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Abstract

In this paper we use an information-state approach to obtain the
solution to the linear risk-sensitive quadratic Gaussian control
problem. With these methods the solution is obtained without
appealing to a certainty equivalence principle. Specifically we
consider the case of tracking a desired trajectory. The result gives
some insight to more general information-state methods for non-
linear systems. Limitresults are presented which demonstrate the
link to standard linear quadratic Gaussian control. Also, a risk-
sensitive filtering result is presented which shows the relationship
between tracking and filtering problems. Finally, simulation
studies are presented to indicate some advantages gained via a
risk-sensitive control approach.
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1 Introduction

Recently there has been much interest in risk-sensitive control
techniques. Such control policies lead to an optimal solution
for which the controller’s sensitivity to risk can be varied. One
application area for risk-sensitive control has been economics
where risk-sensitivity is termed hedging or risk-aversion, for ex-
ample Karp [10] and Caravani [6]. In these papers it is seen
that advantages can be gained from the risk-sensitive approach,
for problems such as dynamic trading and futures market pre-
diction. In particular, the modified control policies are of a
non-symmetric, exponential form.

The discrete-time risk-sensitive linear quadratic Gaussian (LQG)
output feedback control problem was first solved by Whittle [13],
where use was made of a risk-sensitive version of the certainty
equivalence principle. This allowed the state estimation and
control optimisation to be decoupled, solved separately and then
re-coupled. The continuous-time case was solved by Bensoussan
and van Schuppen [5] using a different technique, one which
generalises to the non-linear case. Recent developments in risk-
sensitive control have included a solution to the output feedback
control problem for non-linear systems, using information-state
techniques (James, Baras and Elliott [9]). While not requiring

the use of a certainty equivalence principle, the solution is of
course infinite dimensional. In this paper we present the output
feedback risk-sensitive LQG solution derived via the methods in
[5, 91. Specifically, we consider the case of tracking a desired
trajectory. We show that, for regulation problems, the equations
are consistent with those presented in [13] and that in the “risk-
neutral” case, the standard LQG solution results.

Thekey to the technique used in this paper is that an information-
state is chosen in such a way that it represents both a state estimate
and the cost incurred to the time of the estimate. A change of
reference probability measure is used to arrive at a linear recur-
sive update equation for the information-state. Then dynamic
programming methods are employed to obtain the solution to
the control problem, having been re-formulated in terms of the
information-state. This derivation is fundamentally different to
Whittle’s approach [13], being more closely linked to Bensous-
san and van Schuppen [5].

An important feature of this paper is that it presents a finite
dimensional solution to the risk-sensitive output feedback control
problem. It therefore provides an example of the quite general
methodsderived in [9], and gives insight to the non-linear control
solution,

This paper is, in part, an extension of the work presented in [1],
where bi-linear systems were considered. In the work of this
paper, however, the tracking solution is discussed in addition to
regulation, and the control solution is solved explicitly. Simu-
lation studies are also presented in an effort to demonstrate the
effect of variations in the controller’s sensitivity to risk. Vari-
ous tracking problems are considered to show the advantages of
the risk-sensitive approach. For a more thorough investigation
into simulation results, the reader is directed to [7], where exten-
sions to the system model are considered, such as the inclusion
of integrators in the control design. Also in [7, 4] are results
for risk-sensitive control of hidden Markov models, which have
application to discrete-state systems.

Finally in this paper, a discussion on risk-sensitive filtering is
presented, to demonstrate a link between filtering and tracking.
The results presented are derived using the risk-sensitive control
solution, with a modification to the cost criteria.



2 State Space Model

Consider the following discrete-time system on the probability
space (€2, F, P) with complete filtration {Fx}:

Tiy1 = Azi+ Bur + v
Yer1 = Czp 4wy (1)
zke1 = Dazxy

over the finite time interval £ = 0,1,...,7. The state of the
system is represented by the process z. The observable part of
the system is represented by the process y. In this paper we will
consider the problem of output tracking, and denote the desired
trajectory by Z. The process which is to follow Z is defined
by z. The random variables vx and wx have normal densities
¥ ~ N(0,X)and ¢ ~ N (0, I') respectively, where = and I are
n % n and p x p positive definite matrices. The control, «, takes
values in R™. The complete filtration generated by (yo, . . . , y«)
is denoted by Y&, and the admissible controls u are the set of
R™-valued {Y:} adapted processes. We write Ui ; for the set
of such control processes defined on the interval &, ..., {.

In order to reformulate the system model (1), a new probability
measure, P, can be defined by setting

= H Ae, {2)
£=

where

_ Y{zk — Acg1 — Bug_1)¢(yx — Czi_1)
N Y(zk)d(yx) '

Here, Ao« is an Fj martingale, and E[A¢x] = 1. Now, under
P, x4 and yx are two sequences of independent, normally dis-
tributed random variables with densities ¢ and ¢ respectively.
This reformulated model results in a linear recursion for the un-
normalised information-state, as in Section 4.

Ak

3)

3 Cost

The cost function for the risk-sensitive control problem is given,
for any admissible control u € U, 71, by

Hw) = Elewpd{%ori+zsiMrsr)] @

_ 1
= E [AO,T expf {‘Ilo,T—l + EfU,TMTxT}} , (5)

k
1
P ZE [zeMze + upNue
=y

(6)
+ (Ze41 — Do) Q(Ze41 — Dxy)] .

Here, 8 > 0 is a real number and represents the amount of risk
in the control policy. For small values of ¢, approaching zero,
the effect is to make control decisions assuming the stochastic
disturbancesare acting in an average manner. For larger values of
8, the control is effectively more conservative, or in other words,
has a higher sensitivity to risk.

4 Information State

In this section we present finite dimensional recursions for the
information-state which, as the name suggests, provides infor-
mation about the state of the system [11](p. 81). In the case of
risk-sensitive control, it is convenient to also include a component
of the costin the information-state. For the formulation presented
here, the information-state is a probability distribution (it can be
compared to the ‘past stress’ in [13]). For small values of ¢, ap-
proaching zero, the mean and variance of the information-state
become the state and covariance estimates for the linear Kalman
filter.

For any admissible control », consider the measure

ax(z)dz 2 ElAox exp(0Wo k) (zx € dz)| Y] (7)

where I(.) is the indicator function.

Lemma 4.1 The information-state ox(zx), as defined in (7),
obeys the following recursion:

aks1(r) = ¢_l(yk+1)fm &(Yrt1 — CE)exp(8 ¥ 1)
(r — AE — Bu)ax(£)dE
(8)

Proof :
arti(s)de = ElAokrsiexp(0¥or)l(crs1 € dr)|Viyi]
ElXgr100x exp(6F, &)
exp(H\Ilo,k_l)I(zk+1 S dI)kaq-l}
—Cx
agei(z) = .[R" "'fR" —é(y:,(‘;lkﬁ) 5)
exp(0 Wk )v(x — Ak — Bu)Aox
exp(8Vok—1)dP(zo,...,Tk)
= 7 (yk+1) fgn S(rs1 — CE)
exp(8 Vs x)¥(r — AE — Bu)ak(£)dE
n

Theorem 4.1 The information-state ax(z) is an un-normalised
Gaussian density given by

ar(z) = ar(z,xk) (9)
= Zrexp(—1/2)[(z — ux) By (2 — px)]

where xx = (&, Ri, Zx), and pr, R;l and Zy. are given by
the following algebraic recursions:

prer = Riqr [S7 Buk + S Ao (Ry  pw
—A'E7T Buk + C'T gyt — 0D'Qz 1)

R, =Y'—X '4a'A'T!
Zrrs = ZuIZ17H axl " Hexp (=) [k — hops RiL ]
(10)
where
ax=C'T7'C—0(M +D'QD)+A'S'A+ R, (1)

ve=urp(—0N + Blﬂ_lB)u/c + [LLR;luk — 074 1Q k4
—(uk Ry —uiB'S T A+ yiy T7'C - 65,4,QD)ay!
(R e — A'S7'Bug + C'T gy — 0D'Q41) (12)

under the condition that ax and Ry be positive definite for all k.



Proof : Due to the linearity of the dynamics, and the fact that vy
and wy are independent and normally distributed, we know that
o () is an un-normalised Gaussian density. The recursions for
tx, B! and Z are obtained by evaluating the integral in (8).
The details are omitted. n
Further matrix manipulations yield the following, more familiar,
expressions:

frsr = Apk + Bug + AKk [C'T 7 (yrg1 — Cpx
0T Q%k41) + 6(M + D'QD) ]
K2 (RN 4+ CT™'C—6(M + D'QDY)™
Rip1 =3 + AR A

(13)
which can be compared to the result presented in [13] for the
case where ¢ = 0.

Limit Result :

Equations (13) can be re-expressed in the following form:

M1 = Apge + Bug

Hkik 2k + Kilyrst — Cpua
—0(PQzp41 — TC™H(M + D'QD)pux)]
Ke 2 (R — (M + D'QD))™'C’
[C(R;'—8(M +D'QD))~'C'+ ]!
Ry =X+ ARHkAl
Ripe 2 R — K4 CRy

(14)
In the case when § approaches zero, it can easily be seen that the
equations in (14) reduce to the standard Kalman filter equations
[2] (p. 40).

5 Alternate Cost Representation

In this section we show that the cost function can be expressed
in terms of the information-state. This allows the optimisation
problem to be solved by dynamic programming, without any
appeal to a certainty equivalence principle.

Theorem 5.1 For any admissible control u, the risk sensitive
cost can be expressed in the form

J(u) =F[(aT(-,XT),ﬂT)] (15)

where (f(-),q(-)) = fRn f(2)q(2)dz, and
Br(x) £ exv(gz’Mrz)- (16)

Proof : We have from (5) that

J(u) = Ao exp(ﬂ‘lfo,T_l)exp(%:c'TMTzT)]
¥ol [AO,T exp(H\Ifo,T_l)ﬁT(zT)IyT”
Jan Br(z)ar(z)dz]
(aT(~,XT),ﬁT)] .

Il
| &= ] &=

6 Dynamic Programming

Following [9] we know that the alternative control problem can
be solved using dynamic programming. Suppose that at some
time &, 0 < k < 7, the information-state vx is x = (u, R, Z).

The value function for this control problem is [1, 9]:

Vix,k) = inf F[(ak,ﬁk) | or = a(x)], (17)

w€Uk, 71

where 3 is an adjoint process defined by

Bi(z) = E[Art1,7 exp(6¥k,1-1)
exp(%z}MTzT)h:k = z,y:r] .
(18)
The adjoint process is different to the ‘future stress’ in [13], as it
relates to output feedback, not state feedback.

Theorem 6.1 [1, 9] The value function satisfies the recursion

Vix, k)= inf E[V(xr+1(xx w yrs1), b+ D)|xs = x]

u€U &
(19)
andV(x,T) = {az(., x), Br)-

7 Dynamic Programming Solution

Theorem 7.1 The value function is the exponential of a
quadraticin y,

V(x, k) = Z exp(8/2)[ukSEur + 258 ue + 551, (20)

and the optimal control is linear in p,

4™ = (I + B'Sk41B)™ B [Sks1 Ape + Sk + 6K

3

(21)
where
Sker = (Sp) oD,
K¢ = (N4 B'SpB)'B'Sipd,
Ep o= SpDeé Y (ThSky —©D'Qiky)
'y = AK.C'T'Cco,
0@ = [CTC)'+p~'R]V*,
A = 47,
M = (M+D'QD)™",
o = N+ Blgk.HB s
§ = I-00,St 0%,
p = I—0R(M+D'QD).

Also, S¢ and S? are given by the following backwards recursions:

Sg=M+ A'S,‘:H(I +BN'B'SE,, ~ 0TI} Sp, ) A
St =A'St,, — (I +6MR)D'Qzryn
+A Sk BoT B (SE, +0KE) 4 0A'KE
j . (22)
under the condition that (I — 8T, Sg | I'x) is positive definite for
all k, and C is positive definite except in the cases where C = D
orD=0.




Proof : By evaluating the dynamic programming equation (19)
for V(x, T — 1) it can be seen that the value function is the expo-
nential of a quadratic in 4. The remainder of the proof is too long
for presentation in this paper, but is essentially an evaluation of
the dynamic programming equation (19), with appropriate vari-
able transformations. |
Remark : The condition that C' be positive definite, is a mani-
festation of the variable transformation used in order to present
the results in a form which more readily demonstrates the link to
standard LQG results. As can be seen from the exclusion when
D = 0, the condition only applies to the tracking part of the
solution, (ie. 5% and K'{ recursions). It is possible to solve the
dynamic programming problem without such a variable transfor-
mation and thus remove the condition on C. O

In order to demonstrate consistency with the results presented
in [13], where an appeal was made to a certainty equivalence
principle, and Q = 0, we now set

Oy = SE[I +6ReSe™" (23)

and @ = 0, which results in the following recursion for I1:

e =M+ A'lll;, + BNT'B' - 65]'A

(24)

under the condition that (I — § R 11x) is positive definite for all
k.

Substitution of equation (24) into (21), yields

up' = —N"'B'(;}, + BN~'B'— 6%)”"

A[I — GRka]_luk (25)

where the term [I — 8 R I1;] ™ ux is sometimes referred to as
the minimum stress estimate.

Limit Result :

In the case where § approaches zero, it can easily be seen that
Sk+1, A and M approach S7 |, A and M + D'Q.D respectively,
and the following equationsresult from manipulationsto (21) and
(22):

uf" = —(N + B'S{, B) ' B[SEy Ak + Sk
Sg=M+D'QD + A8}y,
—SpB(N + B'S;,B)"'B'S8, 1A
Sp=(A-B(N+B'Sg, B)y'B'Sg A)SE,,
—D'Qzyy
(26)
These are the standard LQG equations, as presented for example
in [3] (p. 32 and p. 81).

8 Risk-Sensitive Filtering Interpretations

In this section the risk-sensitive filtering problem is presented
in order to demonstrate its connection with the control problem
considered in the preceding sections. The risk-sensitive filtering
problem is shown to be solved by the same equations derived
previously for the tracking problem, but with a slight reinterpre-
tation of the cost function. These results for the linear filtering

case have already been solved, without the control interpretation,
in [12], and for the non-linear case in [8].

To see the connection to the control problem, the risk-sensitive
filtering cost function is now presented.

Ji(x) ZF[AO,k expg‘l‘o,k(ikﬂyk,i‘k—l] , (27)
where
k
Win(en) 230 e - 20/ Que—20) . (8)
=

and 1, is the risk-sensitive state estimate of r;. Note here that the
costis an expectation conditioned on the set of observations. This
is due to the fact that the filtering problem is one of optimization
in the forward direction (as opposed to the control problem which
is an optimization in the backwards direction), and as such, the
previous observations will be available when the optimization
procedure is carried out at each iteration.

Comparing (27) and (28) to (5) and (6) it can easily be seen
that (28) can be obtained from (6) by replacing Z¢.1 by Z¢, and
setting D = [ and B = M = N = 0. Therefore, with the same
definition of information-state given in (7), the result presented in
Theorem 4.1 holds here as well, with the appropriate replacement
of symbols. Equation (10) can be compared to the equations
in [12] which differ only slightly since the prediction problem
was considered, rather than the filtering solution presented here.
From the information-state, o, the risk-sensitive state estimate,
Zk, is obtained, as in [8], by solving the forward optimization
task of the following theorem.

Theorem 8.1 The risk-sensitive state estimate, i x, defined by

£x = argmin J,(() , (29)
<

is given by the mean, u, of the information-state, ok, defined in
(7), where ¥ . is given in (28), 2441 is replaced by £,, D = I,
andB=M=N=0.

Proof :

ik = argmin, E [Aok exp8¥o ()| Ve, K]
= argmin, [, ... [, A exp Ok i (C) Aok
expG\IIO,k_ldP(xo, ey T,k)
argmin, [ exp0¥p x(C)ak(z)dz
~ argmin, fy, exp 2(z — O)'Q(z — () Z
exp(—1/2)(z — ux)' Ry (2 — px)d:=
= argmin, Crexp(1/2) {6¢'QC — pi Ry ' px
— (e Ry = 0¢'Q)a™ (R ux — 0QC) }
= —(8Q~6’Qa'Q)'0Qa " R ux
= —(a—0Q)7 Ry
= Hlk,

Il

where a = (§Q — R;"), C is constant with respect to ¢, and
a is positive definite. It can now be seen that the risk-sensitive
state estimate is given by the mean, u, of the information-state,
. |



The recursion for this estimate is easily obtained by rearranging
the expression for px from (13), with the appropriate substitu-
tions for the filtering problem. The following equation results:

feg1 = Ape + AR+ C'T7'C - 6Q)™!
[C'F_l(yk+1 —Cux) —8(pr — 1)) .
(30)
The final recursive equation is obtained by setting x equal to
ik, from Theorem 8.1, as follows:

try1 = Asx+ AR +CTT'C-0Q) ' [C'T ™ (yrg1—Cix))

(31)
This filtering result corresponds, as noted before, to the prediction
result presented in [12].

9 Simulation Studies

We now present simulation studies to demonstrate the effect of
variations to the risk-sensitive parameter 4.

Example 1 : In this example we demonstrate a case where
modelling errors are present. The true system is given by the
following parameters:

[ -02 1 [ o9 c=[10]

A—(—o.z 0]* B—[—o.s]’ D=[10],
001 0 I =0.01,

E=19 01 | T=100, 0 = 100,
10

M=, 1], N=0.1,

and the trajectory to be followed, Zj, is & unit step at k¥ = 20.
The modelling error is introduced by assuming in the design that

A is given by
-0.8 1
4= [ -08 0 ] ’

Table 1 gives values of the LQG, minimum variance, cost func-
tion (ie. Yo, r—) + 0.5z M7z 1) averaged over 100 simulation
runs. It can be seen that in the case where no modelling error
is present, of course § = 0 gives lowest cost. However, when
the error is introduced, a higher value of 6 gives a lower mini-
mum variance cost. This example displays an advantage of the
risk-sensitive approach in the presence of modelling errors.

Unfortunately, the sample path properties may not improve with
a lower minimum variance cost, as one would wish, especially
if 8 is too large. Here, 100 large will depend on the type of
modelling error, and will of course be unknown to the designer.
Figure 1 shows a typical sample run for the case of no modelling
errors. It shows that the cost function chosen for the tracking task
considered, results in little difference in tracking errors between
the LQG and risk-sensitive policies. Figure 2 shows a typical
sample run for the case where modelling errors are present. Even
though the minimum variance cost is lower for the risk-sensitive
policy, the tracking performance might not be as desirable, having
much greater oscillations in the transient response. Therefore
the desirability of a risk-sensitive approach cannot be measured
purely by the minimum variance cost.

10 Conclusion

In this paper we have presented the solution to the linear risk-
sensitive quadratic Gaussian control problem. Results have been
derived for the case of tracking a desired trajectory. The solution
to the dynamic programming problem has been achieved without
the need to appeal to a certainty equivalence principle, and hence
gives insight to the solution for non-linear systems. Limit re-
sults have been presented which demonstrate the link to standard
linear quadratic Gaussian control. Also, a risk-sensitive filtering
solution is presented to demonstrate the link between filtering
and tracking problems. Simulation studies were presented in
order to show some advantages of the risk-sensitive approach.
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x 107 6=0(LQG) [9=01]6=0.15
No model error 4714 4715 4716
With model error 9.363 6.076 6.593

Table 1: Error analysis for risk-sensitive control

1.2~ v ,
0=0.15
I i R
MRSy AR AR A /\/‘\/Az?sy:’ﬁ/
0.8 6=0(LQG)

047

Time k

Figure 1: No modelling errors
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