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A Note on Feedback Compensators in

Optimal Linear Systems

AfMracf-Two basic methods for designing feedback com-

pensators which may be used to achieve arbitrary closed-loop
poIe positions are now available. This correspondence shows that

when each method is used within the framework of optimal con-

trol the same compensator structure results, but the more standard

approach using a state estimator and a linear law appears to be
the more attractive from the information now available,

For simplicity, we will consider time-invariant single-inpllt

singlequtpllt rzth-order systems which are completely controllable

and completely observable with state equatious

x= Fz+gu, y=h’z. (1)

This correspondence gives a comparison of the 1wo basic approaches

available for desiguiug feedback corupellsators (with inpllt g aud

olltput u) miug optimal coutrol theory.

The most well-known approach is to first calculate a control law
Ilk = k,z froln the sollltiorl of an nth-orcfer Riccati eqllation so

as to minimize a performance index

/
v= “ (z’Qz +U2)(it.

o

Manuscript received October 13, 1969; revised February 13, 1!370.
This work was supported by the Australian Rcsearck Grants Committee.

The matrix Q is nonnegative definite symmetric aud satisfies :tn

observability condition which guarantees asymptotic stnhility (if

i = (F’ + gk’)z. Next a stnte estimator [1], [2] is desigued with u

and u as inp(lt rind z, as o~ltp~lt s~lch that z, approaches z nsyr~qJ-

totically. A feedback compensator is then constructed which iulldc-

ments the control law

‘LL = k’z. + Uext (~)

where U,xt is Ilsed to denote any external inpllt. ‘l’he state eq~latit)lls

of the estimator are

z = Fez + g]au + gzey

[1
zZe=s
Y

(%,)

(:)1))

where F’, is an arbitrary (n — 1) X (n — 1) matrix such that z = F,z

is asymptotically stable. once F. has been chosen, values of g,,,

gz,, and AS are readily determined using procedures appearing iu

[1], [2]. The closed-loop autonomous system equations are, fron~

(1)-(3) and properties of g,,, etc.,

‘d’d’)ce-d=r“)
We now introduce the notation 1$ to denote any arbitrary time-

varying gain within the sector [~, co). An important property from
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Fig. 1. Feedback compensator involving a state estimator.

the engineering point of view is that the closed-loop system withu

replaced by @u (Fig. 1) is also asymptotically stable. Eqllivalently

the system (4) with greplacedbyg~as

‘d’d’)ce-l=r+:k’n[e-l‘5)
is asymptotically stable, To see that this stability property exists

we Ilse the fact that :t = (t’ + g~k’).r is asymptotically stab]c fronl

standard regolator theory [6] and the fact tluat, (zC — r) is an L1

f(mction. (These facts ~lsoimply ttlat:t (irclec ritcri()n[ 7]iss:itisfied

for the closed-loop system.)

It might also be noted, althongh the proof is not given bere,

that, there is a performance index of the form

v, =
/
‘([G’(Z–ZJ’]Q,[G’(Z –Ze)’]’+u’)rit

o

whichis minimized by the control law t~ = k’x, rat, ber’ than?{ = k’x.

Forthecase where Qis positivedefinite, the matrix Q, will be non-

negative definite or positive definite.

The second approach to compensator design presented recently

Ill [,3-[,5]1 illvnlves t}le millinlizatioll of a per f{)rnl<a],ce illdcx :1:.

sociated with (l), augmented by all arbitrary (n — l)th-order

system

:~t its input, SIIC1l that the augmented system is, as the oliginal

system, completely controllable. The index has the form

/

m

T’, = ([Z’1%’]Q?[Z’Z.’]’+U.’)d

o

where Qz is nonnegative definite symmetric, The solution of a

@n – l)th-order Riccati equation yields an optimal control law

of the form

‘u. * = k~’z + k.’.r.. (7)

.@plying a transfornmtiorr 2. = .rC + Y’x to (1), (O), and (7)

~ickls state equations for a conlpensator of the original systenl :1s

U = h.’?a — ha’rx + ILe,t (8b)

) ,Since tko writ,ing of tki, s (>,)rr(,sI)ol)Clt,rlc(,, tke following rrlrvant
wiper’ has aI)pearc>ci: F. 31. Brasclr, ,Jr., and .J. B. }’earson, CCPOI(, I)lare.
ment using dynamic comJ)c,r)sators, ” II<EB Tr(fns. Autamu tic Conlra/,
vol. .4C-15, pp. 34-43, Febr’aary 1970,

where uC, tis, asprevio~lsly, anexternal inpllt. Ferguson and l{elr:isit(s

[5] show that a 7’ exists s(lch that (8)maybe written as

& = (~a — gok.’)z. + Tgu + 9ZY ({k,)

u = ha’;. + h2’y + ?{ex~ (9b)

for some g! and h!’.

It is immediately apparent that the preceding conlperlsator (!))

has the same strurtlue as the compensator involving the state

estimator. In fact, it is re,adil.y shown that the two corl)l)t,]ls:ito]s”

are identical iff k’g = f) (more transparently, iff, for some T,,, T,~If’—

(Fa + g.k.’)T0 – g.k,’ = O, TOg = O, kc’To = –k’). For the C:ISC
when k is an optimal law this condition is never sstisfie(l, :~rl(l

th~ls the two compensators for this cose coltld not t)e identical.
Fergllson anti Rekasi(ts [5] draw attention to the fart tlmt for

system (1) and compensator (9) the circle criterion is sati>fie (l,

This means that if in the closed-loop system ~{. is repla{e(i I)y

oua (or eq(livalcntly ga is replaced by ga~), then the close(l-l(ml)

system still remains asymptotically stable. IIolvever, it is (le:lr

that the control u. no longer physically exists in the con~~)ens:ltol,

after the transformation Y’ is introd{lred. lye therefore cannot

concl~lde, nt least from the fact that, the circle criterion is satisfied,

that the physical system (l) andcompensator(~l) c:in:i(’{,(~]lllllo(l:~t<,

(in ~eneml) time-varying gains @ in any part of the 1001).
Aproperty( ommontob ot,hforrnsof compensator is that :Irl)itrary

pole positions for the closed-loop sysf,enls nmy t)e ncliievwl \vitll-

ollt reeourse to optimal control theory but by al)propria(e sclc(tiol)

of the parameters F’. ‘and k’ for the first case an(l the p:lr:tllleters
k,’}~n(i ka’fort l)esecolldcase (see [;I], [9]).

In hllnmmry then, both compensators investigated lmve t hc h:inlc

>tructure and both can be used to ‘achieve arbitrar y pole positions.

Il%en (Ised within the framework of optimal (t~nlrol, fo] lx}II1

compensators n circle criterion is satisfied and there is a Iligll-or(ier

perforrmmce index which is minimized. (It is also possible ~l>irlg

theide:isof [8] fori)otllt oacllievc~ l~~rcs(ril)e(l degrwcof st:~hility. )

IIowever, [he compensator involving the llse of a st:~te wtinmttjr

lms tllc{lesir:~blel)ror)erty [8], not established (at le:lst, ill geller:il)

for the alternative compensator, that, time-varying gains in the

sector [*, ~) can be :lccO1llrnociflte(l” in tile l)l:~nt inl)(lt tr:~rlwl~lt,cls

witho(lt musing instability (see l+’i~. 1). (This resldt, of COIIMI,
im])lie+ certsin de.~irablc sensitivity properties and t,ok, r:ince of
nonlinearity properties-for example, with sfitllr:ltion rlO1llillc:lliti(,s

the sector condition is satisfie(i provided that the initi:il state~ :Ire

not too great. ) The :iltjernative compensator, w-hi(l) rc(lllires ttle

solution of a ~2n — l)th-order I{iccati equation, is not as allractiye

from the Cal({lhltion (wst lmirlt of view as the more ~t:[ll(l:lrti OTIC

designed llsing a state estimator and requiring the soltltit)n of

only an ntll-order liiccati cq(lation. IIotll (O1lll)ells:itols” ale i~ieflli-

[al only Ilnder the restrictive (onditit)n k’g = ().
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