _[HfOMR(O)]_lvaMR(O)'
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3. Gradient direction. The third descent direction of interest to us is in the negative
gradient direction,
radien
Wit (R) = =V joun (0). (2.32)

Remark 2.2.2 When Hy,,,(0) or IijOMR(O) is singular, pseudo inverse replaces in-

verse in the above equations.

Projecting Back via Local Parameterization

The mapping m projects the optimal affine tangent vector back to the manifold by

means of the local parameterization pg,

Ty ! ((SOgﬂ/C), TaHSOg) — S04 (2.33)
(R, R+ RO(wop(R))) > Reeom()

Analytic Geodesic Search on S0;

The mapping 73 involves a one dimensional search along the geodesic curve,

7T32503 — SOgmlC, (234)

Reﬂ(wopt (R)) —s Re‘gopt Q(wopt (R))

Y

where 0, is the optimum step size which minimizes cost function along the geodesic,
as well as satisfying the cone constraint.

Certain Newton-type algorithms use a heuristic line search in a particular direction
to ensure that the cost function decreases at every step. When the optimization is
on a manifold, the line search translates to a geodesic search, and in the case of
manifold SOz, a finite range search. In ill-conditioned problems, as arise in high
noise, the number of trial step sizes can be very large for many iterations until the
optimization path steers clear of the boundary or saddle point or other sources of ill-
conditioning. This is one motivation for us to use an analytic geodesic search, since
this is possible for the manifold SO3;. The other motivations are to avoid violating
the cone constraint I and to assist in achieving the global minimum, rather than

some other local minimum. The proposed analytic geodesic search is described on
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an arbitrary geodesic on SO3. It involves the solution of a quartic equation. An
important result for us, which does not generalize to matrices higher order than

3 x 3, is as follows.

Lemma 2.2.1 Given a vector w € R?, a 3 x 3 skew symmetric matriz ) € sos, and
a step size 0 € [0,2m), with © := o |lw| ==/ (wTw), then

cos(0)
vec(e™®)) = G |sin(9) | , G = [—vec(Q@)?) vec(Q(w) vec(Iz + Q@)?)] . (2.35)
1

Moreover, the function (2.35) is 2w periodic in 0, so that for any integer k,

627er(cZ)) — I

Proof 2.2.1 The proof follows from application of Rodrigues’ rotation formula [66],

@) = 1+ Q@) sin(h) + Q*(@)(1 — cos(h)).

To apply the results of Lemma 2.2.1, consider the cost function f restricted to the

082 (@opt (1))

geodesic Re given as,

1 _
@(9) = f|Reen(aopt(R)) = 5||DV6C(R669(%"°(R)))||2, (2.36)

= %HD([@R)G [cos(e) sin(f) 1 e

Now, the task is to ‘walk’ along the geodesic on the manifold SO3 and search for a
step size 6 that minimizes the cost function ¢(#) and satisfies the cone constraint. To
achieve this, we find all critical step sizes {6.} by setting the first derivative of the
cost function (2.36) to zero. Denoting G' (I ® R")D'D(I @ R)G as (a;;),

sin(6)
—p(0) = [cos(@) sin(f) 1| (ai;) |cos(f)| =0,
0
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by eliminating sin(f) from the above equation using trigonometric formula cos?(6) =

1 —sin?(#), we obtain a quartic equation,

Z b;(cos(h))’ =0, (2.37)

by = 0122 - a132, by == -2 (a12a23 + a13(@11 - 022)) )
by = ags® +a’ — (a1 — 022)2 — 40122,
by = 2(2a12a93 + aiz(arn — ag)), by :=4dap?® + (a1 — axn)’.

Next, the critical step size that gives minimum cost and fulfills the cone constraint

IC, denoted the optimum step size 0,,, is given as,
Oup = argmin (),  where ¢ € {0, | Ref@ert(R) (60, N )} (2.38)

Figure 2.6 shows the plots of cost function ¢(6) vs. step size # in the range
[—7, w]. It illustrates the idea of an analytic geodesic search. The black dot in each
plot indicates a Newton step, 6 = |wopt|| in the search direction. The darkened
portion of the curves represents the infeasible region where the cone constraint fails.
In Fig. 2.6(a), there is no infeasible region. If a Newton step is taken, one will be
trapped in the local minimum. However, the analytic geodesic search will select the 6
corresponding to the minimum cost in the search direction and hence escapes from the
local minimum and heads towards the global minimum. In Fig. 2.6(b), the minimum
cost lies in the infeasible region, so the geodesic search will select the 6 corresponding
to the second minimum cost value that is in the feasible region. Also, the search
directions might not yield any feasible local minimum, as depicted in Fig. 2.6(c). In
this case, no parameter update is made. Nevertheless, by carrying out a search in a
random direction periodically, the probability of achieving a feasible local minimum,

or indeed a global minimum, is increased.

2.2.5 Convergence Analysis of Algorithm
Global Convergence

The algorithm is such that the non-negatively valued cost function f decreases mono-

tonically at each iteration, and thus converges. Consequently, point iterate R; con-
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(a) No infeasible region, but if Newton (b) Both minimum cost and Newton

step is taken, one will be trapped in local step lie in infeasible region.

sl ' ‘ ' ‘ ' "]
a0 ]
20 \ / 4
3 ; K] 0 i 2 3 .

step size

(¢) All minima lie in infeasible region.

minimum.

Figure 2.6: Analytic geodesic search: plots of cost function f restricted to the geodesic
on SOj for various step size in the range [—m, 7|, the black dot indicates Newton step,
darkened portion of the curves represents the infeasible region, i.e., object behind
camera.

verges to {R € SO3| f(R) = ¢} for non-negative scalar c. However, since f is smooth
on SOj3, the algorithm step given by the gradient or Gauss or Newton direction is
downhill on f and zero when the gradient is zero. Thus R, converges to a critical

point of f, when its gradient is zero.

Of course, critical points of f where the gradient is zero are fixed points of the
algorithm. However, critical points other than local minima are unstable fixed points.
That is, small random perturbations of the algorithm from these points will result in

further iterations which give cost reductions.

The algorithm is designed to escape local minima that are not the global minima
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by virtue of the geodesic searches including periodic geodesic searches in a random
direction. Even so for practical purposes, since the algorithm is only implemented for
say b—10 iterations, there may well be a low probability that there is ‘convergence’ to
a local minima which is not a global minimum. Given this background, we provide
only a rigorous quadratic convergence analysis in the vicinity of a global minimum,
and for simplicity assume that the global minimum is unique and isolated, as we

expect in the case of generic objects located in front of the camera.

Local Quadratic Convergence at Global Minimum

Theorem 2.2.1 Let R, € SO3 be the unique and nondegenerate global minimum of
the smooth function f : SO3 — R defined in (2.10). Let Ry be a point in an open
neighbourhood of R,. Consider the proposed iteration on SOs,

Rk—l—l = S(Rk), S = T3 0T O T, (239)

where 71 is given by the Newton direction defined in (2.30), my involves projection back
to SO3 via the smooth exponential map of (2.33), and w3 is an analytic geodesic search

described in (2.34). Then the point sequence generated by s converges quadratically
to R,.

Proof 2.2.2 See Appendiz A.1.

2.3 Algorithm Initialization

Noise Free Solution

In the noise-free case, the optimal value of the cost function (2.10) is zero. That is

there exists an R # 0 such that
D" Dvec(R) = 0. (2.40)

This clearly indicates that D™D > 0 cannot be full rank. Subsequently, the rank of

D is of interest. For the generic case,

rank(D) < min{(2n — 3),9}. (2.41)
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Derivation of this inequality can be found in Appendix A.2.
Let Y be the set of right singular vectors that span the null space of D, with
Y'Y = I, with ¢ > 1, we express vec(R) linearly in Y as follows,

vec(R)=Ya, R= [Yloz Yoo Y:o,oz} ) (2.42)
where Y is a 9 X ¢ matrix,
T T
Y =|Y," Y, Yﬂ , Q= [al ay ... aq} :
Here Y; is a 3 x ¢ matrix. Based on R from (2.42) and the fact that RTR = I, then

1, ifk =1

(2.43)
0, otherwise.

'Y, Vi a = {
Hence, we can solve for o from (2.43). A lower bound for ¢, the dimension of «, is

calculated using (2.41) as
q := (9 —rank(D) > max(1,9 — (2n — 3)), (2.44)

with equality holding in the generic model case. This is consistent with the known
result that a unique solution (2.40) in the generic noise-free case for n = 6, since then
qg=1.
In the generic case for n > 6 then ¢ = 1. There are six possible « solutions from
(2.43) as follows,
1 1 1

=+ =+ =+ . 2.45
T VeV (2.45)

Each solution is tested to achieve a feasible parameter estimate which yields a zero

cost. For n = 5 in generic case, ¢ = 2. In this case, we can obtain the two elements
of a by solving a pair of quadratic equations. Based on (2.43), there are 9 pairs of

quadratic equations to be solved. To illustrate, consider the following pair,

o Yssa = 1, (2.46)
o' Ypa = 0. (2.47)

We proceed as follow,
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Step 1: Let a = S,[ay 1]7, S, is a scaling factor, solve for a; from (2.47).
Step 2: Solve for S, by substituting o; into o" Y330 = 1 and finally solve for a.

Here we can obtain up to 4 possible solutions for a. Among all possible solutions,
half of them are numerically equivalent but associated with opposite signs.

For n = 4 and n = 3, the details of solutions for R and ¢ (not unique for n = 3)
can be found in [73] and [23] respectively. The cases n = 1 and n = 2 yield an infinite
set of solutions. Once « is known, we can solve for R(«), 2z, t from (2.42), (2.8)
and (2.7) respectively. There may be multiple solutions, including possibly complex
solutions for . Only the real o that results in 2/ > 0 and R(«) associated with

minimum cost will be accepted.

Low Noise Initialization

We solve for « as in the noise-free case. However, now Y is chosen from the set of
right singular vectors associated with the ¢ smallest singular values, which may not
be zero. The singular vectors might not result in a special orthogonal matrix R based

on (2.42). Hence, a reasonable approach is to look for an optimum R, (a) as

Rop(o) = arg min [[vee(R) ~ Yol
= arg min |[R—[Vio Yo Ysolf,
_ T
= argérelg%cstr(R G(a)), (2.48)

where G(a) := [Yia Ysa Yizal. By applying an SVD on G(«), we obtain

G(Oé) = URSRVI;F,
I 0

Ropi(a) = U
. 10 det(UaVy)

V. (2.49)

Observe that det(Ropt(a)) = 1. Subsequently, ¢ can be obtained from (2.7). Only
R,y () associated with minimum cost and fulfilling the cone constraint I will be
accepted. If there is no estimates Rop () such that the cone constraint is satisfied

or there is no real solution for a at all, then we refer to this situation as a high noise
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case, the following high noise initialization is adopted. Such an optimization as in
(2.48) is the basis of the Orthogonal Iteration (OI) proposed in [55], and indeed the
SVD based solutions of (2.49) which ensures that det(Rop) = +1, could be used to
strengthen the robustness of the OI algorithm.

High Noise Initialization

Select any random R € SOj; which also satisfies the cone constraint IC of (2.9).
Alternatively, one can start with an arbitrary initialization on SOj3, perhaps not
feasible in that the cone constraint is not satisfied, and achieve feasibility using the

geodesic search.

2.4 Implementation of Algorithm

Start with R = Ry using initialization procedures described in Section 2.3.
Step 1: Carry out the optimization step,

e Compute the gradient Vy.,,(0) and the Hessian matrix, Hy,,(0) via
(2.20) and (2.22) respectively.

e Calculate the Newton decrement § from (2.25). If 6 < €4, go to Step 5,

e Compute the optimal direction in the local parameter space,

;

di )
whs fent —Vioun(0), ifd>¢

w(%iuss — _[ﬁfoum(())rvfo,u]g(o), if €y < 0 < €1

Wopt (17) =
pt wiewton — [H 0, (0)]TV 0, (0), if § < €

opt

rand

oot > periodically, or if any of the above direction

W,

\ ends up in an infeasible region

Here, wid € R? is a random vector with elements, in the range [0, 1],
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wopt (R)
llwops (R)I*

e Form the normalized direction wop(R) =

svd

Step 2: Projecting back to the manifold SO3 via 5" or 759,

Step 3: Carry out a one dimensional search along the geodesic Re?@ert(R)

e Solve the quartic equation in (2.37) to obtain all critical step sizes {6.},

02(@opt (R))

e For each 0 € {0.}, calculate the corresponding rotation Re , its

cost via (2.36) and the depth parameter estimates via (2.8).

e Obtain the critical rotation angle 6, that gives minimum cost and fulfills

the cone constraint I via (2.38).

e Compute R= Refort?(@opi(R))
Step 4: Set R = R, go back to Step 1,

Step 5: The pose estimates are R and t = —Uvec(R) respectively.

2.5 Simulations

A set of 3D points that are generated uniformly within a cube of size [-5,5] are chosen
as the model. The model is rotated and translated randomly within the field of view
of the camera and then projected onto an image plane. Gaussian noise of mean
zero and varying standard deviations ¢ is added to both image plane coordinates
independently. The different standard deviations in the Gaussian noise corresponds
to various noise levels. All simulations are repeated for 1000 times. A CCD camera
with focal length of 600, aspect ratio of 1.0 and principal point of (256,256) is used.
All simulations are carried out in MATLAB. Throughout the simulation, we define
the relative pose error as the normalized distance between the actual pose and its
estimate. That is, F4 := 2||E:|‘|J_rﬁfqll’
algorithm, denoted Gauss-Newton-on-manifold is compared against the Orthogonal

Iteration (OI) algorithm of [55].

A € {R,t}. The performance of the proposed
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Relative Pose Error vs. Noise level Points and poses are generated as described
earlier. With the number of matched points fixed at 12, we vary the noise level

between 0.5 to 5.0 pixels. It is clear from Fig. 2.7 that the proposed algorithm

0.25 4 0.03 7 —— Orthogonal lteration - no reinitialization
—o— Orthogonal Iteration - no reinitialization —o— Orthogonal lteration - 1 reinitialization
—o— Orthogonal Iteration - 1 reinitialization —— Orthogonal lteration - 3 reinitialization
—< Orthogonal Iteration - 3 reinitialization 0.025 | ——Orthogonal lteration - 5 reinitialization
0.2 1 —°—Orthogonal lteration - 5 reinitialization : —&— Gauss-Newton-on-manifold - no reinitialization

—s— Gauss-Newton-on-manifold - no reinitialization

0.02 4
0.15 4

0.015 -

0.1 -
0.01 4

Mean relative rotation error
Mean relative translation error

0.05
0.005 -

0.5 1 15 2 25 3 35 4 45 5 0.5 1 15 2 25 3 35 4 45 5

Noise level (pixel) Noise level (pixel)
(a) Relative rotation error vs. noise level. (b) Relative translation error vs. noise level.

Figure 2.7: Relative pose error vs. noise level.

(without reinitialization) performs significantly better than the OI algorithm in
terms of relative pose error, even after the OI algorithm has been reinitialized

5 times. This is particularly the case for noise level greater than 1.5 pixel.

Relative Pose Error vs. Number of Points Here, we vary the number of point
correspondences from 5 to 50 and add 1.0 x 1.0 pixel Gaussian noise to the
images. Figure 2.8 indicates that the performance of both algorithms improve
as the number of point matches increase. However, the proposed recursions
(without reinitialization) gives better pose estimates than the OI algorithm,

even after 5 reinitialization, for point correspondences less than 15.

Number of Iterations Figure 2.9 shows the average number of iterations (without
reinitialization) required by each method to achieve the performance shown in
Fig. 2.7 and Fig. 2.8. It is clear that our approach always converges in 5-10

iterations as opposed to the OI algorithm that requires at least 10 iterations.

Rate of Local Convergence Figure 2.10 shows that the proposed algorithm con-
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Figure 2.8: Relative pose error vs. number of point correspondences.

verges to a fixed point R, at a quadratic rate as opposed to the OI algorithm

which converges at a fast linear rate.

Remark 2.5.1 The cost per iteration of the proposed algorithm is small since im-

plementing the Newton step with 3 x 3 Hessian matrices in not onerous, nor is the

solution of a quartic equation for the optimal step size selection.

We observe the

computational cost per iteration of OI algorithm is much less than ours when imple-

mented using Matlab. Bul we expect that when implemented in C/C++, the relative

computational cost of our algorithm will improve significantly.

2.6 Algorithm Robust to Outliers

Recall that the proposed algorithm minimizes the sum of squared residuals,

n

1

2

i=1

r; = || Divec(R)||,

and gives accurate fitting of data when the underlying noise in the data is Gaussian

but is very vulnerable to outliers.

To avoid this, a robust version of the algorithm which adapt the M-estimator

technique proposed by Huber [40] is presented. The M-estimator technique is based
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Figure 2.9: Number of iterations (mean) vs. noise level and number of corresponding
points.

on the idea of reducing the effect of outliers by replacing the squared residuals, 7?2,

with another function of the residuals, yielding the cost function

W] (250)

where p is a symmetric, positive function with a unique minimum at zero and is
chosen to be growing slower than the squared function. The solution to this problem

can be found by setting its derivative with respect to the unknown parameter vector

0 to zero,
" dp Or;
_ =0 2.51
=1
Defining a weight function
dp
w; =717,
d’f’i

then (2.51) becomes
u Ori
W;riy——— — 0.
2 uitigy,

Observe that this is the solution to the following problem

n
min E w;r?.
i=1
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Figure 2.10: Rate of local convergence.

In practice, instead of solving (2.50), it is more efficient to solve a sequence of
reweighted least squares problem. Thus, to increase the robustness of the proposed

algorithm against outlier, we proceed to minimize the following weighted cost function

fw: 805 — R,

1 ¢ 1
fulB) = 5 Y wil| Divec(R)|* = [ Dvec(R)fy.
1=1

where W = diag(wy, -+ ,w,) ® I.
Among the weighting function proposed in the statistics literature, Huber’s weight

function is given as

£ otherwise

|74

1 if |r;| <es
w; = ,  (c=1.345),

and Tukey’s biweight function is

2
(1 — (ﬁ)2> if |ri| <es
w; = s , (¢ =4.6851).
0 otherwise
Here the scale
_ mediang|r;|

0.6745
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is introduced to give a scale invariant version of an M-estimator and the value 0.6745
is one half of the interquartile range of the Gaussian normal distribution N (0, 1).
To evaluate the robustness against outliers, the algorithm which minimizes a least
squares cost function (LS) is compared against the algorithm which minimizes the
reweighted least squares cost function (RLS) using Huber and Tukey weights. Data
are generated as in earlier simulation, but now the number of point correspondences
is fixed at 20. The outliers are generated by shifting certain image points at least
50 pixels from their actual location. In addition, Gaussian noise of mean zero and
o pixel standard deviation is added to the rest of the point correspondences. 1000

trials were carried out.

— s oo s
© RLS-Huber - o 3 3
0.18} | —O- RLS-Tukey 2 012F -

. . . . . . . . . )
0 5 10 15 20 25 30 35 40 45 50
Percentage of outliers Noise level

(a) Mean relative rotation error vs. percentage  (b) Mean relative rotation error vs. noise level

of outliers with o = 1 pixel. with 5% outliers.

Figure 2.11(a) shows the plot of mean relative rotation error vs. percentage of
outliers with ¢ = 1 pixel. In the absence of outliers, both LS and RLS give similar
performance. In the presence of less than 20% of outliers, RLS gives significantly
better performance than LS but when the percentage of outliers is greater than 25%,
we observe no advantage of using RLS against LS. Figure 2.11(b) shows the plot of
mean relative rotation error vs. noise level with 5% outliers. This plot indicates
that even in the presence of a small relative number of outliers, RLS outperforms LS
significantly regardless of the noise level. Also among RLS methods, Tukey’s biweight

functions seems to give better performance than Huber’s weight function.
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2.7 Summary

In this chapter, the task of determining position and orientation of a 3D object from
single 2D image have been formulated as an optimization problem cast on the inter-
section of a rotation group and a cone constraint. Newton-like algorithms based on
the proposed parameterization-based geometrical framework has been developed. The
techniques take into account the underlying geometry of the constraint manifold to
achieve a quadratic convergence rate. Unlike most existing numerical procedures, the
proposed algorithms evolve on the constraint manifold and thus preserve constraint
sets at every iteration. The key differentiating features, each adding measurable value

to the algorithm, concern

e A new approach of obtaining noise-free solutions for n > 5, which can be used

for low noise initializations,

e The use of 3 x 3 Hessian inversion, as opposed to the conventional Newton

approach that works with a 6 x 6 Hessian matrix [53],

e The analytic geodesic search for step size selection, requiring a solution of a
quartic, and facilitating escape from a local minimum but not from the global

minimum,

e Achieving local quadratic convergence by means of simulations and mathemat-

ical proof,

e No need to reinitialize the algorithm to achieve global minimum within the

feasible region,

e Introduction of the Newton decrement as an indicator for selection of gradient,

Gauss, or Newton directions and for algorithm termination,

e For a prescribed number of iterations, the proposed algorithm achieves signifi-
cantly lower pose estimation errors than earlier methods and it converges to a

global minimum in typically 5-10 iterations.
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e To increase robustness against outliers, the proposed algorithm adapting the M-
estimator technique is also presented. It is not easy to derive analytical results

on this robustness, but simulations appear convincing.

These features suggest that as digital signal processing hardware becomes more pow-
erful, the algorithm can be conveniently applied to on-line pose recovery tasks, and
can be a basic tool for more sophisticated tasks involving adaptive object recognition

and pose tracking.
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Chapter 3
Estimation of Essential Matrices

Chapter 2 demonstrates that the task of estimating the pose of an object from a single
intensity image is equivalent to solving an optimization problem cast on a manifold.
In this chapter, we focus on determining the relative pose information between a pair
of calibrated images, also known as 2D-2D pose estimation. Part of the material in
this chapter has been published in [34].

The seminal work of Longuet-Higgin [51] in 1981, showed that the pose information
between a pair of calibrated images is algebraically captured by an essential matrix.

Many techniques have been developed for estimation of this matrix.

Existing Work Techniques for estimating essential matrices can be categorized
into three main groups: linear, iterative and robust methods. Linear methods are
mainly based on least-squares and eigenvalue minimization. Iterative methods are
based on optimizing linear methods by means of iteration. Robust methods are
based on accurate geometry detection and the removal of false matchings. Excellent

reviews on the estimation of the essential matrix are presented in [39, 38].

Our Work In this chapter, the task of determining the essential matrix is addressed
as minimizing a smooth function over the manifold of all essential matrices, called the
essential manifold. Locally quadratically convergent Newton-like techniques exploit-

ing the geometric structure of the constraint manifold were presented. The proposed
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algorithm is compared with the recent geometric optimization techniques presented
by Ma, Sastry and Koseckd [58], which are adapted from [20]. The efficiency of the
proposed techniques are demonstrated by means of computer simulations, where con-
vergence typically occurs in 5-20 iterations, with complexity per iteration much less

than in the work of [58].

Chapter Outline We begin with the problem formulation in Section 3.1. This is
followed by presentation of our iterative algorithm in Section 3.2. Algorithm imple-
mentation steps are outlined in Section 3.3 and simulation results are presented in

Section 3.4. A chapter summary can be found in Section 3.5.

3.1 Problem Formulation

Two images of the same scene are related by epipolar geometry as illustrated in Figure
3.1. The images can be taken by two cameras or the images can be taken by a mobile
camera at two different positions. Given an object point M and its two dimensional
projections m; and msy on both image planes with camera centers C; and Cs, the five
points define an epipolar plane II, which intersects both image planes I; and I, at
the epipolar lines [; and l;. The image of the camera centers C; ,C5 are captured on

the image planes I, I; at epipoles es, €1, respectively.

M

I

I

22

b o,

Figure 3.1: The epipolar geometry
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If the internal camera parameters are known, the epipolar constraint can be rep-

resented algebraically in terms of a 3 x 3 matrix, called the essential matrix F, as
T _
my Emy = 0. (3.1)

The essential matrix encapsulates both the rotation and translation parameters, thus
it plays a crucial role in motion analysis.

It is known that with 8 or more generic point correspondences in the noise-free
case, the essential matrix is uniquely determined. For 5 generic point correspondences,
there are up to 20 such solutions [37], with a certain symmetry so that they are all
determined from 10 solutions. We are not aware of references for the case of 6 or 7
point correspondences.

Thus, given a set of point correspondences between a pair of calibrated intensity
images, the task is to estimate the essential matrix which encapsulates the relative

pose between the images.

3.2 Optimization on the Essential Manifold

3.2.1 Geometry of the Essential Manifold

Recall, that an essential matrix is a real (3 x 3)-matrix in factored form
E =QR, (3.2)

where R € SOj is a rotation matrix and € € so3, as defined in (2.13) represents the
translation vector between two views. Once E is known, then the factorization (3.2)
can be made explicit as shown below. It is well-known, that the essential matrices
are characterized by the property that they have exactly one positive singular value
of multiplicity two, consequently £ must be rank 2 [31]. In particular, normalized
essential matrices are those of Frobenius norm equal to v/2 and which are therefore

characterized by having the set of singular values {1, 1,0}.
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Characterization of Normalized Essential Manifold

The normalized essential manifold is defined as
£ = {QR ‘ Q € so03, R € SO;3, ||Q||2 = tl"(QQT) = 2} . (33)

This is the basic nonlinear constraint set on which the proposed algorithms are de-
fined.
First, we show that a non-zero (3 x 3)-matrix £ is essential if and only if there

exists a decomposition

s 00
E=UxV" =10 s 0|,s>0 UV e€SO0s. (3.4)
00 0

Note that, E is a normalized essential matrix when s = 1. Assuming F = QR with

Q) € so3 and R € SOs3, the equality £ = QR implies
FEE" =QRR™Q" = -2,

with a corresponding set of eigenvalues

MEET") = {s* s°,0}, where s :=

The set of singular values of E' is then o(E) = {s,s,0}. For the converse, consider

0 —s 0 0 1 0
U:=1|s 0 0| €s03 and I':=|—-1 0 0| € SO;s.
0 0 0 0 01
One has
s 00

V' =T10 s 0
000
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Hence for the singular value decomposition of F,

s 00 s 00
E =Ulos 0|V I =UTT|0o s ofTU'UTTVT,
000 000
= (VU (UrTVT) = QR. (3.5)
Q R

as required.
The next result characterizes the normalized essential manifold £ as the smooth

manifold of (3 x 3)-matrices with a fixed set of singular values {1, 1,0}.

Proposition 3.2.1 Let us denote

I, 0
0 0

EQ =

] , E={UEV'|UV €S0;}. (3.6)

Then, € is a smooth five-dimensional manifold diffeomorphic to RP? x SO;.

Proof 3.2.1 Recall that the real projective plane RP? can be identified with the isospec-
{ v

¢:E —-RP*xSO;, U

tral manifold
I
0

OUT

UGSOg}.

Vi <U

15 smooth and bijective. Moreover, the inverse

Therefore the map

I, 0
0 0

I, 0
0 0

U', UVT) ,

¢_1(X7 Y) = XY,

is smooth as well. Therefore, ¢ is a diffeomorphism. Since RP? is of dimension 2,

and SOs is of dimension 3, then RP? x SOj is of dimension 5.

The orthogonal matrices appearing in the above SVD of a given essential matrix
are not uniquely determined. However, the possible choices are easily described,

leading to an explicit description of factorizations.
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Remark 3.2.1 Let S* := {Q ¢ 503}||Q|| =2} denote the two-sphere in so3 with
radius equal to /2. The map

T:S8xS03 =&, (,R)— QR,

s a two-to-one covering map with preimages

I 0 0 0 0 — 0
a! (U 02 0 VT>: Ul-c 0 0lUUle 0 olVT],
0 00 0 0 1

with U,V € SO3 and € € {+1,—1}.

Tangent Space of Essential Manifold
Theorem 3.2.1 The tangent space at the normalized essential matrizc E = UE,V' T
18

Tg€ = {U (QE,—EV)VT|Q, VU € s03},

0 wiz — P12 —Ui3
= U —(wlg — 1/112) 0 —1/123 VT Wij, 'lvbij € Raiaj € {1> 27 3} )
—Wwi13 —Ws3 0

(3.7)
with usual notation Q0 = (w;;) and ¥ = (1;;).

Proof 3.2.2 Forany E =UE\V' € €. Let ag : SO3x SO5 — & be the smooth map
defined by aE(ﬁ, ‘7) — UEVT. The tangent space TxE is the image of the linear map

DOZE(Ig, 13) 1503 X 503 — R3><37 (@, {I\I) = QE — E\/I\I,
i.e., the image of the derivative of ag, evaluated at the identity (I3, I3) € SOz x SOs.
By setting Q := UTQU and U := VUV the result follows, see [32], pp 89 for details.
Corollary 3.2.1 The kernel of the mapping D ag, (I3, I3) : s03 X s03 — R3*3 is the
set of matriz pairs (2, V) € s03 X s03 with

0 « O
Q=¥=|—2 0 0|, zeR. (3.8)
0 0 0
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Proof 3.2.3 Let Q = (w;;), ¥ = (¢;;) with Q, ¥ € so3 and Ey as defined in (3.6),

then
QE() - E()\I/ - 0
0 wiz — Y12 —Yn3
— | —(wi2 — ¥12) 0 —tpo3 | =03
—w13 —wa3 0

= w2 = Y12 and wiz = P13 = waz = YPa3 = 0.

Setting wia = 19 = x gives the result.

The affine tangent space at E = UE,V " € £ can be identified with tangent space
TgE via translating Tg€ by E, as

1 —x3 —Ts
THe =U | 23 1 a4 | Ve, .,55€R . (3.9)
—x9 T 0

Parameterization of Essential Manifold

Computations on a manifold are often conveniently carried out in terms of a local
parameterisation. For our later convergence analysis we therefore need a local pa-

rameterisation of the essential manifold, as depicted in Figure 3.2.

AR AR
e /ﬁE\‘ """""""""""""""""""""""""""""""""""" f
e e
,,,,,,,,,, g
T e —

Figure 3.2: The mapping pup is the local parameterization of essential manifold £
around point E such that E = ug(0), f is the smooth function defined on £ and
fougis f expressed in local parameter space R®.
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Lemma 3.2.1 Let U,V € SOs be arbitrary, let 17 = [xl, e ,x5} € R®, and let E,
be defined as in (3.6). Consider the mappings

- 1 0 —735 i)
_—1’2 T 0
and )
- ] 0 \/—% Ty
_—1’5 T4 0

Consider also

pp R =&z Ueh® (e~ @ yT (3.12)

Then the mapping pg s a local diffeomorphism around 0 € R5.

Proof 3.2.4 Smoothness of ug is obvious. We will show that pg is an immersion at

0. To see that ug is an immersion it is sufficient to show that the derivative
Dpp(0) : R® — Tup€;

is injective. For arbitrary h' = [hl, ce h5] € R5 we get

h h
) 0 -7 o . 0 3 hs ]
— | s — B | _ts —
—hy Iy 0 —hs hy O

0 —2hs —hs
U \/§h3 0 h4 VT7
—hs hq 0

1
V2

which tmplies injectivity in an obvious manner. The result follows..

Remark 3.2.2 In this chapter we consider the essential manifold as an orbit of the

group SOz x SOs3 acting on Ey by equivalence. By the differential of this group action
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the usual canonical Riemannian metric on SO3 x SOs3 induces a Riemannian metric
on the essential manifold which is called the normal Riemannian metric on £, see e.qg.
[32] for details about this construction. Moreover, by exploiting Corollary 3.2.1 one
can show that by this group action geodesics on SO3 x SO3, namely one parameter
subgroups, are mapped to geodesics on E. We refer to [59], Theorem 5.9.2, for a proof
of this fact in a more general context. It turns out that the curves on € we will use

i the sequel, i.e.
vt Ueth@ g @y T g e R (3.13)

are indeed geodesics on € with respect to the normal Riemannian metric. In addition,
the inverse uy,' defines a so-called normal Riemannian coordinate chart. Such a chart
has the feature that the Riemannian metric expressed in this chart evaluated at zero

15 represented by the identity.

3.2.2 Cost Function

Cost Function on the Essential Manifold

Let M©) .= mgi)méi)T, where mgi), mg) € R? correspond to the normalized i*" point

image pair in the left and in the right camera, respectively, for which the correspon-

dence is assumed to be known. Consider the smooth function

. R ARG LR S B S
fiE SR, f(E)—2Z<m2 Eml) _2;& (MOE). (3.14)

i=1

The value of this cost function attains zero if and only if there is an essential matrix
which fulfills the epipolar constraint for each image point pair. That is, in the noise
free case the global minimum value is zero. In the noisy case the zero value will in
general not be attained. It nevertheless makes sense to search for mimima of this
cost function even in the presence of noise. The minima then can be interpreted as
least squares approximations to the true essential matrix, ignoring for the moment

any statistical interpretations or refinements.
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Local Cost Function

The cost function f at E € £ expressed in local parameter space using the smooth

local parameterization pg defined in (3.12) is given by,

1 < .
foug:R°> =R, foug(x)= 5 > (MO Eye®@) v, (3.15)
=1

Quadratic Model of the Local Cost Function

The second order Taylor expansion of f o ug around the point £ = UE)V' € &€ is
defined as

Jéz)(fOME) :RE’ - Ra

1 q2
- <f o () + %f o up(tz) + 5%]‘ o ME(m)) (19
As expected the 2-jet contains three terms:
(i) A constant term is,
1 ¢ .
(f o pp)(tz)|i=o = 3 Z tr’ MO E, (3.17)

i=1

(ii) The linear term is,

n

=3 (r MOE) (6 MOU (94 (2)Ey — Byal))VT)

t=0 i=1

= (Vsous (7))l - 2,
= <grad f(UE(]VT), U(Ql(I)EO — E(]QQ(LU))VT>H.RM s

d
&f o pp(tx)

which can be interpreted as either (I) the transposed Euclidean gradient of
foug: R — R evaluated at zero acting on & € R, or (II) as the Riemannian
gradient of f : £€ — R evaluated at £ € £ paired by the normal Rieman-
nian metric with the tangent element U(Q(z)Ey — EoQe(2))VT € TrE. Let
vec(2(x)) == Q1x, vec(Qa(x)) 1= Qox, where

Q1 = [Vec(%Qm) Vec(%Qy) vec(3Q.) 0 0] e R,

Qy = [O 0 vec(1Q.) vec(%@x) VGC(%Qy)} € R, (3.18)
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and @, @y, Q. from (2.15). Then, the explicit formula for the Euclidean gra-

dient of the local cost function evaluated at zero is,
V foup (0) = J " Mvec(E), (3.19)

where

J =MV aU) [(Eo ) —-(I® Eo)}

@]’ Mo

vee (M™7)
(3.20)

(iii) A quadratic term in z, which consists of a sum of two terms. The first one,
Y M<i>U(Ql(x)EO - Eoﬂg(x)>VT =" o, (0) - 2,
i=1

is a quadratic form on R® with the corresponding matrix H foug (0) being positive

(semi)definite for all U,V € SO3. The second term is given as,

S (e MOE) (trMU)U(Qf(x)EO 4 B2 (x) — 2@1(93)E092(g;))w) ,
i=1
= zT ' ﬁfOME(O) © L.

Hence, the Hessian matrix of the local cost function evaluated at zero is,

H op (0) = Hiope (0) + Heup 0), (3.21)
where
Hyo,, (0) = JTJ >0, (3.22)
and by denoting vec(D) := (V' @ U")MT Mvec(E), we have
- @l [ Goenlla) e

For the quadratic term in (3.16) there is then a further interpretation:

d2
@f o pp(tz)
i.e., Hs(yt)) is the Hessian operator of f : £ — R represented along geodesics 7 : R —

&€, 7(t) = pp(tr), 7(0) = E, see e.g. [46], pp 342.

L H sy (7(1), Y1),y - (3.24)
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Remark 3.2.3 Recall f : £ — R defined by (3.14), the element E € £ is a critical

point of f if and only if
J" Mvec(E) = 0.

3.2.3 Algorithm

We consider the algorithm as the self map

s=mom :E —E& (3.25)

consisting of an optimization step followed by a projection. As explained in more
detail below our algorithms are iterative in nature. Each algorithmic step consists
of two partial steps, the first one being an optimization procedure defined on an
appropriate affine tangent space to £ (by identifying R® with T2&£ appropriately),

and the second one is a nonlinear projection back to the manifold.

Optimization in Local Parameter Space
The mapping m; constitutes the optimization step. Depending on the type of projec-
tion in the subsequent step, there are two versions of this mapping, namely

svd.

e Mapping 7}

v g — THg c R3S, (3.26)
E=UEV" — U(Ey+ Q% (zop(E))Ey — EoQa(zop(E)))V T,

e Mapping 7}'# or 7;™:

P or Y £ — (£, TE), (3.27)
E=UEV' — (E,U(Ey+ U(zop(E))Eo — EoQa(op(E)))VT),

where ., € R® as a function of F = ug(0) can be given by the Newton direction

when Hy,,,(0) >0,

Newton

N () = arg min i (f © 1) () = ~[pous O Vyops ), (3:28)

T
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or a Gauss direction otherwise,

S8 (B) = —[H o, (0)] 7V oy (0), (3.29)

Projecting onto the Essential Manifold
The mapping 7 involves one of the projections discussed below,

e Orthogonal Projection. The orthogonal projection with respect to the Frobe-

nius norm is achieved via singular value decomposition,

ayvd T c RS g, (3.30)
X=UXV" — UE)VT,

where U,V € O3, ¥ = diag(o1, 02, 03) such that the singular values o1 > g9 >
o3 > 0 and o3 is simple. Readers who are interested in the mathematical details

of this projection can refer to [32].

e Projecting back via local parameterization. Let 2; and ), be defined

as in (3.10) and (3.11), respectively. For fixed oy € R® consider the smooth
mapping
e (E,TE) — €, (3.31)
(E,U(Eo + U (2opt(E)) Eo — EoQa(op(E)))VT)

s U e @ont(B) [ o= D(mone(E)) 17T

Obviously, for fixed oy the mapping 74 maps straight lines in Tp€ going
through £ = UE,V " such as

lp it — U(Eo + tQ1(Topt) Eo — EotQa(zop)) VT, (3.32)

to smooth curves 74” (lU EoVT (t)) C €. As mentioned above the resulting curves

on &, namely

WSE (lE‘(t)) — Uetﬂl(xopt) EO e—th(xopt) VT — Ueﬂl(ta}op;) EO e_QQ(tl'opt) vT’
(3.33)
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are geodesics on £ with respect to the so-called normal Riemannian metric
on €. One therefore can think of the projection 74% defined by (3.31) as a
Riemannian one. Moreover, the parameterisation pg given by (3.12) defines a
so-called Riemannian normal coordinate chart ,u;Jl sending a suitably chosen
open neighborhood of F € £ diffeomorphically to an open neighborhood of the

origin of R,

e Cayley-like projection. As a further alternative one might approximate the
matrix exponential of skew-symmetric matrices by its first order diagonal Padé

approximant, or more commonly called the Cayley transformation:

cay : so03 — SOs,

Q - (1 + %Q) (1 - %Q) o (3.34)

The Cayley mapping on so3 is well known to be a local diffeomorphism around
0 € so3. Moreover, it approximates the exponential mapping exp : so3 — SO;
defined by Q +— exp(2) = e® up to second order. We therefore consider in the

sequel the smooth projection mapping

T (E,TME) — €, (3.35)
(B, U (Eo + Q1 (zopt (E)) Eo — EoQa(aop(E))) V)
U cay (0 (Topt (E))) Eo cay (—Qa(zop: (E)))V .

In summary, one algorithmic step of s consists of two partial steps, namely m
sending a point E on the essential manifold £ to an element of the affine tangent

space T#E  followed by 7y projecting that element back to &.

3.2.4 Convergence Analysis of Algorithm
Local Quadratic Convergence

Theorem 3.2.2 Let E, € £ be a nondegerate minimum of the smooth function f :

E — R defined in (3.14). Let Ey be a point in an open neighbourhood of E.. Consider
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Figure 3.3: Three different projection steps.

the proposed iteration on &,
Epi1 = S(Ek)> § = Ty O T

where mp is given by the Newton step, defined in (3.28), and 7y involves projection
back to the manifold. Then the point sequence generated by s converges quadratically

to E,.

Proof 3.2.5 See Appendiz A.S5.

3.2.5 Discussions

If 74% is used for the second algorithmic step 7 then one can show that the overall
algorithm is nothing other than a Riemannian manifold version of Newton’s method,
the Riemannian metric being the so-called normal one. Despite the well-known fact
that under mild assumptions, the Riemannian manifold version of Newton’s method
is locally quadratically convergent, see [78], Theorem 3.4, p. 57, our results are appar-

ently more than just an application of this nice result. We would like to mention that
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the latter version of our algorithm is also different from the approach taken in [58].
The Riemannian metric those authors use is different, therefore also their geodesics
are not in accordance with ours. Whereas in [58] the local structure of the essential
manifold being a product of Stiefel manifolds is exploited we here prefer to think
of this manifold as an orbit of SO3 x SOs5 acting on R3*3 by equivalence, i.e., the
manifold of all (3 x 3)-matrices having the set of singular values equal to {1,1,0}.

Some features about these different approaches are summarised as follows.

Manifold Structure

e Ma et al.: The essential manifold &£ is locally diffeomorphic to the product of

two Stiefel manifolds

£ g10,3511 Sz X SOg (336)

e Our approach: We exploit the global diffeomorphism of £ to the set of matrices

having singular values {1, 1,0}

100
E2S505-10 1 0] -S04 (3.37)
00 0

Geodesics Emanating from £ = QR =UE)V' €&
e Ma et al.:
t— (e Qe ™ Re') (3.38)
where A, T € so3 and [A, [A, Q]] = —2[|A|*C
e Our approach:

ts Ue Eye My T (3.39)

0 —x3 zo 0 T3 5
where A= |2s o ol and'=|-2s o = and zq,...,25 € R.

—x9 xq 0 —x5 T4 0
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Riemannian Metric g : Tg€ X TgE — R

e Ma et al.: The Euclidean Riemannian metric induced by the canonical subman-

ifold structure of each factor
SCcR?® and SO3; C R**3, (3.40)

or equivalently, the normal one induced by the similarity group action on the

first factor
SOs xS —S, (U,Q)—UQU" (3.41)
and right translation on the second factor
SO3 x SO3 — SO3, (V,R)+— RV". (3.42)

Explicitly, for two elements of the tangent space {1,& € T r)E with § =

g((181, 91, BLY), (82,90, RT2) ) = tr (A17A) +r (1 TTa) (3.43)

with Azarz € 503, [Az, [Az, QH = —%||A2H2Q for ¢ = 1, 2.

Our approach: The normal Riemannian metric induced by the equivalence

group action
SO3 x SO3 x R¥3 - R¥>3 (U, V),E) — UEV . (3.44)

Explicitly, for two elements of the tangent space &;,& € Tyg,y7€ with & =
U(AEy — E,T)VT

g(U(A By — BT )V, U8By — BTa)VT) = tr (A4 Ag) + tr (T4 T)
(3.45)

0 7ac§ ) x;i) 0 xé ) zgi)
where for i = 1,2: A; = {zé” 0 z@} and I' = [mg) 0 wfj)} and

' CINO! o QRO
(4)

... ,xéi) € R. In fact, the tangent map of up defined by (3.12) maps frames

—xT
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{e1,...,e5} in R? orthonormal with respect to the Euclidean metric, into frames

of Tg&, orthonormal with respect to the normal Riemannian metric:

€; — D,u(()) € = U Q1(6i)E() — EOQQ(ei) VT, (346)

=&

with

<U£¢VT, UngT>n.RM =tr QI(ei)Ql(ej) + tr Q;(ei)Qz(ej) = eiTej = 52] (347)
One might argue that the Riemannian metric we use is induced by a restriction
from another Riemannian metric defined on the embedding R3*3. This is actu-

ally not the case, moreover, one can show that such a metric on R3*3 does not

exist.

3.3 Implementation of Algorithm

Start with an initial estimate of Essential matrix £ = UE,V T obtained from the

standard 8-point algorithm.

Step 1. Carry out the optimization step my,

e Compute the gradient V., (0) and the Hessian matrix H,,,,, (0) via (3.19),
(3.21) respectively.

o If Hyo,, (0) > 0, compute the Newton step @opt = —[Hfopuy (0)] 71V o (0),
otherwise compute the Gauss step zopt = —[I?IfOHE (0)]7'V fo,u (0).

Step 2. Carry out the projection step my. There are three alternative projections,

o 154 1 Let wopy = [z1 @3 -+ x3), form the optimal affine tangent vector,

gopt € Tgﬁg )

1 —x5  —x5/V2 oo 0 0
gopt =U X3 1 1’4/\/5 VT = ﬁ 0 oo O ‘7T,
—S(Zg/\/i xl/\/§ 0 0 0 03

and compute the projected estimate of the essential matrix E=U EOKA/T.
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~

o ThE .U = Ute(%pt), V= Vegz(%pt), E= ﬁEO‘?T-
o T U=Ucay((zon), V=Veay(Qu(ray), E=UEVT

Step 3. Set E = E, U = U, V =V, go back to Step 1 if IV topn (0)|| > €, a

prescribed accuracy.

3.4 Simulations

All simulations are carried out in Matlab. Each trial

e Generates 3D points randomly in a field of view (FOV) 60° and depth varying
from 100 to 400 units of focal length,

e Computes the first projection matrix P = K[I3 0], where K is the camera

calibration matrix,
e Randomly generates a rotation R and a translation t,
e Computes the second projection matrix P’ = KR t],

e Projects the 3D points onto the two 512 x 512 image planes using P and P’
Only visible points will be used in the algorithm,

e Adds Gaussian noise of mean zero and standard deviation ¢ to the image points,
e Normalizes the image points with K and solves for essential matrix F,
e Stops when ||V, (0)] < 10712

e Computes the mean Euclidean distance between image points and the corre-

sponding epipolar lines on both images.

In the following simulations, ‘alg” denotes the algorithm which minimizes the cost
function (3.14), ‘dist’ denotes the algorithm which minimizes the Euclidean distance

between image points and the corresponding epipolar lines,

fo(E) = zn: witr*(MYE), (3.48)
1=1
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Noise level (pixel)

Figure 3.4: Distance between points and epipolar lines vs. noise level for 8p algorithm
(dotted line) and other algorithms (PNsvd,PNexp,PNcay,MKS).

where, denoting previous estimate of E as E and e; as the i'" column of the identity

matrix,

1
1 1 ’
w; = R S— — |, (349)
tr2(mWel E) + tr2(m@Weg E)  tr2(eym@E) + tr?(eam@ E)
and ‘grad’ denotes the algorithm which minimizes a weighted version of the gradient

based nonlinear cost function,

20
fa(E) = wAMPE) (3.50)

2
i=1 Yi

where g; = \/tr2(m(i)elTE) + tr2(me] B) + tr2(eym® E) + tr2(e;m@E).

Also, ‘8p’ denotes the standard 8-point algorithm, which is a least squares method
followed by an orthogonal projection onto the essential manifold via singular value
decomposition, ‘MKS’ stands for the Riemannian-based Newton method published in
[58], and ‘PNsvd’, ‘PNexp’, ‘PNcay’ stand for the proposed parameterization-based

Newton-like algorithms with 75'd, 7b% 75™ projection respectively.
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Sensitivity Analysis The number of point correspondences is fixed at 20, and Gaus-
sian noise of varying standard deviation o € [0.5, 5] is introduced and the sim-
ulation is repeated 500 times. In Fig. 3.4, we observe that the standard 8 point
method (dotted line) is relatively sensitive to noise compared to other methods
in minimizing the cost function (3.14). The figure shows that all three proposed

algorithms and MKS have similar sensitivity properties.

Rate of Local Convergence Figure 3.5 illustrates the typical convergence rate of
various algorithms. It is clear that all three proposed techniques, together with
the MKS method converge at a local quadratic rate. This is parallel with the

mathematical proof presented in the appendix and as claimed by [58].

X MKS

log(|| E — E.|])

-14 I I I I I I I ]

1 1.5 2 25 3 3.5 4 45 5
Iterations

10

Figure 3.5: Log(||E — E.||) vs. iterations

Computing Time Figure 3.6 shows the average computing time using different al-

gorithms and minimizing different cost function. For cost function ‘alg’, the
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standard 8-point method is the quickest technique. Although all three pro-

posed methods are slightly slower than the standard 8-point method, they are

at least 25 times faster than MKS proposed in [58]. Both gradient based and

distance based criteria solved using the proposed methods are at least 3 times

faster than MKS. Note that although the MKS method is locally quadratically

convergent as is ours, its computational effort per iteration is huge, because
svd

each iteration is data dependent. The plot also suggests that 75" projection is

slightly faster than the other two projections.

0251

02F

0151

01

Cormputing time (s)

005+

Methods

Figure 3.6: Computing time for various methods:(1) alg-8p, (2) alg-MKS, (3) alg-
PNsvd, (4) alg-PNexp, (5) alg-PNcay,(6) grad-PNsvd, (7) grad-PNexp, (8) grad-
PNcay, (9) dist-PNsvd, (10) dist-PNexp, (11) dist-PNcay

3.5 Summary

This chapter put forward a new geometric optimization framework to compute the
essential matrix between two calibrated intensity images, which subsequently allows

the pose information to be determined. The approach is based on successive local
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parameterization of the constraint manifold. The following summarizes research con-

tributions,

e The algorithm requires relatively little computational effort per iteration, and

is independent of the number of point correspondences used.

e Our algorithm achieves the same rate of local convergence as Ma et al. [58] but

is computationally simpler with effort per iteration being significantly lower.

e Our proof of local quadratic convergence is independent of the chosen cost

function.

e We have proposed algorithms with three different projections: the exponential

map, the Cayley transformation and the orthogonal projection.
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Chapter 4

3D Localization of Quadratic

Surfaces

In prior chapters, geometric optimization methods have been adopted to recover the
pose information from 2D intensity images. Now, we are interested in applying the
same framework to locate 3D quadratic surfaces using range images. Quadratic sur-
faces, also known as quadrics, are commonly occurring shapes in man made objects.
Accurate and fast localization of quadrics or surfaces consists of quadric patches from
measurement data is important in many industrial robotics and machine vision tasks
as well as a step towards developing a flexible manufacturing system. Material in this

chapter has appeared in [49].

Existing Work Two main approaches to solving this problem in the literatures are
the feature based method and the model based method. The feature based method is
based on the geometric relation between a set of 3D feature correspondences extracted
from the actual surface data and the surface model stored in the database. This ap-
proach has been well studied in the literature, [5, 30, 36]. The model based approach,
which we adopt in this chapter, minimizes the error between the data measured on
an actual surface and the CAD model of that surface, see [9, 22, 29, 65, 6, 10, 28]. As
opposed to the feature based method, this approach does not require 3D data prepro-

cessing such as feature extraction and explicit correspondences. The only information



66

required from the database are the equations of the surface.

Our Work In this chapter, the 3D localization of quadratic surfaces is addressed as
an unconstrained optimization problem cast on the special Euclidean group. The opti-
mization is based on locally quadratically convergent Newton-type iterations evolving
on this constraint manifold. Simulation results suggest the proposed algorithms are

relatively robust against additive Gaussian noise and occlusions.

Chapter Outline In Section 4.1, the task of locating quadrics from single range im-
age is formulated as finding an element on the special Euclidean group that minimizes
a certain smooth cost function. In Section 4.2, we present the proposed Newton-like
iterative algorithms evolving on the constraint manifold. This is followed by algo-
rithm initialization in Section 4.3 and an outline of the algorithm implementation in
Section 4.4. Simulation studies are described in Section 4.5 and a summary of the

main results and research contributions is presented in Section 4.6.

4.1 Problem Formulation

4.1.1 Quadric

A quadric, also known as quadratic surface, is defined by the zero set of degree 2
polynomials in 3 variables, as {m € R® | m' Q1 +2m' Q12+ Qa2 = 0}. Equivalently,

using homogeneous coordinates, a quadric is given by

- B .: m o Qu Q2 4
m Qm=0, m: L], Q : [QlTZ Q2J, (4.1)

where @ is the symmetric surface coefficient matrix. Without loss of generality, we

take tr(Q{,Q11) = 1. Examples of quadrics are illustrated in Fig. 4.1.
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, ~
LR

(a)

Figure 4.1: Examples of quadratic surface: (a) Elliptic Paraboloid, (b) Hyperbolic
Paraboloid, (c¢) Elliptic Hyperboloid of One Sheet, (d) Elliptic Hyperboloid of Two
Sheets, (e) Ellipsoid.

4.1.2 Transformed Quadric

Now, consider the quadric being rotated by a matrix R € SO3 and translated by a
vector t € R3. Each point on the transformed quadric p € R3 is given by,

{p:

Here A(R,t) := T(R,t)"QT(R,t) is the surface coefficient of the transformed quadric,

and

e R?
1

p' AR, t)p = 0} : (4.2)

T(R,t) := [R € SE;. (4.3)

0

which represents 3D rigid body transformation is an element of special Euclidean
group, SE5. Thus, given surface measurement data p; € R* and known surface
coefficient @), the task is to find the transformation matrix T'(R,t) € SEj satisfying
(4.2).

4.2 Optimization on the Special Euclidean Group

To address the task as an unconstrained optimization problem on SEj3, we begin by
reviewing some of the relevant geometrical properties of SFE3. We then identify the
cost function, propose an iterative algorithm evolving on this manifold and study the

convergence analysis of the proposed algorithm.
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Figure 4.2: Given noisy measurement data of a quadric (ellipsoid) and its CAD model,
find the position and orientation of the transformed quadric.

4.2.1 Geometry of the Special Euclidean Group
Rigid body motions in R? can be represented by the special Euclidean group, SEs,
SE; :={(R,t)|R € SO;3, te R’} =503 x R?,

where SOj3 is the group of 3 x 3 rotation matrices, as introduced in Section 2.2.1,
and t is the translation vector. The special Euclidean group is a Lie group and its
associated Lie algebra is denoted se3. Due to isomorphism, one can identify se; with

RS using the following mapping,
Q
CRS sty (o) = | “] , xo= H , (4.4)
v

where Q(w) as defined in (2.13) and v € R3.

Tangent Space of SE;

The tangent space of SE5 at T is

TTSE3 = {T< | C S 523}, (45)
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and the affine tangent space of SE3 at T is

TASE; = {T +T( | C € se3}. (4.6)

Local Parameterization of SFE;
For every point T € SEj3, there exists a smooth exponential map
pr RS — SEs, v TeS®), (4.7)

which is a local diffeomorphism around origin in RS. Such a map will be known as a

local parameterization of SFE3 around 7.

4.2.2 Cost Function
Cost Function on the Manifold SFEj3

We work with the cost function that penalizes the algebraic distance of the measure-
ment data to the quadric,

f:SE; — R,

n (4.8)
FT) = 2SI TT QTR Ztr (il TTQT).

i=1
Exploiting the relationship between the trace and vec operators, (4.8) can be re-

expressed as,

' vec' (pip] )

S = [Bree(T Q)P Bi= | 1| (4.9)

vec (pup,))

Local Cost Function

Consider the mappings as in Fig. 4.3. The cost function f at T' € SEj3 expressed in
local parameter space using the smooth local parameterization pr defined in (4.7) is

given by,

four RSO =R, fopur(z)=|Bvec(e® TTQT)|2. (4.10)
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N\ RS /

IR
7

SEs

W

Figure 4.3: The mapping pur is the local parameterization of S E3 around point 7" such
that ur(0) = T, f is the smooth function defined on SE3 and f o ur is f expressed
in local parameter space RS.

Quadratic Model of the Local Cost Function

The second order Taylor approximation of f o yp about 0 € RS in direction x is

i&(fopr) RS — R,

x| (fopr)(te) + &(fouT)(tx) + 5@(]‘30/@)@1‘) »
The expansion consists of three terms,
(i) a constant term,
(f o pr)(tz)]e—o = || Bvec(A)|?,
(ii) a linear term,
%(f o ur)(tx) = 2vecT(A§(m) + CT(x)A)BTBvec(A),

t=0
= 2$TVfOHT (O>

Denoting vec(¢(z)) := Gz, vec(¢'(x)) := Jx, then G, J are 16 x 6 matrices
consisting of 1, -1, 0, the explicit formula for the gradient of f o ur evaluated

at 0 € RS is given as,

Vfour (0) = CT Bvec(A), C:=B[(I®A) (Ax1)]

G
J] . (4.12)
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(iii) a quadratic term which itself consists of the sum of two terms. The first term
is given as

| Bvec (A¢(x) 4 ¢ (2)A) || = 2T Hyopp (0),

and the second term is
vec” (A)BT Bvec (AC2(93) 2T (@) AC(2) + ¢ (a:)A) = 2 H oy, (0)z.
Thus, the Hessian of f o ur evaluated at 0 € RS is
Hyopr (0) = Hpopr (0) + Hyepr (0), (4.13)
and denoting vec(D) := BT Bvec(A), we have

ﬁfOMT(O) = CTC >0,

- D'®A) (DTA®I)| |G
T oy (0) = [GT JT] ( ) ( ) .
(AD®1I) (Ao D7) | |J
(4.14)
4.2.3 Algorithm
The proposed algorithm consists of the iteration,
§ = T9 O T ISE3—>SE3, (415)

where m; maps a point 7' € SE3 to an element in the affine tangent space (by
identifying RS with T3 SFE; appropriately) and m, projects that element back to

SE3 by means of the local parametrization pr, as illustrated in Fig. 4.4.

Optimization in Local Parameter Space, m;

The current iteration point 7" € SE3 is pulled back to local coordinates R® via the
local parameterization ur. An optimization step is performed in the local parameter

space, which involves two partial steps,

™ = 7T11’ omi: SE3 — (SEg, TaHSE3> ) (4.16)
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Figure 4.4: The proposed algorithm first maps a point 7" € SEj3 to an element of the

affine tangent space via m; = 7% o ¢, followed by step m, to project that vector back

to manifold.

The first partial step 7f is used to compute a suitable descent direction for a

quadratic model of the local cost function defined in (4.10)
T SEy — (SE; T*"SE;), (4.17)
T — (T, T+ (zepe(T))),
where zop; € RS as a function of T = ur(0) can be given by the Newton direction
when Hy,,.(0) > 0, as
a(T) = argmin ji”(f o ur) (y) (4.18)
= _[HfouT(O)]_lvfouT(O)a
or a Gauss direction otherwise, as

25T = —[H jopur (0)] 7'V oy (0). (4.19)

opt

Once an optimal direction is computed, the second partial step 7% is used to
carry out an approximate one dimensional line search along this descent direction.
We proceed with a search on the scalar A > 0 which ensures that the cost function

f o pr(Azopt) is reduced at every step, giving rise to the mappings,
™ (SE;, T*"SE;) — (SE;, T*SE;),
(T, T+ TC(aon(T))) = (T, T+ TCapiona (), (4.20)
where Agp¢ is the step length that reduces the cost function in direction x.p, and

is found using the simple backtracking line search. Since we are using a descent

direction, for sufficiently small step size, the cost function will go downhill.
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Remark 4.2.1 Given a descent direction oy for function f o pr at 0 € RS,

o An exact line search is,
Aopt = arg I§11101f o pr(AZopt)s (4.21)
>

o A backtracking line search with parameters o € (0,0.5), 5 € (0,1), then starting

at A := 1, we proceed as follows,

While  f o ur(Azopt) > f o pur(0) + [V fopy (O)]Txopt,
do  \:= B,

and Aopy 1= A.

Projecting Back via Local Parametrization, m

Once the descent direction and downhill step size has been obtained, it is projected

back to the manifold via the local parametrization ur,

m : (SBy, TSEy) — Sk, (4.22)
T+ TC(AOptxopt (T)) — Tec()‘omfopt (7)) )

4.2.4 Convergence Analysis of the Algorithm
Local Quadratic Convergence

Theorem 4.2.1 Let T, € SFE3 be a nondegerate minimum of the smooth function
f : SE3 — R defined in (4.9). Let Ty be a point in an open neighbourhood of Ti.

Consider the proposed iteration on SEj,
Tk+1 :S(Tk), S = Ty O

where mp is given by the Newton step, defined in (4.18), and my involves projection
back to the manifold via the smooth local parameterization of (4.22). Then the point

sequence generated by s converges quadratically to T.

Proof 4.2.1 See Appendiz A.4.
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Global Convergence

The proposed algorithm achieves local quadratic convergence rates. However, the
algorithm does not address the issue of escaping local minima. From implementation
of the algorithm, convergence to local minima is particularly frequent for elliptic hy-
perboloid, hyperbolic paraboloid and hyperboloid of two sheets. Simulations suggest
that the simplest approach is to initialize the algorithm randomly at different points

on the manifold, and select the one with lowest cost.

4.3 Algorithm Initialization

For initialization of the algorithm, we use a two steps least squares approach that
gives closed form solution. In this approach, the pose estimation problem is split
up into two subproblems, namely the surface fitting problem to recover the surface
coefficient followed by pose estimation. Details of this strategies can be found in [6].
We summarize the steps used to estimate the pose in closed form and add in few new

results that help in pose computation.

Recovering the Surface Coefficient

Consider the transformed surface coefficient A := T'"QT. This belongs to the class

of symmetric matrices S**4. Consider the function

¢: St - R, S |Bvec(9)]|>. (4.23)
and the mapping,
ai ap az a3 ar
a9 s A4 Qa5 asg

v:RY-S™ a=| |~ : (4.24)
. a3 as Qg Q9

@10 ar ag ag Al

It is clear that this mapping is bijective. Now,

¢pov:RY =R, ar |Bvec(v(a))|* = |BKal? (4.25)
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where K is a matrix consisting of elements 1 and 0 such that Ka = v(a). The vector a*
that minimizes the function (4.25) subject to constraint |ja|| = 1 is the right singular
vector corresponding to the zero singular value of the matrix BK. Of course, when
the data has noise, then a* is the right singular vector associated with the minimum
singular value of matrix BK. However, to achieve Euclidean invariance, it is usual
to constrain solution such that tr(A]; A1) = tr(Q{,Q11) = 1, i.e

a'Ca=1, a=]|a---ag), C:=diag(1,2,2,1,2,1). (4.26)

Once a* is obtained, and since the map v is bijective, the optimum A € S is A* =

v(a*).

Recovering Motion Parameters

Once the surface coefficient of the transformed quadric A is determined, we can obtain

R € SO;3 and t € R? as follows. We know that
T(R,t)"QT(R,t) = A, for some scalar &, (4.27)

and since ()11, Aq; are symmetric, singular value decomposition of both matrices will
give,

Qu =VoSoVy, A =VaZaVy, (4.28)
where Vi, V4 € Oz and X, Y4 are diagonal matrices with diagonal elements decreas-

ing in magnitude, then we have
{R' =VoI'V,] € SOs}, (4.29)

where I' is a diagonal matrix with diagonal elements 4=1. There are 2% = 8 possible
I'* matrices. We claim here that the optimal rotation is the one associated with

minimum cost and minimum distance from the original position, i.e.,
i* = argmin,|| R’ — I|* = argmax; tr(R"). (4.30)
Once optimal R* := R" is found, we can compute an optimal ¢* from,
"= Q' (k'RA; — Qu), K= %tr(zAZél)- (4.31)

Note that when (), is singular, such as in the case of paraboloid surfaces, the solution

is not unique, so a pseudo inverse is used to recover one optimal solution t*.
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4.4 Implementation of Algorithm
Start with T' = T, € SFEs5 using the initialization procedure described in Section 4.3.
Step 1: Carry out the optimization step,

e Compute the gradient vector V., (0) and the Hessian matrix Hy,,,.(0)
via (4.12), (4.13) respectively,

o If Hyop, (0) > 0,
compute the Newton step, Topt(T) = —[Hyous (0)] 71V fo,1-(0),
otherwise compute the Gauss step zopt (1) = —[ITIfouT(O)]_lvfo“T (0),

e Compute the optimum step size Aopt in direction op(7') using backtrack-

ing line search, as described in Remark 4.2.1.
Step 2: Carry out the projection step, T=T ¢ Popt@opt(T))

Step 3: Set T =T, go back to Step 1 if |V four (0)|| > €, a prescribed accuracy.

4.5 Simulations

A series of simulations were performed on artificially generated uniformly distributed
points on quadric surface. Our proposed geometric approach (GA) has been com-
pared with the 2 steps closed form least squares solutions presented under algorithm
initialization (LS) and the cyclic coordinate descent method (CCD).

Cyclic coordinate descent is a variant of our proposed approach. It exploits the
property that SEj5 is the product manifold SO3; x R3. At each iteration, we first
freeze the rotation and optimize only the translation, then next freeze the translation
and optimize only the rotation. The motivation for this is that we can carry out
analytic geodesic searches in SOs, requiring the solution of an 8" order polynomial.
Likewise, in a line search for ¢t € R? a 3'@ order polynomial is solved. The advantage
of this approach is that it can potentially escape from a local minimum, not the global

minimum in a few iterations, without any random reinitializations. The algorithm is
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not useful after the first few iterations since it converges only linearly and the analytic
line search has not then add value.

Performances of the different techniques are evaluated by comparing the relative
Euclidean distance between the pose parameters. All simulations are implemented

using Matlab.
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(a) Relative pose error vs. noise level for ellipsoid.
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(b) Relative pose error vs. noise level for elliptic paraboloid.

Figure 4.5: Robustness against additive GGaussian noise for closed form least squares
approach (solid line), geometric approach without restart (o), geometric approach
with 5 random restart (x).

Robustness against Additive Gaussian Noise We investigate the robustness of
the algorithms as the measured data are corrupted with increasing amount of

additive Gaussian noise and when only partial views of the surface are available.
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Simulations show both CCD and GA have the same performance accuracy when
the noise level and size of the surface are varied. Thus, only results for GA and
LS are plotted. Figure 4.5 indicates that GA is far less sensitive to additive
Gaussian noise and than LS. Interestingly, for an ellipsoid, the initialization
achieves the global minimum in the presence of high noise level (Fig. 4.5(a))
since random restart converges to the same minimum. Similar results are also
observed for an elliptic hyperboloid of one sheet. However, for elliptic paraboloid
(Fig. 4.5(b)), hyperboloid of two sheets and hyperbolic paraboloid, we observe
the presence of many local minima, thus random reinitializations of the algo-

rithm or initial CCD iterations are required to achieve the ‘global’ minimum.

Robustness against Occlusion Figure 4.6 shows the performance of GA and LS
when part of the surface are occluded. It clearly indicates that GA is far more

robust to occlusion than LS. Likewise, for relative translation error.

Relative rotation error
Relative rotation error

Noise level Noise level

(a) Least squares approach (b) Geometric approach

Figure 4.6: Robustness against occlusion: whole surface (solid line), half surface (o),
quarter surface (A), small patch (O).

Rate of Local Convergence Figure 4.7 illustrates that GA converges at a local
quadratic rate and CCD always converges very quickly at its first few itera-
tions, but then converges linearly. It may make sense to use CCD for the first

few iterations then switch to the Newton method. Also, the local quadratic
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convergence rate GA is also better than the approach presented in [65] which

claims to converge at an exponential rate.
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Figure 4.7: Rate of local convergence.

Remark 4.5.1 For symmetric quadrics such as sphere and cylinder, the estimated
pose is no longer belonging to SEs of 6 dimension, rather it belongs to the reduced
space (sphere — 8 dimension, cylinder — 4 dimension). A similar algorithmic approach

applies with a minor modification. For a cylinder, we have

0 0 5)
Q:R* =503, Qw) =|0 0 —wl, (4.32)
—W2 W1 0

and the Lie algebra of SEs3, denoted sez is the set of 4 x 4 matrixz of the form
Q
CiRY s ses ((z) = [ @) U] @= [w] (4.33)

where Q(w) € s03 and v € R3, results in a 4 x 4 Hessian.

For a sphere, due to symmetry, we only need to find the relative translation, thus
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reduce the dimension from 6 to 3.

0 v
((v) = [0 1] (4.34)

Thus, each Newton step requires only inversion of a 3 x 3 Hessian matriz. Similarly

for other symmetric quadrics.

4.6 Summary

This chapter presents a novel geometric algorithm capable of locating quadratic sur-
faces quickly and accurately, even in the presence of measurement noise and occlu-

sions. The main contributions of this chapter can be summarized as follows,

We derive a novel parameterization-based framework for minimizing a smooth

function on the special Euclidean group,

e We devise efficient algorithms that are data independent at each iteration and

converge at a local quadratic rate,
e We have algorithms that explicitly preserve constraints at every iteration,

e We compare the proposed algorithms with existing two steps least squares meth-

ods,

e We introduce the notion of parallel random initializations to assist in escaping

local minima,

e We prove the local quadratic convergence rate of the devised Newton-like algo-

rithms.
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Chapter 5

Global Registration of Multiple 3D
Point Sets

In earlier chapters our focus has been the estimation of pose information from single
or stereo images. In this part of the thesis, we extract pose information from multiple
range images. Most of the material in this chapter has been published in [45].

Constructing a 3D computer model of a real object from 3D surface measurement
data has various applications in computer graphics, virtual reality, computer vision
and reverse engineering. To construct such a model, a single view of the object is
often not sufficient due to self occlusion, presence of shadow and the limited field
of view of the 3D scanner. Thus multiple partial views of the object from different
viewpoints are needed to describe the entire object. Typically the views are obtained
from multiple scanners or a single scanner being stationed at different locations and
orientation, or a fixed scanner taking time-sampled images of an object on the moving
turntable. The images are often simplified as a set of features, such as points and
the relative position and orientation (pose) between views are unknown. Thus, these
partially overlapping views need to be registered within a common reference frame to
determine the unknown relative pose.

Two-view (pairwise) registration has been well studied in the literature. It is
usually performed using feature matching [22], Iterative Closest Point (ICP) [9] or

its variant [13]. Several analytical methods for registration of two 3D point sets with
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known correspondences have been proposed. An overview of these techniques can be
found in [44] and a comparison of these analytical methods have been presented in
[52].

Multiview registration is a more difficult problem. There are two strategies to-
wards solving the problem, local (sequential) registration and global (simultaneous)
registration. The sequential registration involves the alignment of pairs of overlapping
views followed by an integration step to ensure all views are combined [64, 13]. This
widely used approach does not give an optimal solution because errors are accumu-
lated and propagated as pointed out in [7, 8]. On the other hand, global registration
aligns all scans at the same time by distributing the registration error evenly over all
overlapping views, see [21, 72, 75, 77].

We restrict attention to the registration of multiview 3D point sets with known
correspondences between overlapping images. Relatively little has been published on
global registration of multiple point sets. Some work in this area can be found in
[7, 81, 70]. These techniques have been compared in [17]. Recently, Williams and
Bennamoun [84] have proposed an algorithm that generalizes the well known pairwise
solution to global registration by iteratively optimizing individual rotation matrices
using singular value decomposition.

The particular problem of multiview registration is that the function to be mini-
mized is a nonconvex function of a set of rotations. By elementary operations, trans-
lations can be eliminated to simplify the optimization. Any algorithm that minimizes
the resulting function on rotation matrices must also maintain the rotation matrix
constraints during the course of an iterative procedure. Other approaches have been
proposed; Pottmann et al. [71] suggest using the underlying affine space, applying the
rigidity constraints only towards the end. Thus, standard optimization approaches ei-
ther use Lagrange constraints or have to perform projection steps after each iteration

to ensure that the (nonlinear)rotation matrix constraints are maintained.

Our Work In this paper, we consider the simultaneous registration of multiview 3D
point sets with known correspondences between overlapping scans. We address the

global registration task as an unconstrained optimization problem on a constraint
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manifold. Our novel algorithm involves iterative cost function reduction on the
smooth manifold formed by the N-fold product of special orthogonal groups. The op-
timization is based on locally quadratically convergent Newton-type iterations on this
constraint manifold. The proposed algorithm is fast, converges at a local quadratic
rate, computation per iteration is low since the iteration cost is independent of the
number of data points in each view. The Newton or Gauss steps only involve the
inverse of 3 x 3 Hessian matrices, one for each view. In addition, we present a new
closed form solution based on a singular value decomposition to achieve simultaneous
registration of multiple point sets. In the noise free case, it gives correct registrations
in a single step. In the presence of noise additional 3 x 3 singular value decompositions
for projection to the constraint manifold are required. This analytical solution is a
useful initial estimate for any iterative algorithm. Part of this chapter has appeared

in a conference paper [45].

Chapter Outline We start with a review of prior art in the area in Section 5.1. The
global point registration problem is formulated as an unconstrained optimization on a
constraint manifold in Section 5.2. This is followed by a presentation of our iterative
scheme in Section 5.3. Next we describe our analytic noise-free solution and our noisy
initialization steps in Section 5.4. A summary of the implementation is presented
in Section 5.5. Experimental evaluation and conclusions follow in Section 5.6 and

Section 5.7.

5.1 Related Work

The first work on pairwise scan alignment is that of Faugeras and Herbert [22],
Horn [36], and Arun et al. [5]. In all cases, the authors obtained simple closed form
expressions for the single transformation minimizing the least squares error between
the registered scans. Such pairwise schemes are used as modules in general multiview
approaches such as in the Iterative Closest Point (ICP) [9] and the work of Chen and
Medioni [13]. Simultaneous multiview registration schemes algorithm is considered by

numerous researchers [13], [8], [21], [72], [75], [77]; among the more recent are papers
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by Benjemaa and Schmitt [7] and Williams and Bennamoun [84], the former group
formulating the optimization in quaternion space, and the latter deriving a similar
approach using matrix representations. A comparative study of simultaneous multi-
view registration schemes is carried out by Cunnington and Stoddart [17]; however
this comparison predates the work of Williams and Bennamoun.

The ICP algorithm has become the most common method for aligning three-
dimensional models based purely on the geometry. The algorithm is widely used for
registering the outputs of 3D scanners, which typically only scan an object from one
direction at a time. ICP starts with two meshes and an initial guess for their relative
rigid-body transform, and iteratively refines the transform by repeatedly generating
pairs of corresponding points on the meshes and minimizing an error metric. Gen-
erating the initial alignment can be done by a variety of heuristics, such as tracking
scanner position, identification and indexing of surface features [22, 80], ”spin-image”
surface signatures [43|, computing principal axes of scans [25], exhaustive search for
corresponding points [14, 15], or via user input.

Registration of corresponding points is not the only approach to solving multiview
registration in general. ICP itself uses other heuristics to align surfaces, and in many
cases matching a point to a surface can provide a better fit than simple point-point
matching [74]. Due to space limitations, we will not discuss these approaches further.

The most directly relevant prior art is a paper by Adler et al. [3] that considers
the problem of spine realignment. There, the problem is to determine correct poses
for individual vertebrae on the spinal cord such that misalignment between adjacent
vertebrae is minimized and a balance criterion (expressed as an affine condition over
the poses) is maintained. They demonstrate that a good solution to this problem
closely resembles a healthy spinal alignment. Their approach, like ours, is to view the
problem as a minimization over a product manifold of SO3, and use a Newton-type
method to solve it. The specifics of their approach are different in that they derive
an iterative scheme from first principles by using the covariant derivative Vx on the
manifold; our approach uses the Lie-algebraic representation of the tangent space to
yield an more direct approach.

It may be viewed that our requirement for apriori knowledge of point correspon-
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dences from overlapping scans is a major limitation, since this is usually not the case
in practice. However, our algorithm is meant to work in conjunction with methods
like ICP which provide a general framework for model registration. The crucial inner
step of the ICP algorithm is to refine the transform such that it minimizes an error

metric. It is this step that we consider in this paper.

5.2 Problem Formulation

Given possibly noisy surface measurements from multiple 3D images and point cor-
respondences among overlapped images, the registration process is to find the rigid
body transformations between each image coordinate frame in order to align sets of

surface measurements into a reference frame.

5.2.1 3D Object Points and Multiple Views

Figure 5.1 illustrates the global multiview registration problem. Consider a 3D object
as a set of 3D points W := {wF € R® | k = 1,2,--- ,n} in a ‘world’ reference frame
(Fig. 5.1(a)). Throughout the paper we indicate the &' point in a set by a superscript
k.

Now consider multiple views of the object as depicted in Fig. 5.1(b). Each view
being from a different vantage point and viewing direction and each viewing being of
possibly only a subset of the n 3D points. For N views, let us denote the relative
rotations and translations as (Ry,t1),---,(Ry,tx), that is, relative to the ‘world’
reference frame, where R; is a 3 x 3 rotation matrix, satisfying R R; = I3, det(R;) =
+1, and t; € R? is a translation vector.

As illustrated in Fig. 5.1(c) and Fig. 5.1(d), the i*® view is limited to n; points
W, = {wf e R® | k = 1,2,--- ,n;} C W and is denoted V; = {vf € R® | k =
1,2,--+,n;} and consists of the images of the n; points in W; with relative rotation

matrices and translation vectors given by (R;,¢;). Thus in the noise free case,

wf:Rva—i—tl, ]{7:1,2,"',712‘.
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W.
Wy ={wheR3 k=12, n}CW
World frame 4 fo T e
Wi={wFeR3 k=12, m}CW -
o | \““ — (Rist)’,
View i
Wij = WinW; := {wl; € R® |k =1,2,---n;;} = Wj;
(c) Overlapping region between views, W;;. (d) Registration of view ¢ into world frame.
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Figure 5.1: Global registration of multiple 3D point sets: given multiple 3D point sets,
each represents a partial view of a 3D object. Assuming that point correspondences
between overlapping views are known, the task is to register all views into a single
reference frame simultaneously.
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Let W;; = W;NW; be the set of n;; points in W; for which there are corresponding

points in W, for 4,5 = 1,--- ,N. That is, W;; = Wj; consists of n;; = nj; points
wfj = w;?i €R3 k=1, --,n;. In view V; the set of images of these points is denoted
Vij = {vf e R* | k =1,2,--- ,n;} C Vi and of course for view V; it is denoted
Vii={vf, e R® | k=1,2,--- ,ny;} CV;. In the noise free case, it is immediate that

:RZUZ_'_tz:R_]U‘fZ—i_t]’ VZ,j:1,2,,N,]€:1,2,,nU, (51)

as depicted in Fig. 5.1(e).

5.2.2 Global Registration Error

When there is measurement noise, it makes sense to work with a cost function that pe-
nalizes the error (Ryvf;+t;) — (R;vfi+t;) foralli,j =1,2,--- \Nand k =1,2,--- ,n;;.
Trivially the error is zero for ¢ = j. The cost index for all the registrations which first
comes to mind is given by the sum of the squared Euclidean distances between the

corresponding points in all overlaps,

Nij

g = ZZZHRU +t) — (R + 1)1,
i= 1] i+1 k=1

Nij

= Z Z Y IRl = Ryl + 2t — )T (Rivfy — Ryvl) + [t — )

1 j=i+1 k=1

(5.2)

Before optimizing this index, we first reformulate the index in a more convenient

notation. Let ¢; := i*" column of N x N identity matrix, Iy, e;; :=¢e; — ¢;,
R = Rl R2 to RN] S R3X3N, T = tl tg to tN S R?’XN, (53)

then we have

Ri :R(e:@)[g), ti :’Tei, ti—tj :T6ij.

Also define,
A B A [ afy
BT C =D [ J] [GZ-T ez'Tj] >0, ajj; = (e @ I)vj; — (e ® I)vy;.
i=1 j=i+1 k=1 [Cij
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Now, simple manipulations show that the registration error cost function (5.2) can

>0,
7))~

g(R,T) =tr(RAR") + 2vec' (T)vec(RB) + vec' (T)(C ® I3)vec(T), (5.5)

be rewritten in convenient matrix notation as

A B

_ T T Ty
9(R,T) = te(RART + 2RBT" + TCT )_tr<[7z 7| oo

or equivalently, as

since tr(XTY) = vec' (X)vec(Y).

5.2.3 A More Compact Reformulation
Optimal Translation

Observe that (5.5) is readily minimized over all vec(7) € R3", or 7 € R3*N. Thus,
T*(R) := arg myi_ng(R, 7T), (5.6)

satisfies
vec(T*(R)) = —(C' @ I3)vec(RB) = —vec(RBCT) < T*(R)=—-RBC'. (5.7)

Note that the data matrix C' is singular, since C'ly = 0, where 1y is the N x 1
vector consisting of unity elements. Thus the pseudo inverse CT is used. Clearly,
the absolute transformations can not be recovered. Since rotating each view by Ry
and then translating it by ¢y, does not change the value of the cost function, as now

indicated,
| (Ro(Rivy; +t:) + to) — (Ro(Rjvl; +t5) +to) | = | (Rivf; + t:) — (Ryol + 1)),

it makes sense to estimate the rigid body transformations relative to (say) the first

reference frame, by fixing (Ry, 1) as (I3,03) where 03 denotes the 3 x 1 zero vector.
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Global Registration Error Independent of Translation

From the previous subsection, we see that optimizing the translation can be decoupled
from optimizing the rotation. Substituting 7*(R) from (5.7) into (5.4) leads to a

registration error cost function depending only on rotations,
f(R) :=g(R, T(R)) = tr(RMR") = vec (R") (I3 ® M)vec(R"), (5.8)
where M := A — BC'BT.

Problem Statement Given data matrix M, recover the rotation matrices R and

subsequently 7, that allow one to register all scan data simultaneously.

5.3 Optimization on the N-fold Product of Special
Orthogonal Group

5.3.1 Geometry of the N-fold Product of Special Orthogonal
Group

Here we review the geometry of the special orthogonal group and its product manifold.
Let SO3 denote the group of 3 x 3 orthogonal matrices with determinant +1. Recall
that SOj3 is a Lie group and its associated Lie algebra sos is the set of 3 x 3 skew

symmetric matrices of the form,

0 —w, wy
Q= W, 0 —Wg | - (5.9)
—Wy Wy 0

There is a well known isomorphism from the Lie algebra (R?, x) to the Lie algebra
(s03,[.,.]), where x denotes the cross product and [.,.] denotes the matrix commuta-

tor. This allows one to identify so3 with R? using the mapping in (5.9), which maps
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a vector w = [wm Wy wz} € R? to a matrix ) € so03. Denoting

00 0 0 01 0 -1 0
Qe=10 0 —1|, Q,==]0 0 0|, Q.=1{1 0 0}, (5.10)
01 0 -1 0 0 0 0 0

note that
0= Qmwx + Qywy + szz-

Our interest here is a product manifold of SOz which is a smooth manifold of dimen-

sion 3N, given by

N times

-

SOY =505 x --- x SO5.

Tangent Space of SOY

Recall that the tangent space of SO3 at R; for i« = 1,2,--- N is given as Ty, S0; =
{R;Q | ©; € so03} and the corresponding affine tangent space is Tj’gSOg ={R; +
RiQ; | ©; € so3}. Note that direct sum @ of matrices is equal to a block diagonal

matrix with the individual matrices as the diagonal blocks and define
QZI 91@92@"'@91\[, QZ € 503. (511)

Due to isomorphism, the tangent space of SOY at R = [R; Ry --- Ry|] € SOY can
be identified as,
TrSOY = RQ, (5.12)

and the affine tangent space is

THSOY = R+ RQ. (5.13)

Local Parameterization of SOY

For every point R; € SOj, there exists a smooth exponential map

pir, RN — SOz, w; — Re™@),
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Figure 5.2: The mapping ¢x is the local parameterization of SOY around point R
such that px(0) = R, f is the smooth function defined on SOY and f o g is f
expressed in local parameter space R3V.

which is a diffeomorphism about the origin in R3. Due to isomorphism, every point

R € SOY can be locally parameterized by the smooth map

or R*™ — SOY, (5.14)
w1
w= |71 = Rr (2 @ %) @ ... @ M)} = R,
_wN_

5.3.2 Cost Function
Cost Function on SOY
Recall M from (5.8), consider the smooth function,

f:80Y =R, f(R)=tr(RMR") =vec (R")(Is® M)vec(R"). (5.15)
Minimization of this function penalizes the alignment error among all range images
simultaneously.
Local Cost Function

The cost function f at R € SOY expressed in local parameter space using the smooth

local parameterization ¢z defined in (5.14) is given by,

Foor (R™N SR, fopr(w) = tr(ReM M2 RT). (5.16)
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Quadratic Model of Local Cost Function

The second order Taylor approximation of f o ¢ about 0 € R*" in direction w is

iP(fopr) RN SR,
2

o ((fowm)(ta) + HF o nt) + 3 5(f o wn)(t))

t=0
The mapping consists of three terms,
(i) a constant term,
(f o pr)(tw)]i=o = tr(RMRT).
(ii) a linear term,
d ~
—(fopr)(tw)| =20(ROMRT) = 2wV 1o, (0),

dt

t=0
Recall (5.9)—(5.11) and let vec(QT) := Quw, the explicit formula for the gradient
of f o g evaluated at 0 € R3V is

V fopr (0) = J Tvec(MRT), (5.17)
where
€ ® Qm
J = (R & [3N)Q> Q = Qe1 D Qez - QeIw Qei = e Qy . (518)
€; ® Qz

(iii) a quadratic term which consists of a sum of two terms. The first term is given

as
tr(ROMQTRT) = w Hyopp, (0)ev,
and the second quadratic term is
tr(ROPMRT) = vec (Q7 )vec(MRTRQ) = w Hyopp, (0)w
Thus the Hessian of f o pr evaluated at zero is
Hopr (0) = Hyogr (0) + Hyopr (0), (5.19)
where

Hopn (0) = JT(Is @ M)J >0, Hpoprp (0) = =Q (Isy @ MRTR)Q. (5.20)
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5.3.3 Algorithm

The proposed algorithm consists of the iteration,
s=myom : SO; — SOY, (5.21)

where 7; maps a point R € SO} to an element in the affine tangent space T SO
that minimizes j(()z)( fopr)(0) and T, projects that element back to SOY by means
of the parametrization g, as illustrated in Fig. 5.3.

i
1 _‘,——""

SOy

Figure 5.3: The proposed algorithm first maps a point Ry € SOL to an element of
the affine tangent space T%ﬂ; SOY via mp, followed by step 7 to project that vector
back to the manifold.

Optimization in Local Parameter Space,

Optimization in local parameter space consists of two steps, first calculate a suitable
descent direction and then search for a step length that ensures reduction in cost

function, as described by the mapping
m =t or®: SOY — T*HSOY. (5.22)
Here 7{ is used to obtain a descent direction,
70 SOY — TS0OY, R~ R+ RQ(wept(R)), (5.23)

where wepy € R3N as a function of R = ¢ (0) can be given by the Newton direction

when Hyopp, (0) > 0 as,

WNCWton(R) = _[HfOSDR (O>]_lvf°e07z (0)7 (5’24>

opt
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or by a Gauss direction otherwise, as
Wopt > (R) = =[Hopr (0)] 7V sour (0). (5.25)

Once an optimal direction is computed, an approximate one dimensional line
search is carried out in this direction. We proceed with a search on the scalar A > 0
which ensures that the cost function f o ¢g(Awept) is reduced at every step, giving

rise to the mappings,
. Tsoy — T¥soY,
R+ RUwopt(R)) = R+ R Aopiwopt (R)), (5.26)

where Agpy is the step length that reduces the cost function in direction wqp, and
is found using the simple backtracking line search. Since we are using a descent

direction, for sufficiently small step size, the cost function will go downhill.

Remark 5.3.1 Given a descent direction wop for function f o pr at 0 € R3V,

e An exact line search is,
)\opt = arg 1/1\1151 f © QOR()‘wopt% (527)
>

o A backtracking line search with parameters o € (0,0.5), 5 € (0,1), then starting
at \ := 1, we proceed as follows,
While £ 0 pr(Awopt) > f 0 pr(0) + aA[V fopg (0)] T wopt,
do  A:= 0\

and Aopt 1= A.

Projecting Back via Parametrization

Once the descent direction and downhill step size is obtained, we project it back to

the manifold via the parametrization,

T THSOY — SO,

R+ Q()‘Optwopt(n)) — RS (Poptwopt(R))
= R (eﬂ()\optwcl)Pt(Rﬂ) @S- D QQ()‘Optw?\?t(RN))> | (528)
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.
since wopt(R) = |wi™ (Ry)T - -- w?\?t(RN)T]

5.3.4 Convergence Analysis of the Algorithm

Local Quadratic Convergence of the Algorithm

Theorem 5.3.1 Let R, € SO} be a nondegenerate minimum of the smooth function
f:SOY — R defined in (5.8). Let Ry, be a point in an open neighbourhood of R..

Consider the proposed iteration on SOY
Rir1 = s(Ry), s=mgom, (5.29)

where w1 is given by the Newton direction defined in (5.24), my involves projection
back to SO} wia the smooth exponential map of (5.28). Then the point sequence

generated by s converges quadratically to R.,.

Proof 5.3.1 See Appendiz A.5.

5.4 Algorithm Initialization

Here we present a new closed form solution based on singular value decomposition
that simultaneously registers all range images. This is used as the initial estimate
for the proposed iterative algorithm of the previous section. In the noise free case,
it gives optimal estimates of the rotation matrices in a single step. Moreover, these
are the desired (exact) rotation matrices. In the presence of noise, this step leads to
an ‘optimal’ matrix R € R33N but such that R; ¢ SO3 for some or all i typically.

Thus, an additional projection step to the manifold is required.

Noise Free Solution

In the noise free case, for R € SOY, the optimal value of the cost function (5.8) is

Z€ro, as

vec' (RT)vec(( MRT) =0 =vec(MR")=0 = MR' =0. (5.30)
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Since M is symmetric, a singular value decomposition gives

e 0
0 0

UT

M=USU" = [Ua Ub] o
b

= MU, =0. (5.31)

To obtain R such that R; = I3, let U= [13 O} Uy, then the closed form solution is

R=U""U. (5.32)

Initialization for Noisy Case

In the presence of noise, the optimal cost function is no longer equal to zero. In this
case, Uy is chosen to be the set of right singular vectors associated with 3 least singular
values of M, which may not be zero. These singular vectors might not be on SOY.
Thus, an additional projection step is required. Denoting G; := U “TU(e; ® I3), we
have

7

opt _ i G = el
R, —arnggé%BHRZ G| aurgRriIé%}égtlr(RZ G). (5.33)

By applying a singular value decomposition on G;, we obtain

I 0
Gi=WAZT, R®™=w|" 77, (5.34)
0 det(WzT)
where det(R™") = +1.
5.5 Implementation of Algorithm
Start with an initial estimate of the rotation matrices R = [R; Ry --- Ry] € SOY

obtained from the initialization algorithm of the previous section.

Step 1: Carry out the optimization step,

e Compute the gradient V fo.,, (0) and the Hessian Hyo,, (0) via (5.17), (5.19)
respectively.

o If Hyopp (0) > 0,
Compute the Newton step, wopt = —[Hfopg (0)] 71V fopr (0),
otherwise compute the Gauss step wopt = —[I?Ifowz (0)]7'V fopr (0).
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e Compute the optimum step size \gpy in direction wep using a backtracking

line search, as described in Remark 5.5.1.
Step 2: Carry out the projection step, R=R (69(’\°P‘“’?pt) D---D eQ(’\Opt“’%m)) )
Step 3: Set R = R, go back to Step 1 if IV fopr (0)|| > €, a prescribed accuracy.

Remark 5.5.1 To reduce computational effort per iteration of the algorithm, the
sparse matriz J (5.18) for Hessian and gradient computation can be manipulated

further as follows. Recalling ) from (5.9), then

J = [(Rl & [3N)Qe1 (R2 X [3N)Qe2 e (RN X I3N)Q6N]
Qe] B) & Qe Ry) @ - - - ® Q(é] Ry)
= |Qe; B1) ©Q(e; Re) © -+~ @ &y Riv) (5.35)
Qs Ry) @ Q(ed Ry) @ -+ @ Q(él Ry)

5.6 Experimental Evaluation

We now present an experimental study of our algorithm, focusing primarily on the

quality of the registrations it produces, and the convergence rate of the method.

Methods We will compare our algorithm (which we will refer to as Manifold-based
registration, MBR) to the schemes proposed by Benjemaa and Schmitt [7] (QUAT)
and Williams and Bennamoun [84] (MAT). MBR and MAT are matrix based and
are written in MATLAB. M AT, which uses quaternions in its formulation, is written in
C. We used a maximum iteration limit of 1000 for all the methods. Our method of
comparison between various algorithms will be based on both visual quality as well

as iteration counts and error convergence rates (we will not use clock time).

Data Our first data set consists of actual 3D models from the Stanford 3D Scanning
Repository. For each of three models, we generated a collection of views as follows:
we first generate a unit vector (representing a view) and extracted the points on

all front-facing triangles with respect to this view. Next, each view is randomly
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rotated and translated into a local coordinate system. Finally, each point in each
view is randomly perturbed using a Gaussian noise model. This yields a collection of
views that possess a global noisy registration. With this data, we have ground truth
(exact correspondences) since we have the original model. Table 5.1 summarizes the
statistics of this data.

Our second data set consists of 3D range scan data from the Digital Michelangelo
Project [50]. The individual scans come with an original alignment (stored in .xf
files). We perform ICP on pairs of scans, using the routines built into scanalyze,
and retain all pairs of scans that have at least three points in common as determined
by ICP. In each instance, we run ICP five times and take the best alignment thus
generated (each instance of ICP runs for ten iterations). The model of correspondence

used is point-point.

Model | Number of | Number | Total size | Number of | Time (in secs.)
vertices of scans | of all scans | view pairs | per iteration
generated (MBR)
DRILL 1961 20 23298 7 0.015
DRAGON 100250 20 1142487 98 0.016
BUDDHA 32328 50 252580 526 0.093

Table 5.1: Statistics for the synthetic 3D models used for global registration

5.6.1 3D Models

We have run the three algorithms on the view pairs obtained from the three 3D
models. In Figure 5.4 (a)—(c), we show the output registrations obtained by MBR.
For these examples, the other two schemes produced similar registrations, although
with higher error. In Table 5.2, we compare the performance of the three schemes on
the models, in terms of both the number of iterations till convergence, and the final
error. The final error is computed by evaluating the function defined in (5.5).

What is striking about the numbers is that although mostly the other approaches
yield comparable error (except for DRILL), their iteration counts are orders of magni-

tude higher than that of our scheme. This is a clear demonstration of locally quadratic
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(a) Drill

(¢) Buddha

(d) David Head (e) David Head and Bust

Figure 5.4: Registrations produced by our Optimization-on-a-Manifold algorithm,
MBR, on synthetic and real data sets. The real data set was obtained from the
Digital Michelangelo project at Stanford University.

convergence properties of our scheme.

Factors that influence iteration counts We investigated other factors that
might affect algorithm performance. Some of the parameters that influence itera-
tion counts are the density of the correspondence graph i.e. how many view pairs are
provided, and the strength of match for each pair (average number of points in each
view pair).

In all cases, the number of iterations required by our method to converge was
unaffected by these parameters. However, for the other methods, we noticed a fairly
weak correlation between the density of the correspondence graph and the number of
iterations needed; as the graph got denser, implying a more constrained system, the

number of iterations needed to converge reduced. For example, the iteration counts
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MBR MAT QUAT
Iter. | Error | Iter. | Error | Iter. | Error
Drill 2 3.5e-7 | 47 | 3.5e-7 | 48 Te-7
Dragon | 4 5e-3 | 933 | le-2 | 1000 | le-2
Buddha | 2 2e-4 | 534 | 2e-3 718 | 3e-3

Table 5.2: Performance of the three registration methods - our Optimization-on-a-
Manifold method MBR,, Williams and Bennamoun’s SVD-based method M AT and
Benjemaa and Schmitt’s Quaternion-based method QUAT on the synthetic data sets

for MAT and QUAT went from close to 1000 (for a sparse graph in the Dragon) to
47 (for a dense graph in the Drill).

Cost per iteration We do not provide a comparison of actual time per iteration
for the three methods because they have been implemented on different platforms.
However, MBR and MAT exhibit cubic dependence on the number of scans (for
N scans, each iteration takes O(N?) time), while QUAT take quadratic time per
iteration at the expense of many more iterations. There is no running time dependence
on the actual size of the model or size of each scan; there is however a preprocessing
cost dependent on the total size of the corresponding points. Using our Matlab code,
we measured the time per iteration only for our algorithm, MBR, and is shown in the
last column of Table 5.1. All timing measurements were performed on a PC running
Windows XP with a 2.8 GHz Pentium IV processor and 512 MBytes of RAM. For the
models we tried in this paper, we roughly had anywhere from 8 to 80 corresponding

points between pairs of scans.

5.6.2 Range Scan Data

Having evaluated the performance of our scheme in relation to prior art in a
controlled setting where ground truth (exact correspondences) are known, we now
present the results of running the schemes on range scan data. We focus on the
model of David, specifically the views corresponding to the head and bust region.
After implementing the view generation procedure described earlier, we obtain a

10-scan instance of the bust and a 38-scan instance of the head. We also use a 21-
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scan instance that has bad starting alignment. The registration produced by our
algorithm for 10-scan instance of the bust and a 38-scan instance of the head are
shown in Figure 5.4 (d) and (e) respectively.

Figure 5.5 shows the registrations obtained by MBR, MAT, and QUAT. In
all cases, the registration produced by our algorithm is quite plausible. The other
methods do not fare so well; a typical problem is that the two halves of David’s face
do not register properly, creating the false effect of two heads. Table 5.3 summarizes
the performance of the three algorithms in terms of iteration counts. For absolute
times per iteration, our algorithm, MBR, took 9 milliseconds for the 10-scan instance
of the bust, 47 milliseconds for the 38-scan instance of the head and 20 milliseconds

for the 21-scan instance of the bust with bad initial alignment.

MBR | MAT | QUAT
Tter. Tter. Tter.

Head 48 247 1000
Bust 12 1000 1000
Bust - Bad

Alignment 81 1000 1000

Table 5.3: Performance of the three registration methods - our Optimization-on-a-
Manifold method MBR,, Williams and Bennamoun’s SVD-based method M AT and
Benjemaa and Schmitt’s Quaternion-based method QUAT on the David model -
courtesy of the Digital Michelangelo project

5.7 Summary

This chapter presented two novel algorithms for simultaneous registration of multiple
3D point sets. The first algorithm is iterative in nature, based on an optimization
on manifolds approach while the second is a new analytic method based on singular

value decomposition. Main research contributions can be summarized as follows,

e We propose new geometric optimization framework for minimizing smooth func-

tion over N-product manifold of special orthogonal group,



102

e We derived Newton-like algorithms based on the suggested framework. It is
is locally quadratically convergent as demonstrated by rigorous mathematical

proof and simulation results.

e The algorithm gives better estimates than a recent iterative method proposed
by Williams and Bennamoun [84] in the case when correspondence pairs are in
chain-like structure and only limited number of match points are present for

each pair.

e We put forward a new analytic method that gives exact solutions in the noise
free case in a single step and can be used as a good initial estimate for any

iterative algorithm.

In this chapter, we have presented a novel algorithm for simultaneous registra-
tion of multiple 3D point sets. The algorithm is iterative in nature, based on an
optimization-on-a-manifold approach. The algorithm is locally quadratically conver-
gent as demonstrated by rigorous mathematical proof and simulation results. It also
converges much faster than prior methods for simultaneous registration. We also pro-
pose a new analytic method that provides a closed form solution based on singular
value decomposition. It gives exact solutions in the noise free case and can be used

as a good initial estimate for any iterative algorithm.

Acknowledgements We acknowledge Prof. Marc Levoy and the Digital Michelan-
gelo Project at Stanford University for providing access to the raw scan data used in

this chapter.
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(c) Head and bust: Bad initial alignment (21 scans)

Figure 5.5: This figure shows the results of three algorithms for simultaneous regis-
tration of multiple 3D point sets - our Optimization-on-a-Manifold method MBR,
Williams and Bennamoun’s SVD-based method M AT, and Benjemaa and Schmitt’s
Quaternion-based method QUAT (from left to right) on different instances of the
David model. In all cases, the registration produced by our algorithm is quite plausi-
ble. The other methods do not fare so well; a typical problem is that the two halves
of David’s face do not register properly, creating the false effect of two heads.
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Chapter 6
Conclusions

This research has been motivated by the fundamental role of pose estimation in
many computer vision tasks and the benefit of exploiting the geometric structure of
optimization problems. At the beginning of this report, we introduced the subject of
computer vision and geometric optimization, reviewed its development, highlighted
the research issues and presented research goals together with a strategy as to how
the problems can be tackled. This was followed by four technical chapters, mainly
focused on the development of proposed parameterization-based framework and its
implementation in recovering pose information from images. In this final chapter, we
revisit the parameterization-based framework proposed by others in the literature as
to put our approach in perspective. We then wrap up the thesis with a summary of

research contributions and some remarks for future research.

6.1 Parameterization-based Framework

To the best of our knowledge, there are only two pieces of research based on the
parameterization approach we adopt prior to ours, as discussed below.

Taylor and Kriegman [82]: We came across this unpublished technical report dur-
ing the writing of the thesis. Taylor and Kriegman proposed minimization techniques
based on successive parameterization of Lie groups such as the rotation group, the

group of rigid body transformation, the sphere and set of infinite straight lines to
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avoid the singularities problem arising in global parameterization. Unlike our work
which present alternative projections such as exponential map, Cayley and orthogo-
nal projection, the report adopted only the exponential map. The report also claimed
local quadratic convergence of the proposed algorithms but provide neither mathe-
matical proof nor simulation results. Unlike our algorithms which incorporate one
dimensional search strategy to globalize Newton’s method, the report focused only

on pure Newton method.

Manton [62]: This piece of work was brought to our attention by the author
during a workshop presentation. The parameterization-based framework proposed
in this paper focused on addressing problems with unitary constraints. While we
propose same mapping for both pull back and push forward, [62] introduced the
concept of varying parameterization, i.e, the pulled back and push forward can be
done by various types of parameterization. The varying parameterization might be
attractive from computational viewpoint. It would be interesting to see if the varying
parameterization framework does improve computation efficiency of the algorithms

proposed in this thesis.

Since our work, Hiiper and Trumpf [41] provided a proof of local quadratic conver-
gence of Newton-like method for optimizing a smooth function over a smooth manifold
based on global analysis and exemplified their approach to the Rayleigh quotient on

the Grassmann manifold.

6.2 Conclusions

Bridging the gap between the abstract mathematical concept of geometric optimiza-
tion and its practical applications, as well as emphasizing the importance of iterative
computer vision algorithms which exploit the geometry of the underlying parameter
space have been the objectives of this thesis. This section summarizes the research

contribution by re-evaluating their relevance with respect to the research goals.
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New Theory for Geometric Optimization

At first glance our technical approach appears little different from what can be
achieved using earlier theory, particularly the Riemannian approach. However, it
is not at all clear that there is local quadratic convergence of the proposed algorithm
unless one sets up the appropriate mathematical objects and mappings. This thesis,
along with other independent work, opens up the possibility to develop even more gen-
eral classes of algorithms evolving on manifolds with different mathematical objects
and mappings which achieve the same guaranteed convergence results. This works il-
lustrate convincingly that there is a simpler way of generalizing Euclidean techniques
to manifolds, which is more accessible to readers with background in engineering and
computer science. Furthermore, it is simpler to implement, computationally more

efficient and thus make its suitable for real time applications.

New Computer Vision Algorithms

Again at first glance numerical algorithms proposed for the four pose estimation tasks
investigated in the report, appear very little different from what has been around
a long time or in recent refinements. However, the differences lead to improved
local convergence properties. By developing numerical algorithms directly on the
constraint set, we end up with algorithms that explicitly preserve the constraint set
at very iteration. Also, by exploiting the geometry of the underlying parameter
space such as the curvature of the manifold, faster convergence rate can be achieved.
The proposed geometric algorithms are conceptually simpler and intuitive, allow the
designer to keep track of what is happening in the algorithm rather than simply
using standard optimization packages and solve the problem in the dark (‘blackbox’
concept). Moreover, the door is opened to develop related advanced algorithms in
other contexts. Although it is unreasonable to claim that our algorithms will be
the definitive ones in the field, which is what we have sought, it is reasonable to
challenge the next generation of researchers to come up with algorithms that take
less computational effort to achieve the same accuracy and preserve the constraints

at each iteration.
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Our current results suggest that there is a fruitful interplay between addressing
practical challenges in the area of computer vision and advancing mathematical re-
sults in more abstract settings. On the theoretical side, this thesis has shown how to
fully exploit the concept of local coordinate charts in differential geometry for solving
nonlinear constrained optimization problems in the area of computer vision. As it
happens other researchers have independently shown similar results in other applica-
tion domains. On the practical side, we have introduced the geometric optimization
as new tool to design new computer vision algorithms that requires both accuracy

and real time computation.

6.3 Future Work

We are convinced that there will be active research in this areas in the next 10 years.
This is based on the observation of increasing number of workshops and special ses-
sions in major conferences in diverse areas such as computer vision, pattern recog-
nition, signal processing, machine learning, neural network and so on. We hope this
thesis have or will motivate further research in this area, not just from mathematics
community, but also from engineering and computer science.

It will be interesting to investigate the effectiveness of geometric optimization
framework versus its traditional counterpart, transform method in solving equality
constrained optimization problems. We hope this framework can be further extended
to inequality constraint sets, instead of the surface of a sphere, we have a ball. There
are a few open problems that could be pursued after this thesis, in areas related and
unrelated to computer vision. We now discussed a further computer vision task as

an example.

Estimation of Fundamental Matrix

This problem is parallel to the estimation of the essential matrix discussed in Chap-
ter 3. Here, we will focus on estimating the fundamental matrix from a set of point

correspondences between a pair of uncalibrated images. Both the essential matrix
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and fundamental matrix are 3 x 3 singular matrices. The essential matrix encapsu-
lates the epipolar geometry between two calibrated images whereas the fundamental
matrix algebraically represents the epipolar geometry between two uncalibrated im-
ages. Unlike the essential matrix which is characterized by an algebraic constraint,
the only constraint on fundamental matrix is that it is of rank 2.

One can apply similar techniques as in this thesis to estimate fundamental ma-
trix although it is not a straightforward generalization from essential matrix case.
Algebraically, epipolar geometry relates two uncalibrated images is represented by a
fundamental matrix F, as

-
my F'my =0,

Here, image points m; and msy are described in pixel image coordinates. The funda-

mental manifold is defined as
F = {F € R¥?®rank(F) = 2} (6.1)

A key issue here will be the particular factorization of the fundamental matrix which
will be the one that leads to the most useful and general results. There are several
equivalent product representations of rank two matrices known. Both of them are
related to the fact that F is a homogeneous space. The first standard result charac-

terizes fundamental matrices in terms of the well known singular value decomposition,

as
100
F=X{U|0 ¢ 0|VT|UVE0;,0<0<1y. (6.2)
000

Thus F is seen as the smooth manifold of (3 x 3)-matrices with singular values
{1, 0,0}, see [32] for details on the geometry of such manifolds.
A second description of fundamental matrices is as follows, any fundamental ma-

trix F' has a factorization
F=XY,

where X, Y are full rank (3 x 2) and (2 x 3) matrices, respectively.
Finally, we mention a third factorization, that is derived from a generalization of

the classical Bruhat factorization from Lie groups to singular matrices. For details see



109

the preprint [Manthey and Helmke|. A generic fundamental matrix F' has a unique

factorization as
F=XY,

where XY are full rank (3 x 2) and (2 x 3) matrices, respectively, of the forms

T 0

X=\|u 24|, Y= (6.3)

Iy y2]

0 1 Ys
T4 Ty

where x1, x5 are nonzero entry and the rest of the element of the X and Y matrix
can be arbitrary entry.
Consider now the tangent spaces to F using the fundamental matrix characteri-

zation in (6.2).

Proposition 6.3.1 The tangent space TpF at the fundamental matrix

1 0 0
F=U|0o o 0|V
0 00
provided o # 1 is
000
TpF = SQF —FVYV+U |0 § 0|V'|QVeso3,6eR
000
0 —w30 + 13—
= U |ws — 30 0 o VTa
| —ws wio 0
0 a b
= Ulc 0 d|V". (6.4)
e /O
If 0 =1, then ¢ = —a in the above description, and equality with the tangent space is

no longer true.
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Proof 6.3.1 For the first equality see [32]. The second is a straightforward compu-

tation.

The above result shows that by using the SVD description we run into a problem.
In fact, the SVD parametrization is not submersive at equal singular values and
therefore does not yield the full tangent space. Thus this would force us to distinguish
in each step of the subsequent analysis between the cases of distinct and equal singular
values. It makes sense to work with the third parametrization. We could approach

this problem using the technique we propose in this report.
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Appendix A

Appendix

A.1 Proof of Theorem 2.2.1

Fixed Point of the Algorithm Let R, € SO3 be a fixed point of s = 73 0w 0 7y,

we have
3(R*) = R* & M3 079 O (R*) — R* EN R*eg(eoptWOpt) — R* & eQ(GoptWOPt) =71.

If the exponential map in the projection step ms is within its injectivity radius, then
only wept = 0 satisfies the above equation (since 6, is a positive scalar). Thus, the
only fixed points of the algorithm are critical points. However, as noted in the text
only local minima are stable fixed points. Indeed with our geodesic search feature,
only global minimum is a stable fixed point. Notice that wepy = 0 is the (unique)
minimum of jéz)( four,)(w)if and only if ug, (0) = R, is a non-degenerate minimum

of f:50; — R.

Smoothness Properties of the Algorithm Under the assumption that the cost
function f is smooth and Hessian of f o ug is invertible everywhere, the optimization
step m; is smooth. The projection step m, which involves only the exponential map-
pings is also smooth. Although the operation 73 is designed to be discontinuous to
escape local minima not a global minimum, yet in a sufficiently small neighbourhood

of R., the operation 73 is continuous since all critical points other than R, have a
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higher cost than the current cost. It is then more than twice differentiable since it

concerns the isolated minimal cost solution of a polynomial equation.

Local Quadratic Convergence of the Algorithm Let R, denote a stable fixed
point of s = w3 o my o 7y, being also the unique and non-degenerate global minimum
of the function f, as already established under our assumptions. We will compute
the first derivative of s at this fixed point. Applying the chain rule to the algorithmic
mapping s = m3 o my o my, and using the fact that m(R.) = m(R.) = m3(R.) = R.,
for all elements £ € Tg, SO3, the first derivative of s at fixed point R, is,

Ds(R,) - &€ = Dms(Ry) - Dma(R.) - Dmy(Ry) - €. (A.1)
Considering s in the local parameter space, we have the self map
fp osopug, : R — R®. (A.2)
Thus, rewriting (A.1) in terms of local parameterization defined by
pg, c RP — S03, w— R, (A.3)
with © as in (2.13), we have
Dpig 050 g, (0) -
= Dpg!(R.) - Ds(R.) - Dpug,(0) - h,
= Dug.(R.) - Dms(R.) - Dy o m 0 ig,(0) - h. (A4)
Consider the composite function
Mo O T O UR, - R® — SOz, wr g, (W)€Q(W°N"thm(w* (w)))- (A.5)
where
N 6 1 () = N (i (@) = o, @] Vg, @) (A6)

Exploiting linearity of the mapping €2, using the well known formula for differentiating

the matrix exponential and the fact that

LR, (0> — R*, chwton(R*) — 0’
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we have

Dpr. (0) - h = R.Q(R), (A7)

and

Dwlevon o yp (0) - h (A.8)

opt
= _[HfOHR* (0)]_1vaoum (O> ~h— D[(Hfoum (0)]_1 ’ hvauR* (0)7
= _[HfOHR* (0)]_1Hf<>um (O)hv since vfoﬂR* (0) =0
= —h.

Now, we compute the first derivative of the composite function (A.5) in the limit as

w approaches zero as,

D7T2 o7 0O ,UR*(O) -h = R*Q(h) + R*Q(DwNewton e} ,UR*(O) . h) (Ag)
= 0.

Substituting (A.9) into (A.4) shows that for all h € R3
Dy o sopup, (0)-h=0. (A.10)

Since the iterate Ry is in an open neighbourhood of R,, then by inverse mapping, wy =
,u;zi(Rk) stays in a sufficiently small open neighborhood of the origin in R3. Vanishing
of the first derivative then implies local quadratic convergence by the Taylor-type
argument, for some positive s

g o sopr, (wi)|| £ sup &||D%uz! o sopur, ()| - [lwell’ (A.11)

yeN (0)

with A/(0) the topological closure of a sufficiently small open neighbourhood of origin

in R3.

Remark A.1.1 The result holds for ms being an identity operation as for a Newton
step, or is given by a smooth geodesic search. Notice that if the geodesic search is
switched off in the neighbourhood of R., so that w3 is an identity operator, then the

assumption of uniqueness of R, can be relaxed for this proof to still hold.
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A.2 Rank of D.

Consider D as defined in (2.11). In order to evaluate rank(D), observe that D can

be reformulated as

D=UM"®]I),
where M := | my msy ] and denoting 1,, as n x 1 vector consists of 1,
U = diag(Uy,---,U,)I—-(1,®A), U :=1-U,
A= (AT 0y - T

Then,

rank(D) < min{rank(J), rank(M " ® I)}

To analyze the minimum rank of U, observe that

UX =0, (A.12)
where
(1 U, T I
I U
X = 2
|1 Un |

Elementary row and column operations on X gives that rank(X ) = (n+ 3) in the

and it can loose at most (n + 3) rank, then rank(U) = 3n — (n + 3). The necessary

conditions for such existence is that 3n — (n+3) > 0 or n > 2. For generic models

when rank(M) = 3, then

rank(D) < min{(3n — (n + 3)), (3 x rank(M))}
< min{(2n — 3),9}.
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A.3 Proof of Theorem 3.2.2

Fixed Points of the Algorithm

If the projection step is either m5™ or m5¥4, but not 747, then the only fixed points of
the corresponding algorithm s = m oy are those elements of £ which are the critical
points of the objective function f:& — R. Indeed, the only stable fixed points are
the local minima of f.

To justify this, notice that E, = U,E,V," € £ is a fixed point of s if it is al-
ready a fixed point of 7y, because my following m is a projection. Let xop(Ey) =

1
[xl . x5} , a fixed point of 7y in turn is characterised by

m(UEV,") = U.EV,,
= U, (B + QUl@opt(E)) By — EoQa(wop(E.))) V. = UE VT,
= (et (E.))Ey — EoQ(ope (Ey)) = 0,
0 —V2x3 —xs
= |V2z; 0 x4 | =0,
—X9 X1 0

= Top(EL) = 0.

Notice that z.u(E,) = 0 happens to be the (unique) minimum of jéz)( foug)(x)if
and only if g, (0) = E, is a non-degenerate local minimum of f : £ — R.
It remains to show that s(E) = E together with m(E) # E is not possible
svd

irrespective of the type of projection my we use in our algorithm, i.e., 75" or 75"~ Let

E=UE)W'. Assume z € R%\ {0}, i.e., we assume
7T1(E> = U(Eo + Ql<.flf)E0 — E(]QQ(LU))VT % E.
(i) m5Y4: There exist H, K € SO3 such that

01 0 0
7T1(E) =H 0 09 0 KT, 01 Z 09 Z gs3. (A13)
0 0 03
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svd

The projection mo = 754 maps then 7 (E) to HEGK ", and is well defined in
the generic case g9 > 03, as
mo(m(E)) = HE K. (A.14)

svd

Now suppose that m, = 75'* maps 7 (F) back to E, i.e.,

HEK" =UFE,V' (A.15)
holds. It is easily seen that Eq. (A.15) forces the special orthogonal matrices
H'™U and KTV to be of the following form

ecost esint 0
H'U=K'"V=|—sint cost 0|,¢c€{£l},teR.
0 0 ¢
Using (A.13), H'U and KTV of this form already diagonalise U - 7 (E) -V,

ie.,

H'U(Ey + O (z)Ey — Eo(z)) VK

1 1 —\/51’3 —Xs 01 0 0
EHTU V2zy 1 2 |[VIK=10 o5 0
—T9 Ty 0 0 0 o3

Multiplying out and equating terms implies z = 0, a contradiction.

(ii) m5™: We will show that

Ey = cay(21(z)) Ep cay (—a(z)) (A.16)

implies = 0, a contradiction. Rewriting (A.16) gives

<I _ %Ql(:c)) Ey (1 + %Qg@)) _ (1 + %Ql(x)) Ey (1 - %(22(35))
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Unfortunately, the situation is more involved if the projection we use is 7h”.

Consider the following example. For arbitrary U,V € SOs let E = UE,V ' and

suppose
xoptzx/i[o T 00 W]T, (A.17)
therefore
0 0 10 0
Q1 (Zopt) = D(Tept) = | 0 0 0] and eN@r) = P20 — | o 1
—7 00 0 0 -1
(A.18)
Then
1 0 —7
mE)=U|l0 1 0|V #E, (A.19)
-m 0 0
but
m* (m(E)) = UEV ' = E. (A.20)

One can easily find other examples, but the reason that one can construct such
examples is that the injectivity radius of the exponential map exp : so3 — SOj3 is

finite, namely equal to .

Smoothness Properties of the Algorithm

The optimization step 7 is smooth under the assumption of the Hessian of f o ug
being everywhere invertible. Indeed, under this assumption the linear system to be
solved in each optimization step has a unique solution. For the projection step o,
both 7% and 7,™ are smooth mappings. For detailed proofs on the smoothness of

the mapping 75'4, see [34].

Local Quadratic Convergence of the Algorithm

Let E, denote a stable fixed point of s = w07y, being also a non-degenerate minimum

of the function f. Also, m(E,) = E,, m(FE,) = E, and let £ € T, E. By chain rule,
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we have
Ds(E,) - & = Dmy(E,) - Dmy(E,) - €. (A.21)

Now, re-express s in local parameter space give

pglosoup, R®— R,

Since E, = ug,(0), rewriting (A.21) in terms of local parameterization gives

Dup, osoup.(0)-h = Dug!(E.)-Ds(E,) - Dug.(0) - h,
= Duy'(E.) - Dmo(E,) - Dmy o g, (0) - h.

where

Newton

Lopt opup,(r)= IoN;:VtOH(UE*(x)) = _[HfOME* (x)]_lvfouE* (z) (A.22)

Exploiting linearity of the mapping 21, €2y, using the well known formula for differ-

entiating the matrix exponential and the fact that

Dyig, (0) - b = U.[Q (h)Eg — EoQu(M)IV.], 255 (1g.(0)) = 0,

opt

and consider the derivative of zJ5""" o yup, at 0 € R,

D o i (0) - h
= _[HfOME* (0)]_1DVfOME* (0) ~h— D[(HfOME* (0)]_1 ’ hvaME* (0),
= _[HfO#E* (0>]_1Hf°l’«E* (O)hv since VfOME* (0> =0

= —h. (A.23)

Consider three composite functions and its first derivative at the fixed point E, =

U,E,V.". Each function is relevant when different projection step is used,

e Orthogonal projection, mgyq

T O UE, : R5 — Taﬁg7
r = Ug, (ﬁ) + U*€Q1(m)Ql (INCWton(NE* (ﬁ))) EerQ(m)TV*T

opt

_U*eﬂl(m) E(]QQ (l,Newton (,U/E'* (l’))) €Q2 ()T ‘/*T7

opt
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and derivative of this composite function at fixed point E, is

Dm0 pg.(0)-h = Dup,(0) - h+ Ul (Dags™™ o g, (0) - h) BV,

opt

. U*E(]Qg (DxNewton o lip. (0) ) h)T ‘/*T’

opt

= 0.

e Bixponential map, m,,

Tup, ©M 0 pup,  R® — &,

s U@ (23 (up. @) 02 (35 e, () T p020) Ty T

* )

and first derivative of this composite function at F, is

D7, omopug,.(0)-h (A.24)
= U (h)EV, + Uy (Dz5" o pup, (0) - h) BV, +

opt

U, BoQy (D25 0 i, (0) - 1) T VT + UL BoQu(h) TV

opt

= 0.

o Cayley-like projection, e,y

Tlcay © 1 © UE, :R5_>57

T

v U™ @eay (4 (235" (ur. (2)))) Bocay (= (@™ (up. (2)))) e VT

opt opt

and its derivative at FE, is

Dftcay om0 pip,(0) - h = Dmyy, omopg, (0)-h=0. (A.25)

Substituting (A.24), (A.24) or (A.25) into (A.22) shows that for all h € R®
Duglosopup, (0)-h=0 (A.26)

irrespective of whether m, is an orthogonal projection, a Cayley-like projection or
an exponential map on £. Let Ej denote a point in an open neighbourhood of E,,

generated by s. By inverse mapping, x = ,ugi(Ek) stays in a sufficiently small open
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neighbourhood of the origin in R®. Vanishing of the first derivative then implies local
quadratic convergence by the Taylor-type argument, for some positive k,

gt o sopp. (2] < sup & ||D*ug!osopup (y)| - ol (A.27)

yeN(0)

with A(0) the topological closure of a sufficiently small open neighborhood of 0 in
RS,

A.4 Proof of Theorem 4.2.1

Fixed Point of the Algorithm Let 7, € SE;5 be a fixed point of s = w5 o 11, we

have
sS(T)=T. & mom(T.) =T, & T.elortor) =T, & etQomtort) — [,

If the exponential map in the projection step ms is within its injectivity radius, then
only z.py = 0 satisfies the above equation (since A, is a positive scalar). Thus all
critical points are fixed points, although only local minima are stable fixed points.
Notice that zp¢ = 0 is the (unique) minimum of j(()2)(fo,uT*)(x) if and only if ur, (0) =

T, is a non-degenerate local minimum of f : SE; — R.

Smoothness Properties of the Algorithm Under the assumption that the cost
function f is smooth and Hessian of f o ur is invertible everywhere, the optimiza-
tion step m; is smooth. The projection step 7o which involves only the exponential

mappings is also smooth.

Local Quadratic Convergence of the Algorithm Let 7, denote a stable fixed
point of s = 7y oy, being also a non-degenerate minimum of the function f. We will
compute the first derivative of s at this fixed point. Applying chain rule and using
the fact that m(7%) = ma(T,) = T, we have for all tangent elements £ € T, SEj,

Ds(T,) - € = Dry(T,) - Dmy(T)) - €. (A.28)
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Consider s in the local parameter space, we have the self map
prtosopur, : R® — RE. (A.29)
Thus, rewriting (A.29) in terms of local parameterization defined by
pr, RS — SEs 1z T,e8@ (A.30)
with g7, (0) = T, and ¢ defined in (4.4), we have for all h € R®,
Dyiz! 050 g, (0) - h = Dyap (1) - Ds o g, (0) - b (A.31)

Next, consider the composite function,

Newton

sopup, RS — SEs,  x— pup, (x)eS @t (H1(@) (A.32)

since in the neighbourhood of T}, the algorithm uses the Newton step with Ao, =1

and

Topt " 0 U1 () = T (U (%) = —[Hopp, (2)] 7'V fopg, (2). (A.33)

Exploiting linearity of the mapping (, using the well known formula for differentiating

the matrix exponential and the fact that,

/”LT* (0) = T*? INeWton o /”LT* (0) = 0?

opt
we have
Dy, (0) - h = T.((h), (A.34)

and

DA™ o i, (0)
= _[HfOHT* (O)]_lefoﬂT* (0) ~h— D[HfOMT*]_l(O) ) hvfoﬂn (0)7
= _[HfOHT* (0>]_1Hf°HT* (0)h7 since VfOHT* (0) =0

~ _h (A.35)

Now, using (A.34) and (A.35), we compute the first derivative of the composite func-
tion in (A.32),

Ds o pr. (0) - h = T.¢(h) + T.¢ (Dz35"" o pr, (0) - h) = 0. (A.36)

opt
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Substituting (A.36) into (A.31) shows that for all h € RS
Duz' osopr(0)-h=0 (A.37)

Let T}, denote a point in an open neighbourhood of T, generated by s. By inverse
mapping, r = uil (T) stays in a sufficiently small open neighbourhood of the origin
in R®. Vanishing of the first derivative then implies local quadratic convergence by

the Taylor-type argument, for some positive x,

luzt o s 0z, (w)| < sup i ||DPuzt o s 0 ur ()] - . (A.38)
yeN(0)

with A/(0) the topological closure of a sufficiently small open neighbourhood of origin
in RS,

A.5 Proof of Theorem 5.3.1

The proof of this theorem follows exactly that of Theorem 4.2.1, except several re-
placements: constraint manifold SE; — SO, local parameter space RS — R3V

fixed point T, — R, mapping ur, — pgr,, element ( — @, and parameters r — w.
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