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,\bstract

l’l!w paper first dc!noustrates via avcrag,ing theory’ nn approach whereby
,LUYstable linear sys Lem call I>c ,npprOxmlalc{l I>y .a silnpic pcrioiiic-
.Lr,lcturc system.

%XL is proposed Lhe conLrol o(conlitluous-L1 mC. li!lCfir. lil~lc-i#lv*rianL
,,lanLs wa a periodic sLmcLtlrc conLroi sctmmr. [L is csLabiidlcIi tlIaL
f,,r cOllLlllUOllS_LilllCmininlai piants iL is powui,ic 10 design ,>criodic-
.Lructurc stabili7, ing flrsc-order controllcm wllirlt ,&~ympto LiQllly ,ap-
,,r,,ach lllc pcrfornwmcc 0( an rtth order sLrdlili7.itt~ t.lmc-inv,armnb cOn-

frollcr, such as an opllmai (.LQG) con Lroiier, in LIIClillll L.>s Lllc swiLch-
,,lg raLe incrccxms. TIM proposed controiicm st!ircr o]liv a snl.aii ioss

,J performance compared with the ntf’ orCfCKColltrcdlrr, Arc aLLracLive

from a compulaLiond poittL or view. and may b itt81>h!111ctnt.cdin ciLlmr
fiisCrcLCor cOnLmllous time.

lfinaily, lhe question O( achieving a tow or(lcr robusl vJriai]lc-
~1,ructurc controller [or a high order lmccrt ain 1>1.N8Lis mkfrcsscd.

Simulation rcsulls ,UC shown which dcmonsLraLc Lllc clficacy (J lhc
periodic structures proposed.

I Introduction

,(vcraging theory [1], which allows Lhc sludy of ,rm “illLract. alJlo” .sy.s-
tm” by working wiLh an approximation. Lermed 1Ilr ‘tiavcr>gCd” SYSLC1ll

has found application Lo Lllc arms of rdaplivr atwi robllsl rnnLroi. 11
Itas provided lMcfid i!tsigilL and l.llcorctlcal stiplmt’L h’ varimis vxisl. ii!g
,Icsign% and faciiila Lcd the clncrgcllcc of no}.ci <Icsigm. ~cing SUC1)n
pOWCdUI 100i, iL sccrm rcasona~le for IIS 10 cxl~i(~r~ ~ dll~l fi’+i ‘r aF_
pticalion for averaging tlmory where an c.asy-Lo-a!udysc SY’SLCNIis ap
proximatcd hy au “illtracLabhi’ sysLenl. For cxaulplc, cmtsidcr the case
of lhe apprOXIIllaLlOn of a given linear sysLcm, Lllc ;tvrragcd syslcin, by
means of a pcrmdic dynamical syf.tcm. Such “illt.racLable” approxima-

tions could be attractive ior in>plcnmnLaLion aud perlmps km cniwmcrd
robustness )n LhCca.$c O( a coutroilcr. TO lead inLo sllcil dcvchTmwmls.
wc now review certain rcstdls (or periodic S.VSLC1lMan~l lnorc .Wleral
switched sySLCmS.

certainly, it is well known lhaL conLroilcrs wil.ii pcr!odic gaim can

lead to more robusL performance than ljnm itivariaul ones, even rur
timc-invarmnt. plants. Gaill and phnsc tnargin improvcmcnl arc poss-

ible, sce for instance [2] and its rcfcrcl:ccs for ~iiscrclc-lime rcs![i Ls.
ilowcvcr, tbcse rcsuils do noL aiways gcuernl.c acccpt:d,lc inlcr-s?ul!l>hllg
performance i3].

For continuous-compensotam, avcrnging theory is tiscd iu ~1] ~.oex-
plain Lhc superior pcr{ormancco( vibrational cou Lr<dlrrsI>vdCNWMLCAL-
ing thaL Lhcy ilavc 7.cro-p}accmcn Las weil (M poic rch Jc.nLionCnpabil itics.
Also [4] extends Lhe discreLc.lime gam marKin inlprnvcmcnt rmulls Lo
continuous time. In the area O{ dcccnlrrdiscd control, iL 11.%sI>cen drown
(Imt periodically swiLched-gaill feedback Inws III OIICrcrdback dwmncl
Icad LOdcccntratiscd Controllability and 0b5Crvabili LYill 2-Chall!ICl svs-
tcms wiLh Iixcd nmdcs. where% tinlc-invarianL lcc(lb~~~k l.~ws <Io lIo L.
[5],[6]. Tllere is Lhus a soulld Lhcorctlcai and practical Im.ws for workil,g
wtlh pcrlociic controuers, even [or Lime-invarimll p]anl s..

A more generai class oi time- varying/ rlo!l)illcar rollLrol Icm -WCLcnncd
state dependent switchcci conLroilcrs. SUCh consi~L O(~ SCLOfcOllLinllOus-
limc or discrete-ttme controllers , one O( witicll is :~cLive ,11 ally Linle.

The switched controuem may hc Lime illvariallL or t illm Varylug, or rvcn
nontine~. The SW;.Ghing may be periodic, Lhus including Llle Cl*~~ Of

periodic su-ucture controllers, or may be clrivcn by n n[lc which ,Mscsscs
which conLrOUer will work best accordill~ to some lllc.asurc. givc!t lltc
daLa. SwiLched controliem arc usefui for tbc conl.ro[ 0[ a systcm whose
dynamics contain jump discontinuiLics in Lllc dynalltics, SUCIIas a robol
,arm which picks up a heavy objccl. To Lhis cnd Klmrgotlek=’ a:!d

POOUa [7] state. “in robus& mnlti variable control pmblcms nonlinear
time-varying conLroUcrs yield ndvau Lagcs . if t Iicrc is par.amckric or

structured uncertainly”. /\gaill wc see LllaL l.here is sLrcmg moLivaLicm
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ror swilt III-,1.v51..NIs LOa, IIIIV. ,,~18t,.18,vw. !Ic,w t I,v,I -.rr .,, i, ,.*(,.!,,s
W4)’scd “!

hl Lhc c.asc !,i <Iiw’ret.r-llrllr 1>.rl<,<ile<y%L.cm*, owl 1111<1%,x151 !1 Iitlcl
(al) cqulv.almwc I,ctwcclt d,s rrl r-1 l,,w :,.rlt,di,: .~slclll., ..(),1 Illqllf,r {w-
,icr Liltlc- l#lv.aI’lalWsy%lcms ~~],[~],[lll! -land ar, l <Irslcn r.s(ill% ,aro IIw,,
.applird 10 11,c Llttlc. iilvarianl. r.prcw .,,1.atinus, ,,”’] :r-4t, Ler,,, PLc’i t,,

,rdicvc rc.stlil.s [or periodic s.YsLrms. i:, ,! CKA1,)PIV.il Ii :itl<l~ lilf- rWlll.+
Lor .qoirwfor llisrrcLc-l. i!ltct)crio(iic svs#. zns i>y SOIVIIIU,Il<rl)t-mCi{irrall.1
cqil<lLions for IIm .a.ssoci.alr(l Iilnc-itlv. wi.ant.5v.stmll. 1’(1, c4l11t1[11,<8,,s-

Itil!lr piw!ts. ! Ilcsc Collvcrslotl lltcLINNh ,arr tcs> wcil IIlmcr.1 OU(I. I’lllls
fi)] W,>”lt. tl,at IIIC 811C11Wi%Of [S] ‘:.1,! i,c Fxlc,l<lcd 10 C“rlll,ltl,,8t,-4,,,tC
sys Lc!rls with 1I!c [Ir.awback Ih,IL Ihc Input ,att(i OUIpl!l .Im(.c!4 ;mr In

gctlcral ildiltilc dimctlsiol, al IIillmrl Sp,Ic(:S. ‘I’lIim L.Ilrrr ,Irc fcw explicit

rc.enllls fhlil!~ wilit !-Itc col!vrrgrnmc 1,( <ollLlllknotls-l.ltlnc sw:ldt!?li sys-

Ictnw. Iu f.acl< Jmrt 0[ all in(illim mm-s (t lie I’ralto-fhkrr SCIICS), t.hcrr

is no allaiytlc solut.ioll LO the caictllaL8nn oi IIm t.rallsl Lion lllaLrix <i
,1Linm-varyi,tK systcm utnicss Ihc ttP<laLc nlabrix is sem,-PrOPcr [12].
IIowrvcr npprr, x!m~l.io!ls CXMLfor LIW,:*SCSwl!crc lltc swt Irhing sp{!r(i
is high or low with respect Lo the d.vna(tli,:s of thc SYSIIXN. ‘rhlls lllc ~Ln-
l>iliLy of bigll frcqucrlcy periodically s~. iLchcd s.vs1Cm5 1).MIwc1) tacklCd
in [13], [14] wllcm Lhc attl.l Ior atscs ml approximaLiotl result on Lhc exPc.-
ncnLiak or cerLain nlat.rices tO SIUdY L1)cdcPcrldcncc Of f.hc slabiiil.v 011
lhc frcqucllcy O( switci!ing. The allLh,, r gives 011cxpliciL k,rlllllla which
kwiiilnlcs dlcckil]g t.ltc sLahilily (J( S{MIi systems ill l.hc Iim!t.lltg cmsc of
Iligh frc<lllcllcy s!vilc[lill~. [[owcvcr, ILIIMCrrsllils o!liy’ aI>I>lvLo syslcms
wilh pirr. -wis,. l.o IIsL(IIILlmru,<iic g,alits, ,al!ri Il]rr. is it,, (iovf.lt,f,rl!cl,l.
,J cipiicil em,r I,,,!II1{Is ,,r rrgi,,lls d , ,, IIvcrg I.It4,r. “1’llrrc i. t.18rrr(IIvc

n IICCIIh’ sl.nbiiiLy rcsllils w’hirtl ,Lr(! !U,L rcsl. ri,. t.cd 1!, I,ic{:vwise ,wn-
st.xll pcrimlic gains, an, i [or wilich cxplici Lrrn,r tmtlncis al)(i regmns or

co!lvm’gcucc can IJCc.aicuialcd.
‘ro help rnrus i{lcas in Inert.lng t hc !lcrrls for illrt.hm work itl t his wca,

ICLt,s keep i,, ]ttiud an applicacioi, witich scrnls ideally s{litcd to such
cicvclopmcnls. CIttc p,,sslblc Wplic{ll 10U of sLaLc dCPCNdC!It ~witChrd
s,ysLcms is to w;hicvr msnna!tcc suplwrssiou. Sllcll a Lask [1.MI>CC1l Lack-

Icd [ 15] where square-i.aw’ ttonlitwar,lws ill l.hc r#,l!Lrtd law arc lwcd to
rncmtrage mrrgy Iimv iron! L.lwr!%otlatmcs Lo 1.18cComrolicr, and rrotn
OIICrreqUrllC? h<md LOLhc c1tLlrc (rC1lllC!lCYband. in [16] Lltcrc is im-

t)ic!mmtrd w) wkq>~lvc rrson.mlcc Stll,prrsslon crmlroiler/plallL sVstC1n
wiLh an uus(, nblcrcsonanc C,possibly (I1lc LO,1 b.adl.v nl~~dellr’1 .JIallt, Or

Cll,lllgillg phltb {l YllallliC.S. (h(iid Llmt’r b!? ,a!l ,l[iv.w8L,xqc 10 ,x SW ILCh C(i

contmllcr cJcstKI1,approacll?

[I) ll,is paper WCinvrstlgat.c by uIc.Tits of a$’cra%inq ! hf-or~’ (~vOllOv?i
nvcntms O( application of Ll]c sw!Lrhr<l all<i I>cr!o<iic-slrtlct: trr $yslcnls.
The first is !I) usc c.l<y-L+i!rttlic!t!i.r8t. i>crloriic-slrll cLt8rr svsLOms 10
.WlliCVFiow m’lh!r alJl>rOXilll:L1.l<l{L<L()& CO1IL.I1BI1OUS-Ilmc cntllr~ilcr.

Thlls, ill Lltis paper, wc scc k ;Ll>l)rnxl#ltALi<?nsofa linear t ttxtic-itlv.ar,. mlt
(LT1) systcm via ccrl.ain pm,o,lic.-st rltcltlrc svst.crns. ‘VP CIOImt seek
imprnvrltKWts IU Lltc q<airtor plI<a.Sr Iltmxitl. [“ II,is wav w- rrr,,vrr !Iw

I,crform<mccd IIIC[.’1’1 SYSICIII WItINIUI,IIIYl)cri<,rtllatl<? crult<xnla”cltlc”fitt..
buL w!II1 cot]slcicrai)lc c<ltllplt LaLioll.li ;~1ivatlLa5cs, a#l<iWI(III lKhl Il<nlll[is
ou II,c iiitcr-stnlnplcci bclmviour.

‘~ltc t Ilcnrclll:,d j:lsLlficaLion (or 1his approacil 15IIcvri<,lwrl rron, sta-
I)ilily rcsldts (or certain CO11L!1I11O!L+1ilnc Lilnr-VarYIW ~Y~lMNS ( wil!cl\
may or m.%?UOL11Ppicc?-wi~c collLi111#<)61s),= w1”IICX5( I)e <’alC1llali~)ll O(
Spcclric crrnr Imtltt<is ,XSillrml ions o f 1I,c 5prrtl of IIIIIC..avlat.i<>lls (c),

,and <Iimvcr b!N!Nd ml lIIc Illllc-v.N’1,11.l*wIo C.IM,lIPcxPo Btc!811.xisLai~iiil ,Y
oi t Im pcrirxlic syslem. ‘rllis 1s ,Idlicvcli via all Avrrafi!nq l.i!rorctic ap-
proadl l.olsrt hcr Will! Iincm l!ll,<>r~ !llati.r!tlal~.-ail 4 :.mlllisccnl of LhaL
cmploycd by [17]. ‘Uhc rr?.”lls arc ! Im, cxtr”dcd to .msurc low scnsi-

Livitv with rcspert to iupul (Iisturlmtccs. Exallti>lcs IIIuN ral.c clrccLivc

collLroikr simpiific(a Liotland rcsonnncc supprcmioll.
,~tmdlcr .olq>iic. aLic>llO( swalt:llrci %YsLc1lls we CXpiorr is to achicvc

cflect. ivc rcsot!,mtcc supprcssim! Iu LIN:I>rcscure or light IVdanlpcd rf=?-
nmbccs for tiulccrlnin sys Lcrm%<and in Im’ticuiar illc stm, iil,xncmls coil -
I.rol of a Muml>ct’or LTI su~systt!nls, c,ach rc; ,rcscoLinS’~ rcsouancc, via
a switching hcl WCC1lcnnlroi km, cadt <Icsiuncd LO?lmpprrs~ onc or lhc
resow mccs. Viewing the plant ,>s a pnrtial k.wtion rrprmcntation, or

cqllivnicl!Lly ,%*a SCLor paraucl rcwnfillccs, Lhe SPCC1fiCContrOl objcC-
Liw? wc seek is Lo m!pprew Lhc mosl cxciLcd rcwmancc *MindicaLcd hY
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sOnle resonance detector.
The paper is oudincd ,M follows. Section 2, pnwwl,w larclilltlnar,v

dcfimtions and I1oL.2LIo1I.and gIvcs 1.IIcrcsuils Ii!lki,,q ( rrt;udI Ix-n(,,lic
systems and Ilmc-llldcpcn rlc!tl. syst.cllls. SCC!I<,lI ,] lls~’. II,rsc l’,.w,lt,s 10
prove our nmln IImrrcms on LIIC,approxlmat,ott 0[ L sv.trr,t (,w cOn-
lrollcr) via f,ml .swiLcililtg bclwccn .1 scL ()( I,,wcr ,,rrlrr systru Is. lrI
Scct]on I wc prmcnt SltnlliaLi<Ul cxampics 41f r.rt.aiaa lmrle,clic .vsI.rIIM

and of colllroilcr order rcdlll:Llcn auli ,.otltp;wc IIll. rr. uull. WIIII Iho ! 1,.-o.
rcticai bounds .SCLIN)SPCLWS 2.3. 5rmim1 5 MJIIIAtII>SIII,IIIJI.1001WUIII.S
0[ ,a .sw[tching cmtlrollcr rcwmmwc .slll)l)urs.xioct ,,r(,l,lc,,,. (’(,11,.lllsi,,t,s
arc drawn in Section 6.

Z An averaging analysis Of periodic SYSL(!IIW

2.1 Introduction

This section presents tbc theoretical basis for t Iic ;q,plicatloits or pe-
riodic systems developed Iatcr. FirsL WCintrotluce !Icrcss,ary notation
and qllolc a fundamcnt.al litcorctn frnnl avcmgitug tl!c!, ry. Thcu rum
Lhcr rmulls arc derived for linear systc!lw. Ill I>arl.lctalar. r,,r <:cvlaitt
periodic systems and Lhcir tilnc-nvcraqcd I.TI SVSI.CIIMwit II r,msily cal-
culable stale Lrajcctorics. wc Imovi,ic cxpiicit IN,81!1<1sf(w tlac m,m) of
Lbe difference bctwccll lbc slate Lrajcct.orics !>( Lw!l $y.sl.mlw. “Ulmsc
bounds are expressed as (Q where c is the switching SI,cr,l, ,u,d Q is a
constant derived for the specific systcnls.

2.2

1.

2.

3.

Defluitions:

61 (t) = O(fiz(c)) for e - 0 if there cxisls n colwla!ll /.’ such Lhat
161({)1 ~ kl$z(c)l
fc- continuous functions, 6! ,6z : c -0. Also ~, (c) = 0(42(c)) (or

c -0 i( Ii,n,-o # = O. Rc[cr 10 []] for ml,lil ional i~,forla)aLiot,.

Consider Lhc vector field j(t, x) wiLh f : R x Kn -. R’t, Lil,scl,iLz-
continuous in r on D C R“, t ~ [0. T]; j conlilauows in t ,and z ,m
K+ x D. If lhc average

exists, j is called a KBM-vcctorficlJ.

LeL r lx? a scalar, z a vector, a,ld ..1 a m;d.rix. ‘Ilcu Irl is the
abSOiULC wduc of r, Ilzll is lhc ~Z Norm of r, ;md I}All is Ll)c
induced & norm of A.

4. Two time-varying functions j(t), fl(t) lmvc rrchLsIuc ,tnpp. rt ilr
J(f)g(t) = o Vf.

.5. WCCmpiOY a shorthand notalion for Sy!ctolus:

P:
i = A(t)r+ B(i)u: z(o) = rig
y = C(t)z + D(t)u : [’]r”

6.

7.

.9.

9.

10.

f(t,.?) is pertodic in t wiLll period T ifT j(t, x) = ~(t +T, r), VT, t.

If f(t,.r) is periodic in t with period T, lbcII Lltc average ~(z) is
defined as

I

r

7(.) 5 + j(~,x)dr (2.1)
0

IA A(t) be a periodically Li!lm-vnrying ,ual.!’ix. Wc rlcnotc ils
pcrlod by TA , its average ~, and dclinc D,, := StII>l IIA(l) –

~11, SA := Supt l[A(t)l[ ~ [Izll, BA(t) = f: A(T) - ~~~. ‘~llcn

[Iez’ll < C~e-AAf, V!, for some CA ~ I, for some AA whid] Inay
be chosen via Proposition 1, [IBAI[ < ~~A~A.

Denote the pieccwisc constant function

Given a square matrix A of size n, wc collsLrttcL o time varying
matrix A* (t, c) with period c, and avcrap,c /1 .SUCIIl.hal tlic rows
of A# (t, c) have iudependcuL support by

[:”

A~(n,t,<) . 0

..t~(t,c)= ‘1A‘. (2.2)

o . . . A,, (n, t,t)

11.

I 2.

2.3

lhc Cmltcxl of Iilwar sysl.cn:s. This prcwicics cxpiicit error houmls aud
regions 0[ collvcr~l!llcc ill Lcmrs of c.

2.5 Explicit Averagi:lg ILesults for Linear Systems

WC [Low inlr,>(l,tre li-I,,ItIa50n LIIC lr;,Jcct,oricsc, [!irtcar-1 imc-varying sys-

Lcms wttctl mn!tlmrcd I.rr1I)e brajcclorim O( Lhcir Litllc. avcra# lincar-
I.ilntc-itlv.xri,xtll. ,alti;do~lms. ‘~lmic rcsuil.s form 111!?basis (or the ,npplic.w
lions of tlw follow lug sections.

f,’, , i= Tr: r((l) = xo
G2. y= I(fc- l)!);

(2.6)
y(()) = ro

where Rc[J, (X)] < 0, ..1(1,I u ?enodtc w:Lh pcrzod T~, average ~, and

Definihon (8) holds. Define

.\“

‘“ = 2T,J ,C,,[lpll + .s”]
(2.7)

then

+( Cf,\~:\~,~ )2[\XOll(ll~l WA)[f+(llxll +SA)C;A~JC-AA`'2

,VC<l” (2.s)

.Worcovcr, drfn:n? rIv(.,. ) u the sLate trons:t:on malru ./ Y(.). (hen
Vc<q),

114,( 1!/0)11<

A.
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,,,,,,.L! :. 1) flcnlonstralcs Lllal will: Lhc swilchi!lg ralc ;LIXWCsome
,,,,,. ,,,, v l,crmdic syst.c!n, with Iiucar ,avcr,agc wlliclt is cxpr,ncntmily

. . . ,,,l,t,,LU4dly stable, ls ilsclf cxponculi.dly ,a-syntptolirnllv sAJc. III
,,. ,,..,1 Ionttlla% we exLctlri lhcse rmllils 10 svs Lcms will, t8tI>tILdiM tIr-
,8,, ,.. -I ). ~]tlls wc Coltxidm’ joint iv, :Lfl(iSCpar.ah?iy liIc it,81>iicaLiotts

, ,..>,,,,,,,11,111S (2.10),(2.11 ) .llld (2.12)
-.

\,SIIIII JJliolls 011 Noise : Disturlmrmcs W(. ) OIJCYt.lw rclaliota

i

$

,1 w(t)dtll < L.$”.forsome L,o< a < l,VS> O (’2.10)
0

[Iw(t)ll < IV; Vt (2.11)

Ilti(t)ll < q; Vf (2.12)

L,. tatttbn 2.2 Conssdcr the ,*ystern:

G, , i = /i(tC-l)Z +IAI(t); z(O)= q (2.13)

,th Ihc rondil tons of Lemma (2.1) and the .!)cfinitiom (S) aIId BoulLd
‘.:!holdtnq. Then w(. ) obcytng )i~svmplzon (210) intplir.~

Il:(t)ll < 2VCYL + cyc-~’’ll:oil, V( < co (2.14)

.II.i tiI. ) obcytwg Assumption (2.11) tmplie$

114~)11s cYJv/,\Y+ cY(ll~Oll - w/~Y)e-A” (2. i5)

.ncrc Cy and Av art con.$Lanls defined via (2.9) .~uCh t\LnL

Ildh(r!r)li s C,c -~y(r-. ), Vc < co (2.16)

Lvmma 2.3 Conatdcr fhe systems

(73; : = A(tc-l)z + B(tc-])w(t); z(o) = .$0

G,, i = zs+Ew(t); s(o) = .s~

( ( LJBTD[Jv~A + C.(W + v)]+
llz(~)- S(f)ll < —

AA \ ‘vC~;,DAICA([lAll+SA) + ~.\]
}

{
1+

c(IIAII+SA)DA TAGA
x

}.\A - c(ll/il&SA )DA2’AC,, ‘

AA
v w >.\.4113011,c < (2.iLJ)

DA2’ACA(IIZI+$,,)

bmarks:

1.

2.

?. \\rltCII I[!u(t)tl is bol!ltllc<l. tlIorI I,IICi.<,ll(iiLi,,ll ti,nl _(f) is I>o(!”’ic,l
WJIIIN. ,m8toma Li,:.ailysntisfied in t IN-C<aw.,,( low-pass fill rrs Iwltlg

,al>plivtl Lo Lhc inpt!ts or a frc<iim.k 111,,11.

3 COutr~Aier SilltpiificatiOu

Ill lllis SCCI.1011we apply Litc rcstdts of Lilt previous sr.ction Lo prove that
ally Iimmr, continuous Li8tm st,nbili,zing conmolicr (in a feedback ioop
witil ouv 1,’1’[I>IWMwhicii it sLa12ilizcs) cait be mpproxilnaLcd by mrtain
wm’iablc .l. rllcL1lrc cmttrolicrs. Tlwsc mwttmiicrs may he dcsigmx.1 Ln
Ilavl! Ihl! a{ivnnLagcs of Sillli>lC slructurc, or of being c[luivaicnL to firsl
,,r{lcr sysl IVIM, aml Litus lnuch coulputationcdly cilcnimr than Lhe full
,udcr cm]troiicrs Lhcy arc replacing. iloreovcr, wc wiU show that =
IIm spcc(i (J[ v,nriaLioll il!crcascs, the sLaLc Lrajcctorics of Lhc feedback

S.Y*LCIIM;L+.~~,!:iaLcdwil.h the.w mmt.rr,Ilcrs, and LIICiliclices a.w,cialecl
wiLlt Llwir (,,vrcspnnding [.QG COSLftltwLimls, ,x%ymptoLicali.v appro.%ch
IImsc [J I18<:ftlll order cmttroilcr.

‘1”,,Lilis c~tidwe rciotwuialc Lhc rcsul(s of [.ctnnlrm(2.:1) i!lLo ottr nlaitt
rcwtits ml Llbcapproxi8uaLiotl 0[ con Lrolicr~:

Thcurelu 3.1 Conder . plant, and Jull $tntc fcrdback contml[m
pll:r:

G,.i= AZ+ HII+W I(L); z(O) =ro

/i(tt -J) : IL = li(/c-l )2.

tt,hcw Ii(f) M pcr:odic ll,lth prrtod ‘r ond nvcraqc [i”, and (A + Bft””)

,.$ cryo?LcIIlm(/y ~lablc. a71d w, (t) M ,! uvl.$c trrm obeyzug ,i.s$ftmpl:on.~

(2. 11)), (2.11). Constder also {he “IIucraqd’” SY.VLCnI

(J, >0=

~,.o , ~ = :“ri:”+w’(f);‘0(0)=‘0
l“hen lhc .slale z, oj lhe .syst.,n {G, K(tc-i )} and J-” of (he system

(G, Ii” } ,crr related hy

Ilz(f)- Z“(f)ll< [D. Vc < to (3.1)

lu,hcTCco lllld D CaII be Caicuiatcd Jmm Lemma (?.3).

‘~itis rcst!il call bc cxLcndcd to colllrolhs clilpioylllg sLaLc csLima-
( t<lll.

G : [-$-+]*”

:,tnrrr the ,/,L:TI.~ [{0, 1,+ IL<,*w hcen rhosrn (hy l.QC dr.s:qn or othcrw:sr)

,t, ci, th,t[ (..i”+ B°Fo), (/i” + l[° CO) arc .rponrnt:aily stable.

CO II.9111,Y r, .sccond frrdbnrk .sY.*Lc?lI,(file-i), Ii(f(-i)} *#,tth lhc .sys-

IctII.* ht :Ilq:

q,,-) : [+&+&$+l=.

li(fc-l) :
/12(. ) +/32( .)/7( .)+// (.) C2(. )+/f(. )D2(. )/.-(.) I -H(,)

[“( ~) O
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where the ixme dependence of .42(tc-1), CIC. hnvc not been +hown due

to space Iimataltons, and fhr malrw blocis haur brcn ,lcjinca so that

/

T

(“=+ ((t)dt: ((t+ T) = ~(T) (3.2)
0

for ( betng each ./ the block., :tl ,.12, Eli. B’, . .. . as weil m the mull,-

ples B1 F, liC1 , HDIF. II DIF. Dcfi:Ir (he auqmented .Jtatc.v ~j {he

systems {d, /(0) and {f<tc-l), /{(((-1)} ns .\” ~ [XOT ~or T
1.

x(t) s [zr N]T, /Aen

Il.\*- .Yll < CL, 0< t < x, v<< q (3.3)

where L,<o are constants and can be cnlcuiatrd ma (:.id), (2.7)

,,,1, <lmhm.I

1s
t

.,ll.qmlhn. I
‘l’r’’---’—————

0s; —~
)w

Remarks
1. This result links the state trajectories of any set O( plantsicontrollcrs
obeying the sssumptiom of Lhc thcorern. The power of ils appiicatiou
arises from Lhe fact tllat the nlatrlx Mocks of ~tc-l), Ii(tc -i) need llot
be time varying. Thus. we can use Tlmomm (3.2) to take a SMZIC ( I ill,c
invariant) {G, Ji”) systcm, and link tile sLalc l.rajccLor!cs to tlmsc of s.vs-
tems where either or both of G, I\- may be time vmyiug. Furthermore,
we can take a stable time-varying svstcm. ald [Iesigu odmr tiuic varia-
tion using concepts such - inrlepenclcut support O( Dcfinitioll ( If)) to
simplify analysis, and provi [h? rcstdls pm’taining to boLh nyslcms.

We qmciali7.c Tlmwcm (3.2) 10 tlm alq,licalioll 0( cottlrollcr order
reduction.

Theorem 3.3 Consider a linear [ime-inrxrtattt Jecdback .syslcm {C, Al
where the augmented stale ltpdatc block i.~ c.rponcnl:nlly .stnblc. and K

and the per:odic slr7&ciure controller I\. * have fhc ]orm:

[+1[<,::, ‘i’ ‘ [~1

where # is the operation OJ Dcfinit:ou (I O). Then 1<-* is compv totion-
ally equivalent to a first order controller. in a given bounded noMc clL-
vir.znment, wlih the no:sc 31V41S obeying ,1 s~um~tiOns (2. 10),(P. 1 j).
(2.12), the LQG indices oj (he iwo systems are re{atcd :

LQG(G,I:) - LQG{G, i*} = O(c), VC< CO (3.4)

wherr the ezplic:t dependence on c, and the value of co may be calc~l-
Iaicd ma Lemma (’2.3).

Remark:
To further iUustratc our claim Lhat a coutrollcr with OUIY onc state
changing at a given Lime is computaliomdl,v cql!ivahxrL Lo a first ,,rdcr
conlro~cr. consider lIw [iytitmnucai sysl.cnl

where a(. ), b(.), e(. ) arc periodic with period ‘T, ‘and arc zero for time
t G [(zn + 1)T/’2, nT], n E J+ aud wilich liavr itdcpcmlc]]t sljpl>ort
wiLll respect to lhc pCI’10liiCfullCL1onS c(.), d(.), f(. ) V/ilicll arc 7.crt~ror
time c G [n’J’,(’zn + L)’T/2.], II c ./+. ThcN. il. is clclw thaL (hC ~y~tOllk
(3.5)is cquivabmt Lo a cuubimtllon of l.l,c Lwo systcrns:

YI = a(~)vl +W~)cI + d~)u(~)
}

t E [nT, (211 + I) T/z].11 c J+
y~=o

y,=o

}
t E [(zn+ I) T/z, ni’’],7I E J+

Y2 = c(f)C2 +d(i)uz + f(t)lL(t)

(3.6)

At t = nT, then CI is updated to the VaiUC Of V2(nT), and !vhcn
t = (2n+ l)T/2, C2 is updated LOLhe value Or Y1((2n+ 1)’r/~).

Since VI(t) and Y2(t) are not updating simultancou-dy, a single fiit
order system, with a Switching of initial conch tious and comtanw
aL time t = nT/2. n c J+, can exactly foilow the trajectories of
YI(t). tz (t), whi~l in Lum cx.ady follow the Lrajcclorics of z, (t), zz (f).

4 A Case Study

In this section, we present examples of simulations pertainil,g 10 lILC
Lcmmaz of Section 2,m1rl Lhc Theorems of Scctiol, 3.

Example 1: Illustration of Lemma (2.1)
The system studied with rc[ercncc to Section 2 is adaplcfi frnm an
exampie [20] of an unstable periodic systcm, with a slable avcrtqpl

~ol
14 6 8 10 12 14

Tinx

Figure 4.1: Colnpmisoll of x(t), y(t), z(f)

systcm. \~e demonstrate how incrca.sing Lhe frequency of the perlodiC-
ity will stid)ilizc the sy.wcm, ald also how the hounds lxl.wccn Lilt sates
(J the (asi period’c s.~sLcnl, and lhc avcrngcd systcm are calculated.

‘rhc Iwriudic sysmm sinlulrAcd is:

i. = A(t, -i)r: z(o) = [-l 0]’ (4.1)

-1 +3/2c0s2(k-1)
/l(t(-’

l-3/2 cos(tc-1 ) Sill(tC–l )

) = [ -1- 3f%in(tc-1) Cos(k-]) -1 +3/2sin2(k-t) 1
T’hc avcmgcd systcm is:

[
-1/4 1

j(~) = xv; y(o) = [-1 0]’, 1= _,
–1/4 1 (4.2)

11X11= 1.03, S* =Supl{.i(t)[[= 1.7S, .\ = .2.5
t

DA =stq>ll,i(t)-~11 = .75, CA = 1. ‘r~ = 2r
t

With 1, ,1(L) dclineci in (4.1),(4.2), lIICII (2.8) awl (2.9) become:

llv(~) - di)ll < CIIXOII[4.71+ I,lt+ .Slt’]r- ‘2”: v, < &

‘rhc trajectories for z(t) with c = I, X(L) with t = .I, and y(t), all wiLh
iniliai comiilion ZIZ= yO = [-10]’, are sht)wn in figure 4.1. [t is clC~
Llmt x(t) will grow exponentially for t = I, and converge 10 y(t) for

( = .1. Thus Lhis simulation, and others not diown Ilerc, illustrate thal
Lttc rcgiotl O( wwrvcrgcncc includm tlm crdci!i:tlcd ho”w.i of r < 1/144.
Exa:nplc 2: Illustratirzn of Lmnuins (2.2),(2.4)

[II Lltis rxamplc. cq”atirms (4.1), aml (4.2) mm modified by the arhli-
Lion or a disturballcc sigmd, w, with a [Iltif(,r,” .su”plit.ttde distriiztition
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.,,,. I i. ~’ti!!!pnrisoll U( pia:lt trajectories Wid! lltc! flI[i, and first

,,,., , ,,,,11’,,ilcrs.

.,,,,,{IC(I Ilv [WI<5.

~= ~(k-’ )2 + w(t); :(0) = x“

i, = Az + w(t); r(o) = q (4.3)

!,,r ~l,e ,.,me.wudy, r,emma 2.2 givesa bolul,l on z(t) II:(t)ll ~ 81( 1+
;!,, ), .UWIfron] Lemma (2.,1), [Iz(L) - z(t)ll $ 26t10c, Vr < 0.05.

1,,. ,.:fie >LUCIY,M depicted ill i:ig, ure4. I (b) s18gges Ls LitaL II!c Llbt!o-
et,, .dly , tdculatc.d bounds arc extremely conscrvaliw..

ExiI!Itple 3: A simtlintion of controller order rcxlttctiolt vin
tltwrr.nn (3.3)

lit lltis section, we describe resulls oblained hy silllllintiou of Llte
:,r{,tcdure outlined in ‘Ileorcm (3.3) for Llw redlictio!l (J’ (.ulllplexily of

t <I vcn controller.
I ‘uosider the plant (Lransfer function):

c: Y~+5s+G

s~ - 1.4s3 + ,75s~ -,14
(’1.41)

1= r [11’2 +lt’ud, E([cq W2]’[W,q]) = : ; (’1.5)

o

; Switcbi”g ApPlictitio,t for RcsollanCC Sllpprcssirrll

— ,”,’
- /

1
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— -, ——— i:

I 1

s- ~i
_.:...~_ .........._ ~

,3 ~
,.,

‘P “
.

KI r’ .-
1

FFT

~lgure 5.1: Switched control System

CouscqucllLly, we empioy a parL1iIl fraction expansion to view the
plant u a seL of n resonances * in Figure (5.1). .1 controller is designed
for wwh resonance, and Lhc switching mcchnnisnr we employ switches
in Lilt!cml Lt’oihw for the rcsonancc ksL Weil Conlroikd aL a given Lime.

[u a prcviotls secLlou. iL was shown Lhat it is possible, giVen ftuit
mougll swi Lching, Lo approximate o given n[)’ Order COnLrOlk.r by a
rttunber oi lower order c<>ntrollers. ‘rbe drawback wit!. Lbis method

is tlmt iL reqllircs an exLrr?mCIYfmL swi Lchillg speed, which may not
I>c fcw.ildc ill ccrlain siLuatiorls. AI*o, L}iis mctlm<l requires Llmt Like
UVCI’W+,Cd Llbcswit, i!cd %YSLCIIISeqaldr L!leUrigilldd sys Lc.m. [ Iowever,
i!l Lltc case 1>[a rmn-!wnlintd I>ialiL, III’of inpuL liislurbances exciting
ccrL&ill !Iwlks, per fOrmMICC/VOhllSLltCSScldmllcctlusllt may be pOSsibk
by an a[bq>LoLion CJ the swi Lc]ling nwcbanism.

&mseque!tL]y, in Lhis secLion we are not approximating a higher or-
der controller. Thus for a nominal planl we achieve controller order
rrxiuc Lion, tJuL noL optimdity. hi sorlm cases however, we achieve su-
perior robllstness properties.

Although wc have, as yet, few theoretical results for this idgoritbrn,
we prcsellL iL a useful application of swilched svsmns. In a companion
paper ~~1] we make a ulore complete study of LiLealgorithm , testing
for robustness properues, and optimtility in a number of situations.

Description of switching algcrritllln :

1. Express Ll!e plant via a partial fraction description as’ a number of
lower order components (resommces).

~. use t} ~F?< $)11lh~ I’klt OULpllL Lo detcCt \Vhicil resonance IS ex-
cited al any orte tmle, and swi Lcil in the ronwoiier designed for
that resonance.

The [mmmetcrs to be selected:

● ‘Nw length d Llm FFT.

c The speed of swicclling, and the imlex used for the swi Lching de.
cisim!,

‘~l]e cqBLll#lAit.eieclmn or tbesc l>umlllclers (u1 a given pianL with a
~ivwl utwcrtai!lly WA glvel) noise c!tvirou!nenL 1, bcyofid tlw scope of
this palwr, bIi L will be further discussed in [21!. [lere we demonstrate
by simulations Lllat this switching tdgorithm can be tlsed in a heuristic
way to KmLroi an uncertain planL.

Silnuhltinn IL.csults:
‘rhe I)iaIIL is set to be a group of n resonfi,cc% (complex cmrjugaLe

poie palm), l:or this exantpie, Ltle poius are all sitllph$, and the ctdcuhL-
LiorLsare <iune in discrete time. ~onseque18Liy, we phbfe a zero al -1,
to simub~tc sampling.

Example 1: An unstable systen!

III this cxuuipk we dmmnstratc how a pmir 0( utbslalde poles can.
!mL be cuulrollefl by certain Lfj C cmr Lrt,ilens designed f[>r either one,
but ciui be cotltrollcd lJy a time varying coutrullcr which consists O( a

switt. bit!g I,t!lweeli Lhe two culllroilefx. Ill ef[ecL, Lltis ttwans Lllat h sta-
bh! colllroi is generated froln a switctlil!g between two unsLable control
loops. Of crmme. there are really cases where even a switched con-
troller cttIl!mL slnbilize Lhe system. I!ere we demonstrnLe the pornsibil-
ity or grt!tttm rohusmess of a controller made of the compkLe switched
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~igurc 5.2; Spcctrai Densl Ly O( OIIlpuL for l:o#lr,:n#,l. r’,ll,.r ~;t,alfigtlr&-
Lions

system whcu compared with a controller coanprisir, goi,,fitl,v (talc 0[ ils
components.

TIIe plaIJLstudiccf consists of Lwo rcsonanccs, IXWII rtL* radi,m O( 1.01,
AMI at frcqucncimo[O.6 and 1.8. Tltc [. Q<; collbrc]licmarc ,Irsignml
for the COSLiudcx and noise covat’icmcc.:

I
T

I=; Z’z+ u’udT, .E(J) = 1

0

The parmnctcrsusc<l fortlLe switcllc(l conlrullcr ;Lrciat,:iln,l,:cl ill I.IW
Appendix. Tlie rcsuiLs for Ll)e control O( Llm phnL l,y I.IW,wnlr,>llct~
designed for each rcsonancc (2nd orrlcr), Lim LQC ,:,,IILuoIIcI’,Icsigmwi
for Lhc whole plant (41A order), and LI,C(’J”d ,mler) ~wil.cl,ml ,xml.rolicr
aredlowninTalrlc (5.1).

Controller I Index
COntrOUcr* 1 1o~Q

Talrlc 5.1: LQG indiccs for Example I

Figurc5.2 shows the spcctrai densicy of Lhc outpuL for tlw C,XCS
of the controller for Lhe Iht rcsonancc , (.hc SCUM(I I’,$OCI,I,, CC , Ll, c

optimal ~QG , and the swjlched com.roller.
As expected, the two rcsonancc .supprcssion con(. rnllms clfcctivcly

damped energy in the frequency bands Lhcy were (Itwqlmd for. but
could not conlroi Lhe aiLcrna&e reeomauccs. TIIC swiLclmd amlmilcr
wcs able to do this, but tllerc was come energy lc(l ill mcli frequency

band from when it swltchcci to control L],coLl!cr {rcqatr!lcy I>aud.

6 Conclusion

The idea of u.san~ averaq,nq theory for Lilt wlalys!s .u,~I ,lcso&I1 of
varlablc-strucLurc sysLcnw has g,vmi “s IICW rcs”ll,s ~,lt i I,c .Lability
and stale dyllanlics ,>( Lilnc -varying systems wliich arc m,l. ,t>amlly mm-
Iylicaliy Lraclablc. ‘rilcsc rcsuits arc valid for Iillcar, ,.arIJl,lc..LiTict,tIrc
systems where the Lime scale of the switching is (xl con!pArcd 10 LILC
dynfiCs of the pianl. We caicuiaLc in gcncr.d, a!ld for LLsIxxIlic cx-

amPk!, Convergence bounds of lhc swl Lclliug .q,ccd.
A byproduct of these stabili!y rcsuiLs is the coniparisotl ,,( certain

time-varying systems md their Lilncwisc averaged, liLllc-ill(lcpclldcltc

systcma. It is shown that, even in certain %tocll-lie” .! Lviroluncnts
(with bcmndcd disturbance.), their staks arc bo”,,dcd, wi(.ll LIIC di~cr-

ence being O(c) where c is a measure of the Swilc!lillg speed. This
linkage gives us further degrees of freedom in Lhc ,Icsigtl or con.
Lrolfcrs/plants, and Lhese are employed to achicvc ,:oni.roi Ier simpli.
Iication, order reduction, and discretization.

Wc also develop argument. supporting our view tktL a logic.d nppii-

cation of Lhcse, and other variable-stmcturc syslc!ns is LO rcsol Iancc-

supprcssion, and we dcrnonstrrmc via simulat, iott SOIIWof the l,owcr of
these techniques.
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