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Abstract

This paper first demonstrates via averaging theory an approach whereby
any stable linear system can be approximated by a simple periodic-
structure system.

Next is proposed the control of continuous-time, linear, time-invariant
plants via a periodic structure control scheme. It is established that
for i time 1 plants it is possible to design periodic-
structure stabilizing first-order controllers which asymptotically ap-
proach the performance of an nt® order stabilizing time-invariant con-
troller, such as an optimal (LQG) controdler, in the limit as the switch-
ing rate incr . The proposed controllers suffer only a small loss
of performance compared with the nt# order controller, arc attractive
from a computational point of view, and may be implemented in cither
discrete or continuous time.

Finally, the question of achieving a low ordcr robust variable-
structure controller for a high order uncertain plaunt is addressed.

Simulation results are shown which demonstrate the cfficacy of the
periodic structures proposed.

1 Introduction

Averaging theory [1], which allows the study of an “intractable” sys-
tem by working with an approximation, termed the “averaged” system
has found application to the areas of adaptive and robust control. It
has provided useful insight and theoretical support for various cxisting
designs, and facilitated the cmergence of novel designs. Being such a
powerful Lool, it seems reasonable for us to explore a dual field of ap-
plication for averaging theory where an easy-to-analyse system is ap-
proximated by an “intractable” system. For example, consider the case
of the approximation of a given linear system, the averaged system, by
means of a. periodic dynamical system. Such “intractable” approxima-
tions could be attractive for implementation and perhaps for enhanced
robustness in the case of a controller. To lead into such developments,
we now review certain results for periodic systcms and more general
switched systems.

Certainly, it is well known that controllers with periodic gains can
lead to more robust performance than time invariant ones, even for
time-invariant plants. Gain and phase margin improvement arc pos-
sible, see for instance [2] and its references for discrete-time results.
However, these results do not always generate acceptableinter-sampling
perfomunce [3l.

For rs, averaging theory is used in [4] to cx-
pla.m the superior perl‘ormnnce of vibrational conlrollers by demonstrat-
ing that they have zero-placement as well as pole relocation capabilities.
Also [4] extends the discrete-time gain margin improvement results to
continuous time. In the area of decentralised conirol, it has been shown
that periodically switched-gain feedback laws in one feedback channe)
lead to decentralised controllability and observability in 2-channel sys-
tems with fixed modes, whereas time-invariant fecdback Jaws do not,
[51,[6]. There is thus a sound theoretical and practical basis for working
with periodic controllers, even for time-invariant plants.

K more general class of time-varying/nonlinear controllers are termed
state dependent switched controllers. Such consisl of a set of continuous-
time or discrete-time controllers , one of which is aclive at any Lime.
The switched controllers may be time invariant or time varying, or even

li . The switching may be periodic, thus including the class of
periodic structure controllers, or may be driven by a rule which asscsscs
which controller will work best g Lo some ¢, given the
data. Switched controllers are useful for the control of a system whose
dynamics contain jump discontinuities in the dynamics, such as a robot
arm which picks up a heavy object. To this cud Khargonekar and
Poolla [7] state, “in robust multivariable control probleins nonlinear
time-varying controllers yield advantages ... if there is paramctric or
structured uncertainty”. Again we see thal therc is strong motivation
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for switched systems Lo achieve robusiness. How then are such systems
analysed 7
In the casc of discrete-time periodic systems, methods exist to find
an cquivalence between discrete-time periodic systems, and higher or-
der time-invariant systems [8],[9],(10]). Standard design results arc then
applied to the time-invariant representations, and re-interpreted to
achieve resulis for periodic systems. For example, [11] finds the regula-
tor gains for discrete-time periodic systcins by solving algebraic Riccatti
equations for the associated time-invariant system. For continuous-
time plants, thesc conversion methods are less well understood. Thus
[9] reports that the methods of [8] can be cxtended to continuous-Lime
systems with the drawback that the input and output spaces are in
general infinite d I Hilbert sy Thus there are few explicit
results dealing with the convergence of continuous-time switched sys-
tems. In fact, short of an infinite serics (the Peano-Baker scrics), there
is no analylic solution to the calculation of the transition matrix of
a lime-varying system unless the update matrix is semi-proper [12].
However approximations exist for the cases where the swilching speed
is high or low with respect Lo the dynamics of the system. Thus the sta-
bility of high freq y periodically switched syst has been tackled
in [13],(14] where the author uscs an approximation result on the expo-
nentials of certain matrices to study the dependence of the stability on
the frequency of switching. The author gives an explicit formula which
facilitates checking the stability of such systems in the limiting case of
high frequency switching. However, these results only apply Lo systems
with piece-wise constant periodic gains, and there is no development,
of explicit error bounds or regions of convergence, There is therefore
a need for stability results which are not restricted to piccewise con-
stant periodic gains, and for which explicit error bounds and regions of
convergence can be calculated.
To help focus ideas in meeting the needs for further work in this arca,
let us keep in mind an application which seems ideally suited to such
] application of statec dependent switched

de ts. Onc possibl
syslems is to achicve resonance suppression. Such a task has been tack-
led [15] where square-law nonlinearitics in the coatrol law arc used to
encourage cnergy flow from the resonances to the controller, and from
onc frequency band to the entire frequency band. In [16) there is im-
plemented an adaptive resonance suppression controller/plant system
with an unstable resonance, possibly due Lo a badly modelled plant, or
changing plant dynamics. Could there be an advantage to a switched
controller design approach?

I this paper we investigate by means of averaging theory Lwo novel
avenues of application of the nwﬂ.( hed and periodic-structure systems.
The first is Lo usc casy-to-imp { periodic-structure systems to
achieve low order approximations to a continuous-time controller.

‘Thus, in this paper, we seck approximations of a linear time-invariant.
(LTI) system via certain periodic-structure systems. We do not scek
improveinents in the gain or phase margin. In this way we recover the
performanceof the LTI system without any performance enhancement,
but with considerable compulational advantages, and with tight bouuds
on the inter-sampled behaviour.

The theoretical justificalion for this approach is developed from sta-
bility results for cerlain continuous-tine time-varying systeins (which
may or may not be piece-wise continuous), as well as the calculation of
specilic error bounds as functions of the speed of time variations (e),
and a lower bound on the time-variation to ensure cxponcmml stability
of the periodic system. This is achieved via an averaging theoretic ap-
proach together with lincar theory matheématically reminiscent of that
employed by [17]. ‘The results are then extended to ensurc low sensi-
tivity with respect to input disturbances. Examples illustrate effective
controller simplification and resonance suppression.

Another application of switched systems we.explore is to achicve
elfective resonance suppression in the presence of lightly damped reso-
nances for uncertain systems, and in particular the simultaneous con-
trol of a number of LTI subsystems, each representing a resonance, via
a switching between controllers, cach designed to suppress onc of the
resonances. Viewing the plant as a partial fraction representation, or
cquivalently as a set of parallel resonances, the specific control objec-
tive we seck is Lo suppress the most excited resonance as indicated by
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some resonance detector.

The paper is outlined as follows. Scction 2, provides preliminary
definitions and notation, and gives the results linking certain periodic
systems and time-independent systems. Section 3 uses these results to
prove our main theorems on the approximation of a system (or con-
troller) via fast switching betwecen a sct of lower order systems. In
Section 4 we prescnt simulation examples of certain periodic systems
and of controller order reduction and compare the resnlis with the theo-
retical bounds set in Sections 2,3. Section 5 contains sinmlation results
of a switching controlier resonance suppression problem. Conclusions
are drawn in Scction 6.

2 An averaging analysis of periodic systems

2.1 Introduction

This section presents the theoretical basis for the applications of pe-
riodic systems developed later. First we introduce necessary notation
and quote a fundamental theorem from averaging theory. Then fur-
ther results are derived for linear systems. In particular, for ceriain
periodic systems and their time-averaged LTI syst.ems with easily cal-
culable statc trajectories, we provide explicit. bounds for the norm of
the difference between the state trajectorics of Lwo systems. These
bounds are expressed as ¢Q wherc € is the swilching speed, and @ is a
constant derived for the specific systems.

2.2 Definitions:

1. 81(¢) = O(82(e)) for € — 0 if there cxists a constanl k such that
161(e)] < kl52(c)
for continuous functions, §;,62 : ¢ — 0. Also &;{c) = o(62(c)) for

e — 0if litnep %g(%% = 0. Refer to [1] for additional information.

. Consider the vector field f(¢,z) with f : R x R™ — R™, Lipschitz-
continuous in £ on D C R™,t € [0,T); f continuous in ¢ and = on
R+t x D. If the average

~

1 T
)= Jim = / (o)t
[

exists, f is called a KBM-vectorfield.

3. Let r be a scalar, z a vector, and A a malrix. Then |r| is the
absolute value of 7, [|z|| is the Ly norm of », and [|A]| is the
induced L2 nornn of A.

4. Two time-varying functions f(t),g(t) have erclusive support iff

f(e(t) =0 vi.

5. We employ a shorthand notation for systems:

z
Y

P A(t)z + B(t)u; z(0) =xq . [ A1) | B(t) }

c(t)z + D(t)u c) | D@

nn

6. f(t,x) is periodic in t with period T ifl f(¢,2) = f(t+T,z), Va,t.

7. If f(t,z) is periodic in t with period T, then the average f(z) is
defined as

1 T
flz) = 7/ f(r,z)dr (2.1)
0

8. Let A(t) be a periodically time-varying matrix. We decuote its
period by T,, ils average A, and define Dy := sup, |[A(1) —

= . f e
All, Sa :=sup, AW > I[All, Ba(t) = [, A(r) - Adr. Then
|leAt]) < Cae=>*4t, Vi, for some C4 > 1, for some A4 which may
be chosen via Proposition 1, ||B4|| < %TADA.

9. Denote the piecewise constant function

) [ n (-1)T/m<t-mT <il/n, m€Z
Ai(nt.T) = { 0, otherwise.
10. Given a square matrix A of size n, we consiruct a time varying
matrix A¥(t,¢) with period ¢, and average A such that the rows
of A#(t, ¢) have independent support by

Aj(n,t,e) - 4]
A*(t,e) = : : A (2.2)
] ce An("ctvf)

11. Given a system P = [ 1D ], then
/\#(i, <) H#(l )
o 3 ’ 5
P#¥(t,c) = [ & 3] ]

12. Denote the Lie brackett [A, B} = AB ~ BA.

2.3 Proposition:

To facilitate caleulation, we include the following proposition.
Proposition 1 [17] For any n by n matriz F' with Re[\(F)) <
0 Vi, there cxist constants Ap > 0, Cp > 1 such that |[cFY]] <
Cpe= F', Vi > 0. Furthermore, if ||F|]| < M, Re[Ni(F)] < a,
and 0 < p < 2M then one choice of C, N may be generated via the
inequalily

™) < @M/t for e > 0 (2.3)
2.4 Fundamental Averaging Resnlt.
Theorem 2.1 (Eckhaus/Sanchez-Palencia[18)],[1].) Given
&= cf(t,z), 2(0)=m0 (2.4)

with xo,x € D C R™. Suppose f is a KBM-vectorfield producing the
averaged cquation

¥ =c/%%), y(0) ==

where O is continuounsly differentiable with respect toy in 1. Lot y=0
be an asymptotically stable critical point in the lincar approrimation
with domain of attraction D° C D. Then for all xg € D°

t
#(t) = y(t) = O(sup  sup 6|I/ U(rz) = S2(2)drll), 0<t<
) 0

€00, &

for any L independent of . Furthermore, if f(t,x) is periodic in t,
then

() —w(t) = O(c), V<t < oo (2.5)

The main results of this section can be verified by making use of the
above averaging thcorem. However, here we rederive these results in
the context of linear systems. This provides explicit error bounds and
regions of convergence in terms of ¢.

2.5 Explicit Averaging Results for Linear Systems

We now introduce letnimas on the trajectorics of lincar-time-varying sys-
tems when compared to the trajectories of their time-averaged lincar-
time-invariant analogues. Thesc results form the basis for the applica-
tions of the lollowing scctions.

Lemma 2.1 Counsider the following systems

Gy z
Ga: g

Az; z(0) = xo
A(te ™y y(0) ==

(2.6)

where Re[Xi(A)] < 0, A(t) is periodic with period Tp, average A, and
Definition (8) holds. Define

P 7 S— (2.7)
27D ACAUIAN + 5]
then
l(0) = 20 < <TaDAC allollt + (A + SA)C a4
HCTADAC AV ol (RS A+ (I 52)C p e a172
WVe< e (2.8)

Moreover, defining ¢y(.,.) as the stale transition matriz of y(.), then
Ye < €g,

ACAUFALl+Sp)
—_—)
eip
UAI+SACA
r37,\":i

l[By(t t0)ll € Cae™ A M=t (14 ThD A1 +
P — 4
+(c? ADA)2CA(“A“+SA)(W32 }

a Cye—)\,(c—co) (2.9)



Remarks

1. There is a trade-off betwecn the constant multiples and the decay
rate in the error bounds. This proof is intended to show cxponen-
tial convergence of the trajectories z(t), y(t) given suflicicntly fast
time variation within A(t).

2. Lemma (2.1) can easily be generalised to the casc ro # yo. Here
we keep equal initial conditions since this is the case necessary for
our applications.

Lemma (2.1) demonstrates that with the switching rate above some
limit, any periodic system, with linear average which is exponentially
asymptotically stable, is itsell exponentially asymptotically stable. In
the next lemmas, we extend these results to systems with input distur-
bances w(.). Thus we consider jointly, and separately the implications
of assumptions (2.10),(2.13) and (2.12)

Assumptions on Noise : Disturbances w(-) obcy the relation

|I/sw(t)dll| < L5%for someL,0 < a < 1,¥S >0 (2.10)
' lw)ll < Wi vt (2.11)
()l < m vt (2.12)
Lemma 2.2 Consider the sysiem:
Gy: 3=A(te )z +w(t); 2(0) ==z (2.13)

with the conditions of Lemma (2.1) and the Definitions (5) and Bound
(2.7)holding. Then w(.) obeying Assumpiion (2.10) implics

llz()l} € 2¢*CyL + Cye ¥ lzo|l, Ve < <o (2.19)
and w(.) obeying Assumption (2.11) implies ’
Izl < CyW/Ay + Cy(llzoll = W/ky)e™ ! (2.15)
where Cy and Ay are conslants defined via (2.9) such that
[I6y(m, P)ll € Cye ("7, Ve < o (2.16)

Lemma 2.3 Consider the sysiems

Gy: 2
Gy: $

Alte™!)z + BlteYw(t); 2(0) = 3o
As + Bu(t); s(0) = 10

nwu

With the conditions of Lemma (2.1), Assumption (2.11), and Defini-
tion (8) holding for matrices A, B, then

{1+5

Yo

Y W oMllsoll, e <

(l5(8)=s (Ol c(JlA]| + Sa)DATACA }

~ €(||AIH-SA)DATACA

< eD T A

(cA(ﬂAIHsA)m]},

Aa
—ee—e 2.17
Dacalmrsy &

and given Assumpiion (2.12),

liz(t) — s(0)i { DgTg[Wi, + Ca(W + )i+ }

HCAZALAIC (| IS 4) + 23]

x {1+ <(llAll + Sa)DATAC A }
Aa = €(lAIHSA)DATACA

Y W >allsoll, € < (2.18)

Y S
D AT AC A(||AIHSa)
Remarks:

1. Lemma (2.3) is a powerful sensitivity result. It shows for bounded
disturbances, and sufficicntly fast time variation, that the averaged
and the periodic systems will have trajectories whose diflercuce is
tightly t ded. It is a o 't of the low pass nature of an
integrator, and the high frequency of the perturbations introduced
by A(te™Y).

2. A ptions g teeing the ind d

of the time variation
of the noise, and the matrix ch") lead to a lower expectation
value of the error {|2(t) — s(t)||. The aim of this paper is Lo provide

Figure 3.1: The feedback system {G, IV}.

hard bounds on the crrors, and as such, stochastic calculations are
beyondl its scope, except to note that the actual errors will in most
cases be much smaller than the bounds calculated.

3. When {Jw(t)]| is bounded, then the condition that w(z) is boundéd
will be automatically satisfied in Lhe case of low-pass filters being
applicd to the inputs of a feedback loop.

3 Controller Simplification

In this scclion we apply the results of the previous section to prove that
any linear, continuous time stabilizing controller (in a feedback loop
with any LI'[ plant which it stabilizes) can be approximated by certain
variable structure controllers. These controllers may be designed to
have the advantages of simple structure, or of being equivalent to first
order systcius, and thus much computationally cheaper than the full
order controllers they are replacing. Moreover, we will show that as
the speed of variation increases, the state trajectorics of the fecdback
systems associated with these controllers, and the indices associated
with their corresponding LQG cost functions, asymptotically approach
these of the full order controller.

To this end we reformulate Lhe results of Lemma (2.3) into our main
results on Lhe approximation of controllers:

Theorem 3.1 Consider o plant, and full slate feedback controller
pair:
G: &
K(te™t):

Az + Bu+ wi(t); z(0) = z¢
K(te™ )z

where K (L) is periodic with period T and averege K°, and (A + BK®)
is exponcntially stable, and wi(t) is a noise term obeying Assumptions
(2.10),(2.11). Consider also the “averaged” system

G:
K°:

AZ® + Bu + w (t);
K(te™)2°

2°(0) =z

Then the stale z, of the system {G,K(te=1)} and z° of the system
{G, K°} are related by

lle(t) = (I € €D, Ve< o (3.1)
where e and D can be calculated from Lemma (2.3).

This resull can be extended to controllers employing state estima-
Lion.

Theorem 3.2 Consider the feedback loop {G®,K°} as in Figure (3.1),
with the disturbance noise wy,wy obeying the Assumptions (2.10),(2.11),
(2.12), and the systems G°, K° being

A? | B®
G [ ]
D 20
[_A® 4 BOF® 4 HOC® 4 II°1°F° | —H° |
| Iad 1T 0

K°
L 4g=z,

where the gaing HO, IO have been chosen (by LQG design or otherwise)
such that (A® + BOF®),(A® 4 I1°CP) arc erponentially stable.

Consider a sccond feedback system, {({tc="), K(te™')}) with the sys-
tems being:

Alte—) | BY(te™Y)
Cl(te~ Di(te™

[4%() + BXQ)F()+ HO)C? )+ HOD*(F() | ~H()]
[ F() o 1

K{te™Y) :
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where the time dependence of A%(te™)), etc. have not been shown due
o space limitations, and the matriz blocks have been defined so that

o
&= %/ E()dt; €+ T)=¢(T) (3-2)
]

for € being cach of the blocks Al, A% B B2, ..., as well as the mulli-
ples BVF,HC',HD'F, HD?®F. Define the augmented siates of the

systems {G°, K} and {Gtc™), K(te™Y)} as X°® = [29T 307)T
X(t) = [zT £T|T, then
IX°—~ X|| < eL, 0Kt <0, Ve<ep (3.3)

where L,eq are constanis and can be calculaicd via (2.18), (2.7)

Remarks
1. This result links the state trajectories of any sct of plants/controllers
obeying the assumptions of the thcorem. The power of its application
arises from the fact that the matrix blocks of {t¢~1), K(te~?) need not
be time varying. Thus, we can use Theorem (3.2) to take a stable (time
invariant) {G, K'} system, and link the state trajectories to those of sys-
tems where either or both of G, k" may be time varying. Furthermore,
we can take a stable time-varying system, and design other time varia-
tions using concepts such as independent support of Definition (10} to
simplify analysis, and provide resulis pertaining to both systems.

We specialize Theorem (3.2) to the application of controller order
reduction,

Theorem 3.3 Consider a lincar lime-invariant fecdback system {G, K}
where the augmented slate update dlock is exponentially stable, and K
and the periodic siructure coniroller K# have the form:

v [t

where # is the operation of Definition (10). Then K# is computation-
ally equivalent io a first order coniroller. In a given bounded noisc en-
vironment, with the noise signals obeying Assumptions (2.10),(2.11),
(2.12), the LQG indices of the two systems are related :

K#* . [ E#(tf—l) F#((t’c") ]

LQGg,x} — LQG (g k#) = O(¢), Ye< o (3.4)

where the ezplicit dependence on ¢, and the value of g may be calcu-
lated via Lemma (2.3).

Remark:

To further illustrate our claim that a controller with only one state
changing at a given time is computationally equivalent to a first order
controller, consider the dynamical system

2102 5812 15 om0
where a(.),b(.),e(.) are periodic with period T, and are zero for lime
t € [(2n + 1)T/2,nT], n € J* and which have independent support
with respect to the periodic functions c(.),d(.), f(.) which arc zero for
time ¢ € [nT,(2n + 1)T/2}, n € J*. Then, it is clear that the system
(3.5)is equivalent to a combinalion of the two systems:

9 = a(t)ys + b(t)C1 + e(t)u(t)

; +
G2 =0 te nT,(2n+1)T/2Lined

=0 .
;g=c(l)Cg+d(t)y2+j(t)u(t)} t € [(2n+1)T/2,nT],n € J*

(3.6)

At t = nT, then C; is updated to the value of y;(nT), and when
t = (2n+ 1)T/2, C2 is updated to the value of y1((2n + 1)T/2).
Since y1(t) and y2(t) are not updating simultancously, a single first
order system, with a switching of initial conditions and constants
at time t = nT/2,n € Jt, can exactly follow the trajectorics of
w1 (t),22(t), which in turn exactly follow the trajectorics of z (t),z2(t).

4 A Case Study

In this section, we present examples of simulations pertaining to the
Lemmas of Section 2,and the Theorems of Section 3.

Example 1: Ilustration of Lemma (2.1)
The system studied with reference to Section 2 is adaptcd from an
example [20] of an unstable periodic system, with a stable averaged

Fxample 1 - The averaged sysiem x(1), and awilchod systems y(O.0).

45 'J
4 i
35 4

3 X epsilon =1

Magnitude of state
»
=

2 4
15
T *(t), epailon = | ]
o \’_——-‘\Mﬂ
——
0.5 e
0
i -
[ 05 1 L5 2 25 3
Time
Iixemphe 2 - The systems 1), y(0) with slodhastic disturbence.
[ w— -

Magnitude of state

FFigurc 4.1: Comparison of z(t), (), z(t)

system. We demonstrate how increasing the frequency of the periodic-

ity will stabilize the system, and also how the bounds between the sates

of the last periodic system, and the averaged system are calculated.
The periodic system simulated is:

i = A(te™)z; z(0)=[-10) (4.1)
Ay = —1+3/2cos?(te~!)  1-3/2cos(te~})sin(te~1)
¢ T | -1- 3f2sinfte~ Y cosfte™?) -1+ 3/2sin3(te™1) ]

The averaged system is:

W) =Ay; () =[-10', A= A_1{4 _,1/4 ] (1.2)
"Thus the averaged system A has stable cigenvalues, N(A) = —.25 £,
also ||| = e~-25¢ = C'e™**, and the following constants hold for the
systems (4.1),(4.2):
1A}l = 1.03, S, =supllA(t)]|=1.78, A=.25
t
Dy =suplJA(t) - Al = .75, Co=1, Typ=2r
t
With 4, A(t) defined in (4.1),(4.2), then (2.8) and (2.9) become:
1
ly(t) = =(0)]] < e|lzoll[4.71 + 14t + .81¢%)e—125¢; Ve < 3
4

lIa(tto)ll < (14 206c)e™ T525(0t0) e ¢ L
34r

The trajectories for z(t) with € = 1, z(¢) with ¢ = .1, and y(t), all with
initial condition xg = yo = [~10}’, are shown in Figure 4.1. It is clear
that 2(t) will grow exponcnlially for ¢ = 1, and converge to y(t) for
e = .1. Thus this simnulation, and others not. shown here, illustrate that
the region of convergence includes the calculated bound of ¢ < 1/144.
Example 2: Illustration of Lemmas (2.2),(2.4)

In this example, equations (4.1), and (4.2) are modified by the addi-
tion of a disturbance signal, w, with a uniform amplitude distribution
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Comparison of Plant States with Complcte and Simplificd Controlicrs

1\ Xt syt

Figure 4.2: Comparison of plant trajectories with the full, and first
order controllers.

bounded by |w| < 5.

z i(lz‘l)z + w(t);

Az + w(t);

2(0) = xo

z(0) = 20 (“3)

For the case-study, Lemma 2.2 gives a bound on 2(¢) ||z(¢)]] < 81(1+
206¢); and from Lemma (2.4), |}z(1) — z(¢t)|| < 2600¢, Ve < 0.05.

Our case study, as depicted in Figure 4.1(b) suggests that the theo-
retically calculated bounds are extremely conservative.

Example 3: A simulation of controller order rednction via

Theorem (3.3)

In this section, we describe results obtained by simulation of the
procedure outlined in Theorem (3.3) for the reduction of complexity of
a given controller.

Consider the plant (transfer function):

2 45 6
& +5s46 (4.4)
st — 1.443 4 .7552 — .14
We design a corresponding LQG regulator for the cost index, and noise
covariances (4.5).

I 0

t
= / et utudt, Blfor willon wad=[§ 9] 49
0

Define this optimal LQG regulator K. Then the periodic-structure,
first-order controller K# can be designed via Definition (11) and Theo-
rem (3.3). The feedback systems {G, K} and {G, K*#} with a switching
speed of ¢ = .01 are simulated with an identical noise signal w which is
uniformly distributed between —.5 and .5.

As can be seen from Figure (4.2), the states of the lwo systems track
each other well, even though for this example Lemma (2.1) only bounds
the tracking error for the case ¢ < 10~?. The LQG indices caleulated
for the two systems are : LQG(g k) = 6.3, LQG{G,K#} =6.5.

Remark: The differences between the trajectories of the averaged
and variable-structures systems found via simulation are several orders
of magnitude smaller than the bounds calculated for the maxinm
difference. This is because the conservativeness of the bounds is mul-
tiplicative, and the theory must at each stage of the calculation bound
the maximum possible error.

5 Switching Application for Resonance Suppression

In this section, we explore a further application of state dependent
switcliing systems to the suppression of resonances within a plant. The
key idea is to have a time varying system which “switches” its feedback
behaviour to that of a controller designed for whichever resonance is
most excited at a given time. This switching can be thought of as a
type of fast adaptation, where specific knowledge of the plant behaviour
is used (o enable the controller to “jump” between operaling modes.

In gain scheduling, the controller changes its hehaviour based on the
pasition of the controller within state space. ltlere, the scheduling of
the controller is decided by an analysis of the output of the feedback
loop, and the subsequent decision as to which modes of the plant most
need to be controlled at a given tine.

Figure 5.1: Switched control System

Consequently, we employ a partial fraction expansion to view the
plant as a set of n resonances as in Figure (5 1). A controller is designed
for cach ce,.and the switchi ism we tmploy switches
in the controller l'ox the resonance least well controlled at a given time.

In a previous section, it was shown that it is possible, given fast
enough switching, to approximate a given n‘® order controller by a
number of lower order controllers. The drawback with this method
is that it requires an extremely fast switching speed, which may not
be feasible in certain situations. Also, this methocd requires that the
average of the switched systems equals the original systemn. However,
in the case of a non-nominal plant, or of input disturbances exciting
certain modes, performance/robustness enh t may be possible
by an adaptation of the switching mechanism.

Consequently, in this section we are not approximating a higher or-
der controller. Thus for a nominal plant we achieve controller order
reduction, but not optimality. In some cases however, we achieve su-
perior robustness properties.

Although we have, as yet, few theoretical results for this algorithm,
we present it a useful application of switched systems. In a companion
paper [21] we make a more complete study of the algorithm , testing
for robustness properties, and optimality in a number of situations.

Description of switching algorithm :

1. Express the plant via a partial fraction description as a number of
lower order components (resonances).

2. Calculate a (optimal LQG) controller for ¢ach sub-plant.

3. Use a I'I'T on the Plant output to detect which resonance is ex-
cited at any one time, and switch in the controller designed for
that resonance.

The parameters to be selected:
o The length of the FFT.

o The speed of switching, and the index used for the switching de-
cision.

o The sinoothness of the swilching transitions.

The oplimal selection of these parameters for a given plant with a
given uncertainty and given noise environment is beyond the scope of
this paper, but will be further discussed in [21]. Here we demonstrate
by simulations that this switching algorithm can be used in a heuristic
way to control an uncertain plant.

Simulation Results:

The plant is set to be a group of n r (compl jugate
pole pairs). For this example, the poles are all simple, und the calculnp
Lions are done in di e time. C tly, we place a zero at ~1,
to simulate sampling.

Example 1:- An unstable system

In this example we demonstrate how a pair of unstable poles can-
not be controlled by certain LQG controllers designed for either one,
but can be controlled by a time varying controlier which consists of a
swilching Letween the two controllers. In effect, this means that a sta-
ble control is generated from a switching between two unstable control
loops. Of course, there are many cases where even a switched con-
troller cannot stabilize the sy Here we d trate the possibil
ity of greater robustness of a controller made of the complete switched
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Figure 5.2: Spectral Densily of Output for Four controller Configura-
tions

system when comparcd with a controller comprising of only one of its
components.

The plant studicd ists of two re: ¢s, cach al a radius of 1.01,
and at frequencics of 0.6 and 1.8. The LQG controllers are designed
for the cost index and noise covariances:

1 T
1= —,/ 'z 4 v'udr, E(w?) =1
T Jo

The parameters used for the switched controller are included in the
Appendix. The results f[or the control of the plant by the controllers
designed for each resonance (2™¢ order), the LQG controller designed
for the whole plant (4** order), and the (2% order) switched controller
are shown in Table (5.1).

Controller Index
Controller # 1 1020 |
Controller # 2 1020 |

Full order LQG controller | 0.017
Switched controller 0.067

Table 5.1: LQG indices for Example 1

Figure 5.2 shows the spectral density of the oulputl for the cases
of the controller for the first resonance , the sccond resonance , the
optimal LQG , and the switched controller.

As expected, the two rcsonance suppression conlrollers elfectively
damped energy in the frequency bands they were designed for, but
could not control the alternate resonances. The switched controller
was able to do this, but there was some encrgy left in cach frequency
band from when it switched to control the other frequency band.

6 Conclusion

The idea of using averaging theory for the analysis and design of
variable-structure systems has given us new results on the stability
and state dynamics of Lime-varying systems which are nol. usually ana-
lytically tractable. These results are valid for lincar, variable-structure
systems where the time scale of the switching is fast compared to the
dynamics of the plant. We calculate in general, and for a specilic ex-
ample, convergence bounds of the switching speed.

A byproduct of these stability results is the comparison of certain
time-varying systems and their timewise averaged, time-indepcndent
systems. It is shown that, even in certain “stochastic” environments
(with bounded disturbances), their states are bounded, with the differ-
ence being O(¢) where ¢ is a measure of the swilching speed. This
linkage gives us further degrees of freedom in the design of con-
trollers/plants, and these are employed to achicve controller simpli-
fication, order reduction, and discretization.

We also develop arguments supporting our view that a logical appli-
cation of these, and other variable-structure systems is Lo resonance-
suppression, and we demonstrate via simulation some of the power of
these techniques.
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