CH3229-2/92/0000-1253$1.00 © 1992 |IEEE

,,,,.,.ovmoamc«mnm

Periodic Structure Controller Design.

TA1 - 10:20

L. S. Irlicht, LM.Y. Marecis. J. B. Moore

Dept. of Systems Engincering,
Rescarch School of Physical Sciences,

Australian National Universicy
P.O. Box 4, Canberra 2601, Austraiia

Abstract

['his paper first demonstrates via averaging theory an approach whereby

any stable linear system can be approximated by a simple periodic-
structure system.

Next is proposed the control of continuous-time. linear, time-invariant
plants via a periodic structure controi scheme. [L is established thau
for continuous-time minimal plants it is possible to design periodic-
<ructure stabilizing first-order controllers which asymptotically ap-
proach thie performance of an nth order stabilizing time-invariant con-
iroller, such as an optimai (LQG) controller, in the limit as the switch-
ing rate increases. The proposed controllers suffer only a small loss
of performance compared with the nth order controller, are attractive
from a computational point of view. and may be implemented in either
Jiscrete of contimuous time.

Finally, the question of achicving a low ovder robust variable-
structure controller for a high order uncertain plant is arddressed.

Simulation results are shown which demonstrate the clficacy of the
periodic structures proposed.

1 Introduction

Averaging theory (1], which allows the study of an “intractable” sys-
tem by working with an approximation, termed the “averaged” system
has found application to the arecas of adaptive and robust control. Tt
has provided useful insight and theoretical support for various existing
designs, and facilitated the emergence of novel designs. Being such a
powerful tool, it scems reasonable for us Lo explore a dual field of ap-
plication for averaging theory wherce an casy-to-aunalyse systet is ap-
proximated by an “intractable” system. For example, counsider the case
of the approximation of a given linear system, the averaged system, by
neans of a periodic dynamical system. Such “intractable” approxima-
tions could be attractive for implementation and perhaps for enhanced
robustness in the case of a controller. To lead into such developments,
we now review certain results for periodic systems and more general
switched systems.

Certainly, it is well known that controllers with periodic gains can
lead to more robust performance than time invariant oncs, even for
time-invariant plants. Gain and phase margin improvement are pos-
sible, sce for instance [2] and its references for discrete-time resuits.
{lowever, these results do not aiways generate acceptableinter-sampling
performance [3].

For continuous-compensators, averaging theory is used in [1] to ex-
plain the superior performance of vibrational coutrollers by demonstrac-
ing that they have zero-placement as well as pole relocation capabilities.
Also [4] extends the discrete-time gain margin improvement results Lo
continuous time. In the area of decentralised control, it has been shown
that periodically switched-gain [cedback laws in one feedback channel
lead to decentralised controllability and observabilily in 2-channel svs-
tems with fixed modes, whereas time-invariant fcedback laws do not.
[5],(6]. There is thus a sound Lheoretical and practical basis for workiug
with periodic controllers, even for time-invariant plants.

A more general class of time-varying/nonlinear controllers arc termed
state dependent switched controllers. Such consist of a set of continuous-
time or discrete-time controllers . one of which is active at any time.
The switched controllers mmay be time invariant or time varying, or even
nonlinea.. The swi. hing may be periodic, thus including the class of
periodic structure controilers, or may be driven by a rule which asscsses
which controller will work best according to some mcasure, given the
data. Switched controllers are useful for the control of a system whose
dynamics contain jump discontinuitics in the dynamics, such as arobot
arm which picks up a heavy object. To this end Khargonekar and
Poolla [7] state. “in robust multivariable control problems nonlinear
time-varying controllers yield advantages ... if there is paramectric or
structured uncertainty”. Again we see that there is strong motivation
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for switched svstems Lo achicve tobustness. How then are cucn vstems
analysed 7

ln the case of discrete-time perodic systems, methoas cxst to tind
an equivalence hetween diserete-tinie periodie systems, higner or-
der time-invariant systems (8),[0],{101. Jtandard design resuits are hen
applied to the time-invarant representations, and fesmterpreted to
achieve results (or periodic systems, ior exampie, (1] finas tie reguia-
tor gains for dixcrete-time periodic syscems by solving aigebraic iliceacts
equations for the associated time-invariant svstem. For continuous-
Ltime planis, these conversion mcthods are less well understood. Thus
(9} reports that the wmethods of [8] can be extended to continuons-tune
systeins with the drawback that the input atidd oubpit spaces are in
general infinite dimensional Hilbert spaces. Thus there are few explicit
results dealing with the convergence of continuous-time switched sys-
tems. Iu fact, short of an infinite series {the Peano-Baker series), there
is no analytic solution to the calculation of the transition matrix of
a Lime-varying system uuicss the updale matrix is semi-proper {r2}.
tlowever approximations cxist for the cases where the switching speed
is high or low with respect to the dynamics of the system. Thus the sta-
bility of high frequency periodicaily switched svstems has been tackled
in [13},(14} where the author uscs an approximation result on the expo-
nentials of certain matrices to study the dependence of the stability on
the frequency of switching. The author gives an explicit formula which
[ncilitates checking the stability of such systems in the limiting case of
high frequency switching. However, these results only apply to systems
with piece-wise constant periodie gains, aund there is no developnient
of explicit error bounds or regions of convergence. There ix therefore

a need for stability results which are not restricted to pie cewise con-
stant periodic gains, and lor which explicil error hounds and regions of
convergenee can be calculaled.

"To help focus ideas in meeting the needs for further work in this area,
let us keep inind an application wilich scems ideally suited to such
developments. Ounc possible application of state dependent switched
systems is to achicve resonance suppression. Such a task has been tack-
led {15] where square-law nonlinearities in the control law are used to
encourage energy llow from the resonances to the controller, and {rom
one frequency band to the cutire frequency band. In (16} therc is im-
plemented an adaptive resonance suppression controller/plant system
with an unstable resonance, possibly due to a badly modelle-t saant, or
changing plant dynamics. Could there be an advantage to a switched
controller design approach?

In this paper we investigate by meaus of averaging theory two novel
avenues of application of the switched and perindic-structure systems.
The first is to use casy-lto-unplement periodic-structure systems (o
achieve low order approximations Lo a continous-time coutroller.

Thus, in this paper, we seck approximationsof a linear time-invariant
(LT1) system via certain periodic-structure systems. We do not seck
improvements in the gain or phase wargin. {n this way we recover the
performanceof Lthe LT T system without any performance enhancerent,
but with considerable computational advantages, and with tight bouuds
on the inter-sampled Lehaviour.

The theoretical justification for this approach is deveioped from sta-
bility results {or certain continous-t iine time-varying svstems (which
may or tnay nol he picce-wise continuous), as well as the caleulation of
specific error bounds as functions of the speed of time variations (¢},
and a lower bound on Lhe Lie-variation Lo cnsure exponential stability
of the periodic system. This is achieved via an averaging theorctic ap-
proach together with lincar theory madi.cmatically reminiscent of that
employed by {17]. 'The resuits are then extended to ensure low scnsi-
tivity with respect to input disturbances. Exanples illustrate cffective
controller simplification and resonance suppression.

Another application of switched systeins we explore ix to achicve
effective resonance suppression in the presence of lightly damped reso-
nances for nucertain systems, and in particular the simultaneous con-
trol of a number of L1'I subsystems, each rejsresenting a resonance, via
a swilching between controllers, cach designed to suppress one of the
resonances. Viewing the plant as a partial fraction representation, of
cquivalently as a set of parallel resonances, the specific control objec-
Live we scck is to suppress Lthe most excited resonance as indicated by
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some resonance detector.

The paper is outlined as follows. Scction 2, provides prelininary
definitions and notation, and gives the resuits linking certain periodic
systems and time-independent systems. Scetion 3 uses Hhese results Lo
prove our main theorems on the approximation of i svstem (or con-
troller) via fast switching between a sev of lower order systems. In
Section 4 we present simulation examples of certain periodie svstems
and of controiler order reducticn and compare the resnits with the tien-
retical bounds set in Sections 2.3. Section 5 contains sinmiation resiits
of a switching controller regsonance suppression problem. Conclusions
are drawn in Section 6.

2 An averaging analysis of periodic systoms

2.1 Introduction

This section presents the theoretical basis for the applications of pe-
riodic systems developed later. First we introduce necessary notation
and quote a fundamental theorem from averaging theory. Then fur-
ther results are derived for lincar systcms. In particular, for certain
periodic systems and their timc-averaged LT[ systems with casily cal-
culable state trajectories, we provide explicit bounds for the norm of
the difference between the state trajectorics of Lwo sysiems. These
bounds are expressed as ¢Q where ¢ is the swilching speed, and Q is a
constant derived for the specific systems.

2.2 Definitions:

1. 81(e) = O(d2(¢)) for € — 0 if there exists a constant k such that
{81()l < KiS2()]
for continuous [unctions, 81,82 1 ¢ — 0. Also & (¢) = o(82(c)) lor

¢ — 0if limeg % = 0. Refer to 1] for additional information.

2. Consider the vector field f(¢,z) with f: R x B™ — R, Lipschitz-
continuous in  on D C R™,t € {0,T; f continuous in ¢ and z on
R* x D. If the average

1 T
Sy = fim T / [t )t
o

exists, f is cailed a I{BM-vectorficid.

3. Let r be a scalar, z a vector, and A a matrix. Then |r| is the
absoiute value of r, |lzf| is the Lz norm of x, and ||A]] is the
induced Ly nonn of A.

4. Two time-varying functious f(t),g(t) have rcxclusive support iff
J(g(t) =0 Vvt

5. We employ a shorthand notation for systeins:

z
y

P:

A()r + B()u: z{0) =10 . [ At) | B(t)
C(t)r + D(t)u ) | Dy Ln

6. f(t,z)is pertodic in t with period T iff f(t,r) = f(¢t+7T,z), Vr,t.

7. If f(¢,x) is periodic in ¢ with period T, then the average 7(1:) is
defined as

- 1 T
flz) = ;/ fr,z)dr (2.1)
[}

8. Let A(t) be a periodically time-varying malrix. We denote its
period by T4, its average A, and define L,y = sup, [JA(L) —

All, Sa = sup, (AW 2 1Al Ba(t) = [ A() = Adr. Then
|]ex‘l| < Cae~*at ¥4 for some Ca > 1, for some A4 which may
be chosen via Proposition 1, {|B4]| < ;—TADA.

9. Denote the piecewise constant function

) _ [ ({-U)T/a<t-mT <iT/n, meZ

Ai(mt.T) = { 0, otherwise.

10. Given a square matrix A of size n, we coustruct a time varying
matrix A*(t.:) with period ¢, and average A such that the rows
of A*(t,¢) have independcnt support by

Ar(n, it - 0
A* () = : : A (2.2)
0 o An(nit,e)

V1B
D
AR(1.) R

8 1)

1l. Given a system I = { } then

r
P#*(t,c) = |

L

12, Denote the Lie brackett "1 B} = AH - HA.

2.3 Troposition:

To Tacilitate calenlation, we schude the following proposition,

Proposition 1 [17] For iny n by n matriz 7 wnth Re{A (1Y) .~
U Vi, there crist constants Ap > 0, Cp > 1 such that llef ) «

Cpre~ArFt, Vi > 0. Furtaermore, of [ < M, Re[N(F)] < T

and 0 < p < 2M then one ~hoice of C, N may be genrrated via 14,
mequality

HePHll < @M a1 ™0 for 0> 0 (2.3)

2.4 Fundawental Averaging Roesuit.

Theorem 2.1 (Eckhans/Sanchiez-Palencia(18),{1].) Civen

F=rflt,r), #{0)=r19 (257

with g,z € ) C B". Suppase [ is a KBM-vectorficld producing the

averaged cquation

i=c¢/*y), ¥(0) ==

where [0 is continnonsly diffrrentiable with respect toy in ). [ely =0
be an asymptlolically stable -ritical point in the linear approrimation
with domain of nttraction D> C 1. Then for all o € D°

¢
z(t) — y(t) = O(sup  sup ul/ [f{r.2) - SO, o <t< o
0

“€D (glo, k)

Jor any L independent of . Furthermore, if f(t,r) is periodic in ¢,
then

() = m{t) =0(c), <Lt <o (2.5)

The main results of Lhis section can be verified by making use of the
above averaging theorem. lowever, liere we rederive these resulls in
the context of linear systems. This provides explicit error bounds aud
regions of convergence in terms of ¢.

2.5 Explicit Averaging Results for Linear Systems

We now introduce leimuas on the trajectories of linear-Ltime-varying sys-
tems when compared to the trajectories of their time-averaged linear-
time-invariant analogues. These results form the basis (or the applica-
tions of the following sections.

Lemma 2.1 Consider the “»lowing systems

(h: &= K.‘L':

r(0) = xg (2.6
Gyt g=  AMte=Hy;

y(0) = 1o

where Re[,\.(/_l)} < 0, A(t) 1s periodic with period T4, average A, ond
Definition (8) holds. Definc

o = + (2.7}
2LADAC AN + 5 a)

then
llu(t) = (0l < TaDAC iizolllt + (AN + S2)C a0 ™4
— - 5
HETaDACA) oIS )L+ (A +54)Ca e ™42
Vo< (2.8)

Moreover, defining diy(.,.) as the slate transition matriz of y(.), then
Ye < ¢g,

ACA(IAI+54)
By(tato)ll S Cac™ A=) 147, D1 4 2AIAEZ),
Aa
. - 1 {AN+S4)Ca
HLAD AP CalIAIHS AN —+ 32—
eda ef Ny
2 C./c"\v(‘—"n (2.9)
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evarks

IMere s a trade-off between the constant mulliples and the decay
s ate i the error bounds. This proof is intended to show exponen-
1ad convergence of the trajectories z(t), y(t) given sullicicntly fase
Lane vanation within A(¢).

Cemma (2.1) can casily be generalised Lo thie casc zg # o, llere
v heep equal imtial conditions since this is the case necessary for
.ar applications.
suna 12 1) demonstrates that with the switching rate above some
Lt iy periodic system, with linear average which is exponentially
v nptoticaily stable, is itsell exponcutially asymptotically stable. In
e et lemmas, we extend these resulis Lo systems with input distur-
anes «i.). Fhus we consider jointly, and separately the implications
L asswnpuions (2.10),(2.11) and (2.12)

-~
Assumptions on Noise : Disturbances w(-) obey the rclation

‘I/a w(t)dt|| < LS®.forsomel,0< a<1,¥YS5>0 (2.10)
° eIl < Wi vt (2.11)
()l £ m ve (2.12)
Lemma 2.2 Consider the system:
Gy: = Alte™ Nz +w(t); 2(0) =z (2.13)

1th the conditions of Lemma (2.1) and the Definitions (5) and Bound
~ 7lholding. Then w(.) obeying Assumption (2.10) implics

z()]] € 2t°Cy L + Cye™ ! ||z0]], Ye < o (2.14)
ind wi.) obeying Assumption (2.11) implies )
(5l € CyW/ Ay + Cyllizoll = W/Ay)e™ st (2.15)
where Cy and Ay are consiants defined via (2.9) such that
ldy(r, )l < Cye™ 297", Ve < co (2.16)

Lemma 2.3 Consider the systems

Gy 2
Gy: 3

Alte™)z + Blte w(1);
As + Buw(t);

2(0) = 30
5(0) = 39

With the conditions of Lemma (2.1), Assumption (2.11), and Defina-
tion (5) holding for matrices A, B, then

X {1+
<Wealhp
=T L

Y W SA4dlsll

12(6) = ()1l e(|[JAll+ SA)DATACA }

Aa =~ €(lAIHSA)DATAC,
CDArA
gt——=[C (|| AlFS A )+ 27},

< —-——-—'\ A 2,17
D AT AC A{llAN+S 1)

ind grven Assumption (2.12),

¢ [ DpTg[Whs+ CalW + )+ }

Hz(t) = s} < El WC’,\:’D‘[CA(HAIH-SAH'2-\]
. {H— (JAIl + SA)DATACA }
Na = e(J|AIHSA)DATAC A
A .
Y W >a , € {———— = (2.18)
Allsoll < < G I 1)

Remarks:

I. Lemma (2.3) is a powerful scnsitivity result. It shows for bounded
disturbances, and sufficiently fast time variation, that the averaged
and the periodic systems will have trajectorics whose diflerence ix
“Sh“)’ bounded. [t is a consequence of the low pass nature of an
integrator, and the high [requency of the perturbations introdnced

by Ate—1y,

2 Assumptions guarantceing the independence of the tine variation
of the noise, and the matrix B(l(—l) lead to a lower expectation
value of the crror ||2(t) = s(t)||. The aim of this paper is Lo provide

o —
< \’ ! ¢ m
e t i |
i |
! TS &
Y2 N K'\"/‘_ w2

Figure 3.1 The feedback svstem (G}

hard bounds on the erroes, and as suci, stochastie caleulations are
beyond ils scope, except Lo note that the actual errors will in most
cases be much saller than the hounds catentiated.

9

When [fw(8)[] is bounded, then the condition that L(t) is bounded
will be automatically satisfied in the case of low-pass filters heing
applied to the inputs of a feedback loop,

3 Coutroiler Sumplification

It this section we apply the resuits of the previous section to prove that
any linear, continuous Lime stabilizing controller (in a feedback loop
with any L1 plane which it stabilizes) can be approxiinated by certain
vaviable structure controllers. These controllers may be designed Lo
have Lhe advantages of simple structure, or of being equivalent to fiest
order systetns, and thus much computationally cicaper than the fuil
order controllers they are replacing. Moreover, we will show that as
the speed of variation increases, the state trajectories of the feedback
systems associated with these controllers, and the indices associated
with their corresponding LQG cost funclions, asymptotically approach
those of the full order controller.

‘To this end we reformulate the results of Lenuna (2.3) into our main
resitlts on the approximation of controllers:

Theorewn 3.1 Conssder o plant, and full state fecdback controller

parr:
G: ¢
I\'(ll-l) T ou

Az + Bu+ wi(t); z(0) = xq
K(te™ )z

where W (1) is periodic with period T and average K°, and (A + BR®)
18 crponcnirally stable, and wy (i) is @ noise term obeying Assumplions
(2.00),(2.11). Conssder also the

“averaged” system

%= Ax? 4+ Bu+w (t); £°(0) = zo
R°: u = K = z°
Then the state z, of the system {G, K (te=1)} and r° of the system

(G K} ure related by
Nz(e) - 22(1)|] € eD. Ye< ¢n (3.1)

wirere ¢ and D can be calenlaled from Lemma (2.3).

This result can be extended to controllers employing state estima-

tion,

Consider the fredback loop {G° N0V as in Figure (2.1),
L10).(e.11).

Theorem 3.2
with the disturbance notse wy,wy obeving the Assumptions (2
1 2.02), and the systems GO, KO being

A0 | BO
¢ - [
In
K O+ BOFO 4 1OC0 + 1000 | 110 )
\ : 7o ' 5 Jj

0=ZTo

waere the qatns 1O, 170 hawve been chosen (hy LQG design or otheruise)
suci that (A? 4+ BOF9) (A0 4+ HOC®Y arc rrponrntially stable.

Constder o second fredback system, ((te="), N(te™!)} unth the sys-
tems being:

AMte=Y) | BYee=Y)
ClteY) | Dt Yy

{A’( ) +B2()F( )+ll( )CZ( )+HI()D)F() }—"( J]
r(.) 0

O(t(") :

Afte™hy -
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where the time dependence of A%(te™!), ctec. have not been shown due
to space limitations, and the matric blocks have been defined so that

r
&0 = %/ E()dt: €(t+ TY=¢(T) (3.2)
0

for £ besng each of the bincks A', A2 BY B4 ... as weil as the mulli-
ples B'F.HC' HD'F, IID*F. Define the augmented states of the

systems {G® K} and {Atc™Y), Alte™")} as 0 = (2T 2077 |
X(t) = (27 2T|T, then
X9= X|| €el, 0t <%, Ye<eg (3.3)

where L,cg are constants and can be calcnlated ma (2.18), (2.7)

Remarks
1. This result links the state trajectories of any sct of plants/controllers
obeying the assumptions of the thecorem. The power of its application
arises from the fact that the matrix blocks of (tc=1), A(tc™') need not
be time varying. Thus, we can use Theorem (3.2} to Lake a stabie {time
invariant) {G, I\'} system, and link the state trajectories Lo those of sys-
tems where either or both of G, ' may be time varying. Furthermore,
we can take a stable time-varying sysient. and design other time varia-
tions using concepts such as independent support of Definition (10) to
simplify analysis, and provide resuits pertaining to both systems.

We specialize Theorem (3.2} to the application of coutroller order
reduction,

Theorem 3.3 Consider a lincar lime-invariant fecdback system {G, K}
where the augmented state update block is cxponentially stable, and KN
and the periodic siruciure rontroller K'* have the form:

. E|F
I‘:{G 0],

4. [ B | FRe)
K* [ G % )

where # is the operation of Definition (10). Then K#* is computation.
ally equsvalent to a first order controller. In a given bounded noise cn-
vironment, with the noisc signals obeying Assumptions (2.10),(2.11),
(2.12), the LQG indices of the two systems are related :

LQG(G,x} — LQG (g, iwwy = Of¢), Ye< oo (3.4)

where the ezplicit dependence on ¢, and the value of g may be calcn-
lated via Lemma (2.3).

Remark:

To further illustrate our claim that a controller with only onc state
changing at a given time is computationally equivalent to a first order
controller, consider the dynamical system

£y | _{ a(t) b{2) Ty
T2 |7 c(t) d(t) 17
where a(.),b(.),e(.) are periodic with period T, and are zcro for time
t € [(2n 4+ 1)T/2,nT}], n € J* and which have independent support
with respect to the periodic functions ¢(.),d(.), f(.) which are zero for

time t € [nT,(2n+ O)T/2), n € J*. Then, it is clear that the system
(3.5)is cquivalent to a combination of the two systems:

“(0) . :
59 Juw, m01m0). @39)

y1 = a(t)yy + b(t)Cy + e(t)u(¢) } e [T (2n+ )T/2ne J*
y2 =0 ! !

y1 =0 Ty +
ja = <(O)C2 + d(t)yz + [(Du(t) }eeten s TR e

(3.6)

At t = nT, then C; is updated to the vaiuc of y2(nT), and when
t= (2n+ 1)T/2, C; is updated to the value of y1 ((2n + 1)T/2).
Since y;1(¢) and y2(t) are not updating sitnultancously, a single first
order system, with a switching of initial conditions and constants
at time ¢t = nT/2,n € J*t, can exactly follow the trajectorics of
v1 (1), t2(t), which in Lurn exactly follow the trajectories of xy (t),z2(¢).

4 A Case Study

In this section, we present cxamplces of simulations pertaisung to the
Lemmas of Section 2,and the Theorems of Section 3.

Example 1: Illustration of Lemma (2.1)
The system studied with reference to Section 2 is adapted from an
example (20] of an unstable periodic system, with a stable averaged

Fxmmpie | - The sverapod 1ysem att ), s swichad sysems vl

§ o

3 we), cpuin = |

Magutiade of s e

) epuion = |

! no

Tine

Iizxampie 2 - The sysems 14t), () with siodimstic disinrtance.

X — RN

»

A

0.6 \A

Magutade of ame

Figure 4.1: Comparison of z(t), y(t), z(t)

systent. We demonstrate how increasing the frequency of the periodic-

ity will stabilize the system, and also how the bounds between the sates

of the fast periodic system, and the averaged system are calcuiated.
The periodic sysiem simulated is:

i3

A(te=" )z z(0) = [-10) (4.1)
~143/2cos?(te=")  1-3/2cos(te=")sin{te™") ]

A = —l= Y2sin(te= Y coste™") =1+ 3/2sin?(te7t)

The averaged system is:

=Ty wor=(-rop, T=[ MY LT
Thus the averaged systemn A has stable cigenvalues, M(A)Y = —25 £ 4,

also [|c*]] = £~ 2%¢ = Ce~*, and the following constants hold for the
systems (1.1),(4.2):

(Al = 1.03, Sp =sup|lA(t)][=1.78, A =.25
t

Da=supflA(t)=A|l=.75, Ca=1, Tq=2r
¢

With A, A(() defined in {4.1),(4.2), then (2.8) and {2.9) become:

1
clzoll[4.71 + 14t + .3162)e =123, Ve < —

llo(oy - =0l < e

. 1
Hbwlt to)ll € (14 206c)e= 6250t —t0) we ¢ v
: - 34r

The trajectories for £(t) with € = 1, z(t) with ¢ = .1, and y(¢), all with
initial condition zo = yo = [~10)’, are shown in Figure 4.1. It is clear
that z(t) will grow exponentially for ¢ = 1, and converge to y(t) for
¢ = .1. Thus this simulation, and others not. shown here, illustrate that
the region of convergence includes the caleulated bound of ¢ < 1/144.
Example 2: INustration of Lemmas (2.2),(2.4)

In this example, equations {1.1), and (4.2) are modified by the addi-
tion of a disturbance signal, w, with a uniforin amplitude distribution
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* enpansan of Pla Siwca wih Cospicie awi Sumplfied Cantrotiers

Sy ut e v

\

3ndyd

e 12n Comparison of plant trajectories with the [ull, and first

sler s ontruliers,

Caonnded by jw) € 5.

o= AWz 4 w(t)i =) =w A
Po= Az + w(t); 2(0) = zo (43)

tor the case-study, Lemnma 2.2 gives a bound on z{¢) }j=(¢)|] < 811+
Lite); and from Lemma (2.4), |jz(t) = z(t)]] € 2600¢, Ye < 0.05.

Dur case study, as depicted in Figure 4.1(b) suggests that the theo-
cetically caleulated bounds are extremely conservative.

Example 3: A simulation of controller order reduction via
Cheoremn (3.3)

1n this section, we describe resulls obtained by simulation of the
srocedure outlined in Theorem (3.3) for thie reduction of complexity of
+ siven controller.

Consider the plant (transfer function):

2+ 55+ 6
G ost - (4.4)
st~ 1.de3 4 .755% - 14

Ve design a corresponding LQGC regulator for the cost index, and noise
ovanances (4.5).

[ ] (4.5)

t
l=/ 'z 4+ wudt, E(fwr v lwr w)) = [ 0 I

0

Detine this optimal LQG regulator . Then the periodic-structure,
anst-order comtroller K'# can be designed via Definition (11) and Theo-
tem13.3). The feedback systems {G, K'} and {G, K #} with a switching
soeed ol ¢ = 01 are simulated with an identical noise signal w which is
unturimly distributed between —.5 and .5.

s can be seen from Figure (4.2}, the states of the two systems track
“awh other well, even though for this example Lemma (2.-1) only bounds
';he tracking error for the case ¢ < 10~2. The LQG indices calculated
‘of the two systems are LQG(G,I\') = 6.3, LQG(GJ\-,) = 6.5,

Remark: The dilferences between the trajectories ol the averaged
+nd variable-structures systems found via simulation are several orders
“lmagnitude smaller than the bounds caleulated for the maxinum
-ulﬁ».-rv:n(:c. his is because the conservativeness of the bounds is mul-
tiplicative, and the theory must at each stage of the calculation bound
the maximum possible error.

3 Switching Application for Resonance Suppression
o this section, we explore a further application of state dependent
;:"'"(;'if'lg systemns to !:he uuppl"euiou of resonances v-vil.llin a plant. The
“J’I;vgn 15 Lo have a time varying syst.cm which “svu.m.ches" its fecdluu{k
our to that of a controller designed for whichever resonance is
lnust excited at a given time. This switching can be thought of as a
Yve of fast adapiation, where specific knowledge of the plant behaviour
% user] lf“ enable the controlier to “jump” between operating modes.
In Rt scheduling, the controller changes its behaviour based on the
:,l‘:‘l-::“ of Lln? (tuntrnllnr within state space, Here, the schieduling of
e wroller is decided by an analysis of.tllc output of the leedback
0y and the subsequent decision as to which modes of the plant most

lee . .
ed Lo be controlled at a given time.

Figure 5.1: Switched control System

Counsequently, we employ a partial fraction expansion to view the
plant as a set of n resonances as in Figure (5.1). A controller is designed
for each resonance, and the switching mechanisin we employ switches
in the controller for the resonance least well controlled at a given time.

[u a previous section, it was shown that it is possible, given fast
enough switching, to approximate a given n‘”* order controller by a
munber of lower order controllers. The drawback witlc this method
is that it requircs an extremely fast switching speed, which may not
be feasible in certain situations. Also, this method requires thae the
average of the switched systems equals the original system. [{owever,
in the case of a non-nominal plant, or of input disturbances exciting
certain modes, performance/robustness enhanceinent may be possible
by an adaptation of the switching mechanism.

Consequently, in this section we are not approximating a higher or-
der controller. Thus for a nominal plant we achieve controller order
reduction, but not optimality. In some cases however, we achieve su-
perior robustness properties.

Although we have, as yet, few theoretical results for this algorithm,
we present it a useful application of switched systemns. In a companion
paper [21] we make a more complete study of the algorithin , testing
for robustness properties, and optimality in a number of situations.

Description of switching algorithn :

1. Express the plant via a partial fraction description as a number of
lower order components (resonances).

2. Calculate a (optimal LQG) controller for cach sub-plant.

3. Use a £71°T un the Plant outpul to detect which resonance is ex-
cited at any one time, and switch in the controller designed for
that resonance.

The parameters to be selected:
e The length of the £FT.

e The speed of switching, and the index used for the switching de-
cision.

o The sinoothness of the switching transitions.

The optimal selection of these parameters for a given plant with a
given uncertainty and given noise enviconment is beyond the scope of
this paper, but will be further discussed in [21]. l{ere we demonstrate
by simulations that this switching algorithm can be used in a heuristic
way to control an uncertain plant.

Simulation Results:

‘The plant is set to be a group of n resonances (complex conjugate
pole pairs). For this example, the poles are ail siiuple, and the caicula-
tions are done in discrete time. Consequently, we place a zero at -1,
to simulate sampling.

Example 1: An uustable system

{n this example we demonstrate how a pair of unstable poles can-
not be coutrolled by certain LQG coatroilers designed for either one,
Lut can be controlled by a time varying controller which consists of a
switching between the two controllers. [n effect, this means that a sta-
ble control is generated fromn a switching between two unstable control
loops. Of course, there are many cases where cven a switched con-
troller cannot stabilize the system. llere we demonstrate the possibil-
ity ol greater robustness of a controller made of the complete switched
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system when compared with a controller comprising of only one of its
components.

The plant studicd consists of two resonances, cach at a radius of 1.01,
and at [requencies of 0.6 and 1.8. The LQG controllers are designed
for the cost index and noise covatiances:

T
I= l'/ o'z + v'udr, E(w?) =1
T Jo

The parameters usel for the switched controller are incluced in the
Appendix. The results for Lhe control of the plant by the contollers
designed for each resonance (2™ order), the LQG controller designed
for the whole plant (4' order), and the (27? urder) switched controfler
are shown in Table (5.1).

Controiler Index
Controller # 1 1040
Controller # 2 1020

Full order LQG controller | 0.017
Switched controller 0.067

Table 5.1: LQG indices for Example

Figure 5.2 shows the spectral density of the output for the cases
of the controller for the first resonance . the sccond resonance , the
optimal LQG , and the switched controiler.

As expected, the two resonance suppression controllers effectively
damped energy in the frequency bands they were designed for, but
could not control the alternate resonances. The switched controller
was able to do this, but there was some cnergy left in cach frequency
band from when it switched to control the other frequency band.

6 Conclusion

The idea of using averaging theory for the analysis and design of
variable-structure systems has given us new results on the stability
and state dynamics of time-varying systems which are noi usaally ana-
lytically tractable. Tiiese resuits are valid for lincar, variable-stincture
systems where the Lime scale of the switching is (ast compared to the
dynamics of the plant. We calculate in general, and lor a specific ex-
ample, convergence bounds of the switching speed.

A byproduct of these stability resuits is the comparison of certain
time-varying systems and their timewisc averaged, time-independent
systems. It is shown that, even in certain “stochastic” environments
(with bounded disturbances), their states are bounded, with the differ-
ence being O(¢) where ¢ is a mcasure of the switching speed. This
linkage gives us further degrees of [reedom in the design of con-
troliers/plants, and these are cmployed to achicve controller simpli-
fication, order reduction, and discretization.

We also develop arguments supporting our view that a logical appli-
cation of these, and other variable-structure systems is La resonance-
suppression, and we demonstrate via simulatioun some ol the power of
these techniques.
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