Gradient Flow Approach for Pose Estimation of Quadratic Surface
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Abstract - A key problem in robotics is the es-
timation of the location and orientation of objects
from surface measurement data. This is termed
pose estimation. Our pose estimation problem is
converted to a non-linear optimization problem that
minimize an error objective function between the
measured surface data and one of CAD model. The
authors study gradient flows on the Lie groups to-
ward a solution of the pose estimation problem of
quadratic surfaces.

In this paper, the projected gradient flow of the
objective function onto the manifold SO(3)xR? is de-
rived and converge to an equilibrium point as usual
steepest decent methods. Discretizations of flow
lead to recursive numerical methods for pose esti-
mation.

1 INTRODUCTION

The problem of recognizing and locating 3-D curved ob-
ject in 3-D space is important for applications of computer
vision, robotics and autonomous robots. To represent 3-
D curved objects, B-rep( Boudary representation ), piece-
wise quadratic representation and curvature of surface have
been populary used. This paper concentrate on optimiza-
tion techenique for locating 3-D curved objcts, specially one
for quadratic surface.

There are two approaches in pose estimation of 3-D ob-
jects. One is a matching method based on geometric re-
lations between the extracted primitives and CAD model,
for example points, lines, curves, normal vectors and cur-
vatures of surface. This kinds of methods need extracting
the features, derivatives of surface and preprocessing 3-D
data. And also this kind of corresponing point-set matching
problem was well studied[1].

The other is optimization of the error measure between
CAD model and measured scatted data , which is called
surface fitting[2][4], which can handle plane and quadratic
surface so on. This paper treats the later.

Pose estimation of known quadratic surfaces from possi-
bly noisy data is important in robotics, and there is room
for generating improved algorithms which achieve global op-
tima, and if possible on line.

Faugeras and Hebert [3] introduced the problem of rec-
ognizing and location rigid object in 3-D space from range
measurements. In their paper representing surface informa-
tion and extrating such information were discussed. Han,
Snyder and Bilbro [5] applied the tree annealing technique
to the pose determination of quadratic surface which is sim-
ilar to our problems presented in this paper. This work is
not clear in selection of a intial value and computing time
problems.
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Current algorithms [3][5][6][7][8][9][10] frequently con-
verge to local minima of the performance index and are un-
suited for on-line applications became of the intensive com-
puter effort required.

The optimization of a least squares index is proposed via
gradient flows. The stable equilibrium points of the gradient
flows from arbitrary initial conditions appear from simula-
tion studies to give the global optimum estimates in the
generic case. However, at this stage, firm results are based
on implict conditions rather than explicit ones. Even so, con-
fidence in the optimality of the estimates in the small noise
case and initializations from the two stage procedure must be
high. Such methods are appropriate for on-line optimization,
and when organized as recursions using second derivative in-
formation converge quadratically. These are also studied, as
are related methods based on instrumental variables. And
also, the proposed algorithm is tested with real surface range
data.

2 PROBLEM FORMULATION

2.1 Quadratic Surface
Consider a known quadratic surface with coefficient ma-
i)
trix Q = Q € R*™ | so that its surface has the form

fIQE =0, or in obvious notation z’Q11z+2Q'u::+ng =0,
where z = [z}, 2%,z%] € R®, zi = [z,1],and Q is patitioned

as
Q12
Q22
Without loss of generality, let us consider that this object
is located at the origin and that Q22 < 0. Now a translation
by p € IR®, and a rotation by R belonging to the set of

rotation matrices, denoted SO(3), leads to a new quadratic
surface coefficient matrix

Qu

@=1 QL

ARp) =T (RpQT(R ), T(R2) =[5 1] ©
satisfying

¢ A(R,p)E=0. (2)

The set of rotation matrices SO(3) is the set of signed or-
thogonal matrices R satisfying R'R = I, such that |R| = 1.
( Recall that Ry, R, € SO(3) implies RiR; € SO(3)
since |RiR2| = |Ri||Rz|, and if |Ri| = —1, selecting § =
{il, +1, £1 } such that 'S[ = —1, then R, =R, S cC 50(3).
Also R € 5O(3) implies R € SO(3) ).



One representation of R in terms of the Z-Y-Z Euler an-
gles (a, 8, v ) is as follows[15][16].

cacfcy — sasy —cacfsy— sacy casf
R(a,8,7) = | sacBey+ casy —sacfsy+cacy sasf
‘ —sfcy 3By cf

where sa = sina, ca =cosa, sf =sinf, cf =cosf3, sy =
sinvy, ¢y = cos .

The formulas for extracting the Z-Y-Z Euler angles from the
rotation matrix is found on lots of text books [16]{15].

2.2 Problem Setting

Consider a quadratic object with known coefficient ma-
trix @ = Q € R**,
data z;, or f: [z: 1} for i = 1,2,---k, then pose estima-
tion is the estimation of R € SO(3) and p € R® such that
& (R, p)QT(R, p)é: = 0 for all i with T(R, p) given by (2).
In the noisy data case, an appropriate index is a least squares
( or variance ) index as

In the event of noise free surface

k
B(Rp) = o0 D47, ¢i= 4T (RQT(R D (3)

i=1

where R € SO(3) is the rotation matrix and p € R® is the
position vector. Using the definitions

H’%l }?12

FI(R,p) ::i— Zd’i(R,P)&f: = |: Hy, H. ] ®

then the index can be reformulated as

®,(R,p) = %Z ir (TI(R,P)QT(Rx P)I.{(R: P)) . (8)

i=1

Now the minimization task is

®.,(R,p) -

min
RESO(3),pER?

(6)

3 GRADIENT FLOWS

3.1 Derivation of Gradient Flows

To achieve a gradient flow exploiting techniques in
[12][14], first note that R € SO(3),p € R® is a smooth
manifold with tangent space

Tr (SO(3) x R®) = {RQ cla= —n’} . )

We define a Riemannian metric

((B:,6), (R02, ) ) = tr (R (R) + 261 ) (8)

The directional derivative of & at R, p is

D&|rp (RQ,()
<(V§R(R1 P): VQP(R: P)) ) (RQ, C))

tr (V®R(R,5) RO+ 2VE,(R,) c) .

)
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However

D&, |rp(RQ, ()
tr (T’Q[ QOR g ]H+[ —R g }QTFI)

ir [(I:InR' + leP’) QuuR+ fflellzR

v

—R'Qu RH, — R (Quip + Q12) -ffllz] Q

!
VE, o

'
Vév,p

”~ ™~

+21r KI?£2R' +E22p’) Qu + ﬁzzQ;z} ¢

(10)

from which the gradient on ®, can be identified to yield the
gradient flow equation.

tr (V@;,R(R,p) RO +2 V&, (R,p) 4)

R|_ _[ V&, r(R,p) ]
1" a VQ",P (R,p)
_ R (R'I:(R, »)—L'(Rp)R ]
Q11 (Rfﬁz (R,p) +pﬁ22(R,p)) + Q12E22
(11)

where
L(R.p) = Qu (REu(R,3) +pHis(R,p)) + QuuAllz(R,p)

3.2 Equilibrium Conditions
Observe from(11) that at all equilibria of (11), then

RI(Rp)=L'(Rp)R, (12)
Qi1 RH:12(R, p) + (Qu1p + Q12)Haz(R,p) = 0 (13)
Equivalently, simple manipulations give
p=—RHi:(R,p)H; (R, p) — Q' Q12 (14)
[R'QuR, Fu(Rp)]=0 (15)

where
H11(R,P) = Hll(R,P) - le(Rx p)Hﬁl(R,p)le(R,p), and
[A, B] is the Lie brackett AB — BA. Also, at all equilibria

L =QuRA(R,p). (16)
Moreover, using the diagonalizations
!
Hu(R,p) = Vu(R,p)An(R,p)Vs(R,p)
Q = VoAoVy (17)

with V¢, Vg € SO(3) and Ax, Ag diagonal in reverse order,
then the equilibria condition (15) holds if and only if

R =VoVi(R,p)I € S0O(3) (18)



where II is an arbitrary permutation matrix.

Of course Hi; and Hyi1, V3 are R, p dependent, so (14) and
(18) are implicit, rather than explicit equation for R and
p. Since the diagonalizations in (17) are not unique, then
R and p satisfying (14) and (18) are not unique. Under
the equilibrium condition (14), the index ®,(R,p) can be
re-organized by simple manipulation as

3,(R, p) tr |R Qu RH11(R, p)

(R, p) (@2 — aQii Q)] (19)

Observe that this index is minimized by an R, p selection
satisfying (14) and (18) with IT = I. The minimal index is

&) = tr [AQAr + Haz(R, p)(Q22 — Q12Q1 Q12)]. (20)

3.3 Instrumental Variables Index

Least squares estimation can lead to biased estimation
with surface data z;, contaminated by white noise. Thus
when z;—1 ~ z; (i.e. &i—1 & &), it makes sence to work with
an index

k
@rv(Rp) = 3 D b= 6T (R p)QT(R p)E(21)
i=1

The optimization of this index follows as before but where
now H,L are replaced by

k _
. 1 ] .| Hu
‘H(R!p) Ca k §¢t(Rxp)£1—l£is— [ H{g I?-Tzz
L(R,p)
Qu(R,7) (REu(R, P) + pHi5(R,3)) + QuHlz(R,3).
3.4 Discrete Gradient Flow
Recursive version of the gradient flows can be derived,

paralleling the recursive schemes in [13]. Thus we propose

1 -
- R Ry , H11(Ry,
Ris1 = Ry e “b[ Q11 Ry 11( kPk)]

(23)

1
X = 24
b 0T T (R )] (24)
Prpr = e—ﬁzz(ﬂh»Ph)‘hM Pr — (Qllefllz(Rk,Pk)

+Q12-E[22(Rkaph))6 (25)
for suitably small § > 0,

A second approach to achieve recursive results is to seek
solutions of the implicit optimal conditions (14), (18) recur-
sively. Thus with the definitions (17), a reasonable selection
is

VQVﬁ(Rk,pk)
—Riuq1 Hia(Ree, i) H3p' (Rie, pi) — Qi Quz (26)

No theory is given for convergence of these recursions, but
simulation studies suggest that it is effective for local con-
vergence.

Ryys

DPr41
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4 Simulation Results

Figure 1 shows the exponential convergence of the least
squares and instrumental variables optimizations. The log
plot of ®,(t) — ®,(o0) is linear. The noise level is 0.05 and

Qis

0.0069 0.0000 0.0000 0.0000

_ | 0.0000 0.0400 0.0000 0.0000
Q= 0.0000 0.0000 0.0156 0.0000
0.0000 0.0000 0.0000 -—1.000

Figures 2 - 4 show the corresponding pose estimation er-
rors, er = ||T — T|?, er = ||[R — R|]?, e, = |lp — 5||?, and
shows that the pose estimation errors er are reduced by the
gradient flows, although er increases !

We see from the comparison between the least squares and
instrumental variables approach, the "advantage” of instru-
mental variables approach in the presence of noise.

Figure 5 — 8 show further comparative studies for various
noise levels.

Recursive version of the gradient flows are studied in Fig-
ure 9 - 10. The calculation time of recursive version is 50
or 100 times faster than for the continuous version using

Matlab.
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5 EXPERIMENT

Now we verify the above algorithms with real 3-D range
data measured by laser range finder(LRF). Our LRF has 1.5
mm maximum error which is about ten times larger than a
commertial products.

Consider that an quadratic surface with known coefficient
matrix from CAD model

0.25224+0.044%+025 22 =1

(27)

is moved by Z-Y-Z Euler angles o 0 deg., B
0 deg., v = 0 deg. and a relocationp = [ —1.0 6.0 —38.0] €
R®. The new quadratic surface coefficients matrix

-0.0007 0 0 0.0007
0 ~0.0001 0 —0.0007

A= 0 0 —0.0007  0.0263 |(28)
0.0007 —0.0007 0.0263 —1.0000

is obtained from (1).

The object reconstructed by 3D range data (15 x 15) is
depicted as Figure 11.

Let us consider now pose estimation. The quadratic sur-
face in this experiment has a freedom on Y axis as shown on
Figure 12. Therefore the only Y axis is considered.
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The optimization of a least squares index is performed
via gradient flows initialized by the pose estimates from as
a good candidator[17].

Figure 13 shows the convergence of the gradient flow with
real data, Figure 14- 16 show the corresponding pose esti-
mation errors, ep, er, 6xv,6vz.

6 CONCLUSIONS

The pose estimation procedures have been presented,
based on an approach improving gradient flows on manifolds.
A number of variations of this optimization are presented,
including recursive schemes. Equilibria conditions are stud-
ied and convergence results given. Simulation etudies show
the relative strengths of the methods in a typical example.

To validate our approach, we made the Laser Range
Finder with 1.5 mm maximum error and estimated the pose
of quadratic object by using the real range data.
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