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Abstract

In dextrous robotic hand grasping the external object
force needs to be balanced with contact forces main-
taining grasp stability. Redundancy in the grasp yields
the optimization problem to minimize the grasp effort
subject to nonlinear friction stability constraints. We
reformulate the optimization problem as a semidefinite
program with affine constraints.

In this paper, two versions of strictly convexr cost
functions including a barrier term, one of them self-
concordant, are considered. For the general class of
such cost functions Dikin-type algorithms are consid-
ered. It is shown that the proposed algorithms guaran-
tee convergence to the unique solution of the underly-
ing semidefinite program. Numerical ezamples demon-
strate the simplicity of implementation and the good
numerical properties of the approach.

1 Introduction

Dextrous robotic hand grasping is a broad area
of research, see e.g. [1,2] for some issues of interest.
Amongst these issues is a stable manipulation phase,
when the object is grasped stably by the robotic hand.
The fingers apply contéct forces such that the object
is held at the desired position and external forces are
compensated. An important task is to develop on-
line algorithms for the calculation of optimal contact
forces.

Early works to solve the grasping force optimization
problem are based on a linear programming formula-
tion with linearized friction constraints using a Sim-
plex algorithm [3,4]. Heuristic schemes and nonlinear
programming methods are available [5-7].

Using linear programming the friction constraints
are linearized resulting in conservative forces, some-
times larger than would be required. Further, linear
programming approaches display undesirable discon-
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tinuities in grasping forces when a jump between lo-
cal minima occurs [1]. Most linear and all nonlinear
programming approaches presented so far are to be
regarded as off-line with current computing resources.

The approach we take in this and a companion pa-
per [8] solves the problem of grasping force optimiza-
tion by applying certain interior-point methodology.
It is shown that the nonlinear friction force limit con-
straints on grasping forces are equivalent to the pos-
itive definiteness of a matrix subject to linear con-
straints. Further, compensation of the external ob-
ject force is also a linear constraint on this matrix.
Consequently, the task of grasping force optimization
can be formulated as a semidefinite program. This
class of problems is discussed in greater detail in [9].
It is known that the specific algorithms we propose
for grasping force optimization have real-time capabil-
ity [10]. In this paper we consider Dikin-type recursive
algorithms with improved convergence behavior.

The two forms of cost functions used as the mini-
mization objective throughout the paper consist of two
terms: the first term weights grasping cost in terms of
force exertion, and the second term is a barrier func-
tion tending to infinity at the border of positive defi-
niteness.

For the organization of the paper, Section 2 de-
scribes the problem of grasping force optimization to
achieve both grasp stability by satisfaction of friction
force limits as well as compensation of the external
object force. Further, it is shown that grasping force
optimization can be solved via semidefinite program-
ming with particular cost functions, and the resulting
gradient flows on positive definite matrices achieve the
unique optimal solution. In Section 3 a standard re-
cursive version for discrete iterative realization of the
gradient flows is developed. An improved Dikin-type
algorithm is presented and its convergence properties
studied. Numerical examples show good performance



and rapid convergence of the algorithms.
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Figure 1: Object grasped by dextrous hand.
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2 Grasping Force Optimization via
Semidefinite Programming

2.1 Dextrous Grasping Force Optimization

The problem of dextrous grasping force optimiza-
tion can be posed as a semidefinite program, see also [8]
for details. Physical friction constraints on contact
forces between hand and grasped object are found to
be equivalent to the positive definiteness of a certain
matrix P subject to linear constraints. Balancing the
external force acting on the object is also viewed as a
linear constraint on the grasping forces.

The goal of any dextrous grasping force optimiza-
tion strategy is to minimize the grasping forces and
at the same time to keep the balance of the external
forces foo: € IR® and maintain friction force limits.
The external force balance can be written as

—fest =We, (1)
where ¢ is a vector of M point contact forces
(wrenches). The grip transformation matrix W €
R®*M contains the M contact wrench directions in
its columns and maps forces from contact frames to
the coordinate frame attached to the object center of
mass.

Let us review the particular matrix structure for
a point contact model with friction according to
Coulomb’s law

(2)

where ¢; 1 is the normal force component at the ith
contact point, ¢; 2, ¢;,3 are the tangential components
and p; denotes the Coulomb friction coefficient at con-
tact point ¢ (see [8] for a detailed discussion and other
friction models).

2 2
Ci2 +Cis <picin, ¢1>0,

Lemma 1 Consider the case of N fingers grasp-
ing an object with the Coulombd friction and pos-
itive contact force (towards the object) constraints
(2) satisfied, assuming a point contact model. Then
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these inequality constraints (2), for i = 1,2,...,N
are equivalent to the positive definiteness of P =
Blockdiag(Py, Py, - -, Pn), where P; = P! is linearly
constrained to having identical diagonal elements and

zeros for the (1,2) and (2,1) elements as follows:

[iCi,1 0 Ci2

P = 0 HiCi1  Ci3 , fori=1,---,N.
Ci,2 Ci,3 HiCi1

(3

Remark 1 The Coulomb constraints for each fin-
ger define the so-called second order cone, see [11].
One can proceed directly with these constraints without
imbedding as above. Here our reason for imbedding is
to motivate a general theory for Dikin type algorithms
for problems involving semidefinite constraints.

The constraints that F; has identical diagonal ele-
ments and zeros for the (1,2) and (2, 1) elements may
be summarized in the general affine constraint

Avec(P)=gq, (4)
where A € R™!, rankA = m < I, g R, P €
R™"™ P > 0, I = n? and vec(-) denotes the vec-
operation. Further we need to balance the external

object force fey: as the linear constraint (1), which is
also easily rewritten in the form of (4).

2.2 Semidefinite Programming

Let P(n) denote the set of positive definite sym-
metric n x n matrices P = PT > 0 and consider a
cost index of the form ¢(P) : P(n) — IR, where ¢ is a
strictly convex twice continuously differentiable func-
tion on P(n) with the property

¢(P) = +o0 , P - 9P(n), (5)

where 0P (n) is the boundary of P(n).

In particular, we will consider two types of cost
functions, each consisting of two terms, one linearly
weighting P (or the grasp cost) and the other being
a barrier term with the property (5) on any sequence
approaching the boundary from inside the manifold
P(n). The first type of cost functions is identical to
the one proposed and discussed in [8,9].

®:P(n) > R, &(P) = Tt(W,P +W;P71), (6)
with W, W; symmetric positive definite matrices, and
the second type includes a selfconcordant barrier term
(11]

¥:P(n) = R, ¥(P)=Tr(W,P) —logdetP . (7)



Further, we endow P with the Riemannian metric
g(P;&,m) = (PP ) . ®
The explicit gradients of (6) and (7) with respect to
the Riemannian metric (8) are:
grad®(P) = PW,P-W,=PV®P)P (9)
grad¥(P) PW,P - P =PVE¥(P)P, (10)
where VU (P), VI(P) are Euclidean gradients. In the

absence of affine constraints, the gradient flows for ®
and ¥ are

Il

P = —grad®(P); P = ~grad¥(P),

respectively. Under (4), these flows projected into the
affine space are

vec(P) = —Qvec(grad®(P)) (11)
vec(P) = —Qvec(grad¥(P)), (12)

with @ the projection operator
Q=1-(PRPAT[A(P® P)AT|*4 (13)

where ® denotes the Kronecker product. Clearly,
AQ = 0 and Avec(P) = 0, so that these flows, if ini-
tialized satisfying the constraint (4), will satisfy the
constraint for all ¢t > 0.

2.3 Gradient Flows on Positive Definite Ma-
trices

Let us review without proof the results by Buss
et al. of linearly constrained gradient flows to solve
for the equilibrium of ®(P) [8,9] and ¥(P) [12].

Theorem 1 (Linearly constrained gradient flow)
The unique equilibrium of ®(P) can be obtained by the
following linearly constrained exponentially convergent
gradient flow

vec(P) = Q vec(P*W; P~  —W,) ,  (14)

where the projection operator is Q = (I -
AT(AAT)"A) and P is endowed with the standard
Riemannian metric.

Theorem 2 (Inverse barrier flow) Endowing P(n)
with the Riemannian metric (8), assuming the linear
constraint (4) and that the initial condition P(0) =
Py € P(n) satisfies this constraint, yields a constrained
Riccati gradient flow in terms of the projection opera-

tor Q of (13) as
vec(P) = Q vec(W; — PW,P) , (15)

which ezponentially converges to the unique equilib-
rium P* = argminp ®(P).

Theorem 3 (Selfconcordant barrier flow) Endowing
P(n) with the Riemannian metric (8), the unique equi-
librium P* = argminp ¥(P) can be obtained by the
exponentially convergent gradient flow

vec(P) = Q vec(P — PW,P) , (16)

where the initial condition P(0) = Py € P(n) satis-
fies the linear constraints (4) and Q is the projection
operator of (13).

2.4 Numerical Examples

As a grasp example let us consider a 4-fingered
grasp (point contact with friction) of a rectangular ob-
ject. Assume the external force fe.: of (1) be

far=[1 1 -1 0 05 05]",

and W be

o 1 0 0 0 —a; ]

1 0 0 0O 0 b

6 06 1 -b a 0

0 1 0 0O 0 az

1 0 0 0O 0 b

r_ |0 0 1 b —ay ©

wh= 0 -1 0 O 0 =—a3 |’

1 0 0 0 0 —b

0 0 1 b —Qs3 0

0 -1 0 0 0 a4

i 0 0 0 0 —b
(0 0 1 b a O |

where a; = 0.1, az = 0.15, ag = 0.05, ay = 0.065,
b= 0.02. A valid initial condition ¢ is

[ 65780 0.8793  1.3718  5.4447
co = 0.8793 —1.8718 3.7020 —0.3793
—0.9960 7.3207 -0.3793 0.4960 |7,

The weighting matrices selection is W, = I, W; =
0.5127 and the friction coefficient is assumed to be

= 0.4 at all contact points. The particular value
W, = 0.512] is chosen to place the equilibrium of both
cost functions ®, ¥ at roughly the same solution.

The three gradient flow versions (14), (15) and (16)
are numerically solved using Runge-Kutta integration.
Numerical results for these continuous flows are not
shown in this paper, see e.g. [8]. Convergence of these
gradient flows is exponential and the unique equilib-
rium of & is obtained as

[ 3.8719 0.1222 1.2195 5.6597
3 = 0.4146 —-1.7195 4.5026 0.1677
—1.3271 4.0291 0.2955 0.8271 |7 .



Likewise the minimum of ¥ is

[ 4.0042 0.1595 1.2688 5.6803
0.3300 —1.7688 4.4843 0.2200
—-1.2200 4.2002 0.2905 0.7200 7.

The convergence criterion and tolerance during numer-
ical integration is the same for all cases and the solu-
tion is obtained in 46, 27 and 40 integration steps, re-
spectively. In this particular example the choice of the
Riemannian metric (8) yields better numerical prop-
erties. The computation time using MATLAB on a
SUN-SPARCstation 20 is 9s, 38s, 60s, respectively.

3 Real-Time Application

Implementation of the proposed gradient flows
causes significant complexity. At each iteration the
actual projection Q or @ has to be computed.

For the flows of Theorem 2 and 3 this involves an
inverse calculation of a (rather sparse) m x m-matrix,
where m = 9N? — 3N 4+ 6 for a grasp situation with N
fingers (e.g. N =3 > m =T78).

For the flow of Theorem 1 the projection can be
computed off-line for grasping situations where W is
constant implying A and Q constant. Constant W
means that the contact points of the fingers with the
object are constant, i.e. the grasp situation is stable.

3.1 Standard Riemannian Metric Recursive
Algorithms

Using the standard Riemannian metric the gradient
flow of Theorem 1 is implemented as

vec(Pyt1) = vec(Py) + o, Q vec(P,c‘1W,~Pk“l ~ W),

(17)
with a suitable step-size oy and Py satisfying all con-
straints. In the experimental implementation an ap-
proximative line-search algorithm was used to find
a suitable step-size aj [13]. The computation time
for the optimization algorithm during the experiments
was 5ms on a MC 68040 (25Mhz).

3.2 Dikin-Type Recursive Algorithms

We encounter difficulties when selecting an appro-
priate step-size oy, in the recursive algorithm of the
previous section. Here we discuss Dikin-type algo-
rithms for solving semidefinite programs and in par-
ticular the grasping force optimization problem. The
Dikin algorithm for semidefinite programming prob-
lems with linear cost functions is discussed in {14]. In
this paper we briefly state the results without proof
and show some numerical results of Dikin-type recur-
sive algorithms.

685

Lemma 2 (Dikin ellipsoid) Suppose P > 0 is
a positive definite matriz and that g(P;X,X) =
Te(P~1XP~1X) < 1 is satisfied for the symmetric
matriz X. Then the following inequality holds

P+X>0. (18)

where A > 0 means that (£, AE) > 0 for any £ € R",
£#0.

Consider the following problem
¢(P) — min , (19)

subject to (4) and P € P(n). Assume that ¢(P) is a
strictly convex twice continuously differentiable func-
tion on P{n) such that (5) holds. We will also assume
that the constraint set is bounded, or otherwise that
the cost function has compact sublevel sets. The cost
function @ of (6) has compact sublevel sets, see [9];
likewise, ¥ of (7). We will use the notation F for the
set defined by (4), P € P(n). We assume that F # 0.

Suppose that f : F — F is a continuous map with
the property

o(f(P)) < ¢(P) wunless P =P~ (20)

where P* is the unique solution to (19). Let fi(F)
denote the ¢ times application of f.

Theorem 4 For any map f satisfying (20) and any
Py € F, the sequence f*(Py) converges to the optimal
solution P* of the problem (19).

Example 1: Given Fy € F, denote the set

Dy(P)={ X+P:9(PX,X)<a,XT =X,
Avec(X) =01}
(1)
for some 0 < p < 1. Let f,(Fp) be a unique solution
of the problem:

¢(P) = min, P € D,(P) . (22)

Since by Lemma 2 D,(Pp) C F and ¢ is strictly con-
vex, we conclude that f, : F — F is a continuous
map. It is also obvious that (20) is satisfied. Hence,
we formulate the following version of the Dikin algo-
rithm for standard convex programming problems with
linear constraints, see e.g. [15].

Theorem 5 For the map f,, and any Py € F, the
sequence f3(Po) — P* when i — +oc.

Denote by V(P) the gradient of the function ¢ rela-
tive to the metric (8) constrained by (4), see e.g. The-
orems 2 and 3. Consider the map f: F = F

V(P)

[Py =P =)y, -

(23)



where || V(P) |p= Te(P~1V(P)P~'V(P)) and a(P)
is a unique solution of

’ (P V(P)

— Qe

I V(P) e
It is easy to see that a(P) = 0 if and only if P = P*.
Also, a(P) is a continuous function of P, as is V(P)
and f. Thus f satisfies (20) by virtue of Lemma 2.
Hence,

)—)min, 0<a<l. (24

Theorem 6 For the map f above, and any By € F
the sequence f*(Py) — P*, i = +o0.

Remark 2 The explicit Dikin type recursions associ-
ated with the minimization of ® and ¥ are summarized
for convenience as

VeC(PkWpPk - Wi)

| PeWpPe —Willp,
25)

vec(Pk WpPk - Pk)

| PeWpPr — Pi llp
(26)

Here 0 < ay, < 1 is selected from a bounded line search

to minimize ®(Pyy1) or ¥(Pgy1). The line search is

relatively inexpensive compared to the cost of calculat-

ing a new direction.

vec(Prt1) = vec(Pr) — o Q

vec(Pry1) = vec(FPy) — o)

3.3 Numerical Examples

Figure 2 shows the numerical behavior of the stan-
dard recursive algorithm (17) with line search [8,13].
Figures 3 and 4 show the result obtained by the Dikin-
type algorithms (25) and (26). In the Figures (a) shows
the normal contact wrenches ¢; 1, (b) the cost index ®,
¥ and (c) the step size oy applied at each iteration,
respectively.

The algorithm checks at each iteration k if a Dikin
step of o = 1 results in a decrease of the cost function
® or ¥, and if so performs an update with a; = 1. If
no decrease in cost appears a line-search is initiated to
find an aj, 0 < ax < 1 such that the decrease in cost
is maximal. Convergence takes place in 3-7 steps.

4 Conclusions

We have reformulated the well known grasping force
optimization problem as a semidefinite program. Ex-
ponentially convergent gradient flows or their recursive
versions obtain the unique solution to the problem.
Two recursive schemes were proposed, one based on
a standard Euclidean gradient method and the other
with Dikin-type recursions. Numerical examples have
shown the simplicity and efficiency of our approach to
grasping force optimization.
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Figure 2: Standard recursive algorithm (17)
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