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1. Introduction

A key problem in robotics is the estimation of the location and orientation of objects from surface measurement
data. This is termed pose estimation. A fundamental task is the pose estimation of known quadratic surfaces
from, possibly noisy, data. A solution for this task facilitates pose estimation for more complex objects. Current
algorithms (3] - [6] frequently converge to local minima of the performance index and are unsuited for on-line

applications because of the intensive computer effort required.

In this paper, following the general approach outlined in [1], [2], we study gradient flows on the Euclidean group
towards a solution of the pose estimation problem of quadratic surfaces. Discretizations of the flow leads to
recursive numerical methods for pose estimation. Recursions using second derivative information can achieve
quadratic convergence rates. The goal is to develop a complete phase portrait analysis of the algorithms, which
establishes the theoretical foundation for developing fast algorithms for pose estimation. At this stage there is

only a theory with implicit, rather than explicit conditions.

To set the stage for our investigation, consider a known quadratic surface in R3 described by the equation
2'Qunz + 2Q)2z + Q22 = 0, for ¢ € R3. It is useful to pass to the equivalent description in homogeneous
coordinates ' = [z/,1] € R*, given as £'Q€ = 0 for the symmetric coefficient matrix Q@ = (Qy;) € R*¥*4,
Without loss of generality let us consider that this object is located at the origin and that Q32 < 0 and
det Q11 # 0. Now a translation by a vector p € R3 and a 3 x 3 rotation matrix R € SO(3) leads to a new

quadratic surface coefficient matrix

A(R,p):=T'(R,p)QT(R,p) , T(R,p):[lz 11)] (1.1)

satisfying £’ A(R, p)€ = 0. Here the set SO(3) of rotation matrices is the group of real orthogonal 3 x 3 matrices
R satisfying R'R = I3 and det R = 1. If Q is such that Qy, is invertible, then there exists (R, p) € SO(3) x R3
such that A(R,p) is diagonal.

2. Gradient Flows for Pose Estimation

Consider a quadratic object with known coefficient matrix @ = Q' € R**4, In the event of noise free surface
data z;, or & = [z; 1] for i = 1,2, -- -k, then pose estimation is the estimation of R € SO(3) and p € R? such
that {;TI(R, p)QT(R, p)&; = 0 for all ¢ with T(R, p) given by (1.1). In the noisy data case, an appropriate index

1s a least squares index

k
(R,p)= 5o D67, ¢ = ET (R, p)QT(R, ) 2.

i=1

where R € SO(3) is the rotation matrix and p € R3 is the position vector. Using the definitions

360



7 1< Hy, H 12] ~
H(R,p):= = R, p)&€.: = 121l =1 2.2
(R,p) . ;¢( p)&iki: = [le i, | Haz| (2.2)
then the index can be reformulated as
8(R,p) = ; tr (T'(RAATRPA(RP)) - (2:3)

Now the minimization task is

' 3 . 92.4)
ResOUD cxs (R,p) (2.4)

To achieve a minimizing gradient flow, exploiting techniques in [1], [2], first note that the Euclidean group
SO(3) x R? is a smooth manifold with tangent space
Tirp) (SO(3) x B®) = {(RQ () | @' = -2, e R%}. (2.5)

We define a Riemannian metric on SO(3) x R? by

((R91,G1), (R, ) )i = tr ((RQ)' (RR2) +2(1¢2) (2.6)

Straightforward computations then lead to the following explicit description of the gradient flow of ®(R, p).

Theorem 1
1) The gradient flow of the cost function ®: SO(3) x R® — R with respect to the Riemannian metric (2.6) is
R| _ [VR‘I’ (R,p)]
p V@ (R, p)
' = . 2.7
R (RL(R») ~ ' (R,)R) (27
Qu (Rﬁlz(R, p) + pHa(R, P)) + Qi2H2(R, p)
where
L(R,p) = Qu (RAu(R, p) + pl1o(R, p)) + Quafia(R, ) (2.8)
2) The equilibrium points of ® are characterized as:
R'L(R,p) = L'(R,p)R, (2.9)
QuRH2(R,p) + (Qup + Q12)Ha2(R, p) = 0. (2.10)
O

An important feature of the gradient flow (2.7) is that the solutions (R(t), p(t)) exist for all time ¢ > 0 and

converge to the equilibrium points. This is made more precise in the following result.

Proposition 2

Assume that the dala points & € R, i = 1,..., N, are in general position with N > 10. Then

(a) The cost function ®: SO(3) x R® — R has compact sublevel sets.

(b) The solutions (R(t), p(t)) € SO(3) x R3 of (2.7) ezist for all t > 0.

(c) Every solution (R(t),p(t)) of (2.7) converges to an equilibrium point (Reo,Poo) characterized by (2.9),
(2.10).

(d) There ezist only a finite number of equilibria (Roo, Poo) € SO(3) x R3 of (2.7). a
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Remark

Simple manipulations give

p=—RH12(R,p)Hy, (R, p) — Q1) Q12 (2.11)
[ R’QuR ) 7'211(R, p) ] =0, ﬁll(Rs p)= 1}11(& p)— 1?12(}2, P)ﬁﬁl(R»P)ﬁiz(R’P) (2‘12)

for the equilibria of (2.7). Here [A, B] = AB — BA denotes the Lie bracket. Also, at all equilibria

L= QuRHi(R,p) . (2.13)

Moreover, using the diagonalizations

H1(R,p) = V(R )An(R, p)Va(R.p) , Q= VahAqVy (2.14)
with Vy, Vo € SO(3) and Ay, Ag diagonal in reverse order, then the equilibria condition (2.12) holds if and
only if

R=VoVs(R,p)I € SO(3) (2.15)

where II is an arbitrary permutation matrix.

Of course Hys and My, Vi are R, p dependent, so (2.11) (2.15) are implicit, rather than explicit equation for R
and p. Since the diagonalizations in (2.16) are not unique, then R and p satisfying (2.11) (2.15) are not unique.
Under the equilibrium condition (2.11), the index ®(R, p) can be re-organized by simple manipulation as

®(R,p) = tr |{R Qi RH11(R,p) + Hz2(R, p) (Q22 — leQﬁlle)} . (2.16)

Observe that this index is minimized by an R,p selection satisfying (2.11) (2.15) with I = I. The minimal

index is
®* = tr [AqAn + Ha2(R, p)(Q22 — Q12Q71 Q12)] (2.17)

a
The stability properties of the gradient flow can be obtained from the linearization at the equilibrium points.

We do omit the details here.

3. Recursive Implementations

Recursive numerical versions of the gradient flow can be derived, paralleling the recursive schemes in [1]. Thus

we propose

Ri41 = Rie®*[RiQu1 R, H11(Re, pr)) (3.1)

pryr = e~ H(Bor)@ulp, Qi Ry Hia(Re, pr) + Qu2Hao(Re, i) (3.2)
for suitable small § > 0 and step-size adaptation

1
T 41Quill M (Re, o)l

A second approach to achieve recursive results is to seek solutions of the implicit optimal conditions (2.11),

(2.12) recursively. 3 S o)
]

gk (3.3)



Thus a resonable selection is

Riy1 = VqVy,, (R, pr)
Pr+1 = Ri1 + Hia(Re, pp) Hoz (Ray Pr) — QT Qua (3.4)

No theory is given for these recursions, but simulation studies suggest that it is effective for local convergence.

The calculation time of these recursive versions is 50 or 100 times faster than for the gradient flow using Matlab.

4. Conclusions

Optimum pose estimation procedures for quadratic surfaces have been presented. A general steepest descent
method for pose estimation is proposed. For generic measurement data the gradient flow converges exponentially
fast to a local minimum. Explicit recursive implementation of the gradient flow are proposed.
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