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OPTIMAL REGULATOR WITH BOUNDS
ON THE DERIVATIVE OF THE INPUT*

The probl.m of minimizing f?XrQX + uRu)dI for a com-
Jto

pletely controllable linear system, subject to the constraint
/til < 1, is shown to be equivalent to a singular optimal-
control problem; the known singular theory is then used to
obtain the optimal control.

The standard regulator problem of optimal control is to

[mminimise the performance index V[x(~O), u, tO] = (x’Qx +
Jt”

u’Ru)dl for the linear dynamical system x = Fx + CU. F and
G may possibly be time varying, and the control u may be
either a scalar (single-input system) or a vector (multiple-
input system).

If no constraints are imposed on u, the problem is simply the
standard regulator problem for which a solution has been
known for some years. 1 The regulator problem with the
additional constraint Irzl < 1 (the ‘problem of Letov’) has
recently been solved; see, for example, Reference 2. However,
to the authors’ knowledge, no consideration has been given
to the regulator problem with the restriction Itil < 1, which
would limit rapid changes in the control. A little thought will
show that there are, in fact, practical applications which
require this restriction. This, then, is the problem considered
in this letter.

The usual assumptions will be made concerning the system,
namely that the pair [F, G] is completely controllable for all
f > to, and Q and R are nonnegative definite and positive
definite, respectively. For clarity of notation, u will be con-
sidered to be a scalar, but the results given here are equally
applicable to multiple-input systems.

To make the problem tractable, we introduce the new
variables

LuJ

[where the initial condition U(to) will be specified later]. This
gives the new system shown in Fig. 1. The state equation of
the new system is

‘=F’+c’whereF=[:3 ‘=rl
and the performance index becomes

m

[1
QO

V = ~Z’Q.2dt where Q = o R
to

The control-variable constraint is now \til <1.
The new problem is now the ‘singular’ optimal-control

problem, solved for the time-invariant single-input case in
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Fig. 1 Modified system

References 3 and 4 and for the time-varying multiple-input
case in Reference 5. The optimal i turns out to be ‘bang–
bang’ almost everywhere, but of the form L =- K’.i on the
‘singular strip’ K(x = O, IK’il < 1, where K and Kt will be
given below. Moreover, the optimal bang–bang control law
near the origin (excluding the singular strip) is given by

u = sgn (K~i)

For large .?, this law is no longer optimal, but it is probably
the best practical approximation to the true optimal bang–
bang law (which is, in general, a rather complicated function
of i).
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In practice, the dual-mode control proposed above—bang
bang in some regions, linear in others—would probably be
inconvenient. However, Reference 6 has shown that, if a
bang-bang law such as that proposed is used throughout, all
trajectories reaching the singular strip will chatter or slide
along it in such a way that the effective control law is the
linear one above. A practical realisation of the optimal control
is then simply U — sgn (K{.;), which is strictly optimal for

small .x, and near optimal for large x.
To compute K,, we use the following procedure (described

more fully in References 4 and 5): Form the matrices

G, FC C S1 = Q~ Rl C’QC

and let I [(/, f,) be the solution of the equation

— 11 .= lI(F -- GIR1-lS;) (p -S IR;l G;)li

II G(RI lG; H -- SIR1-lS[ Qwith jl(l,. r,) O

Now put

P(r) -- Iim 11((, fl)
t, *UI

The assumptions made concerning Q and R and the complete
controllability of [F, G] ensure that this limit will, in fact, exist.

Then

K, ---(PGt ; Sl)R~[

Also, the matrix K (if it is required) is given by

K –~11 F’K1

[n the present case, we can partition P as

[1P, P2
P

P; P3

where the partitioning scheme is the same as that of F or Q.
Substituting all partitioned matrices into the above Riccati
differential equation, it is found that

.-P, P,F ~ F’P, P,GR lG’P, – Q P2 O

P3=0

Also

K, – --(PC, + S,) R,-
i ‘[ “c: ‘1

The equation of the singular strip is K~i T R lG’F’lx-r u 0.
and, if we set u(to) =- - R IG/p IX(fO), and X([O) is sutliciently

small for ILI < 1 to hold, the system trajectory will always
stay on the singular strip, and u will always be given by
u = –R lG’Pfx.

This, as it turns out, is precisely the optimal control for no
constraints on ti.’This is an expected result, since the singular

u

Fig. 2 Feedback corrf7guration

x

strip is merely that region where the control lies within its
constraints. The significance of this result is that, if we are
free to specify u(rO), we should choose it so that the initial
point in (.x, u) space is on the singular strip; for a given .Y(fo),
any other u will certainly be ‘less optimal’ than a result which
was derived without assuming any constraints on u.

For large X(to), it is, in general, impossible to choose a
L{(/o) so that the initial point is on the singular strip. The
optimal (or, strictly speaking, the suboptimal best practical



approximation to the optimal) [~ is then given by a bang--
bang law; i.e.

or 1; sgn (R ‘G’P1.Y L //)

This gives the feedback configuration of Fig. 2. If we are not
free to choose u(~o)j this completes the solution.

Sufficient conditions for the stability of the closed-loop
system may be found in References 3–5. In general, it is
difficult to guarantee global asymptotic stability, but the
system may always be made asymptotically stable in a
neighborhood of the singular strip by appropriate choice of
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P. J. MC)YLAN 29th Augmv [969
J. B. MOORE

Dcportmcn[ of Elecrriccr[ Etgitleering
University of Newcastle
NS W 2308. A mttwlia

References
I K,\ LMA~, R. t.: CC’ontribut!ons to the theory of optimal control’,

Be/. SW. Mat. kfe.x., 1960,5, pp. 102-119
2 JOHNSON, c. D., and wo~HAM, w. M.: ‘On a prObleIII Of Letov in

optimal control’, J. Bcr.si(, Engrlg.. ASA4E[D], 1965
3 BASS, R. w., and WEBBEK,R. F.: ‘On synthesis of optimal bang hang

feedback control systems with quadratic performance index’, 6th
joint automatic control conference, New York, 1965 (AS ME, 1965),
pp. 213-219

4 MOORE, J, B.: ‘A note on the singular optimal control prcrblmn’,
Autonra/ica (10 be published)

5 MOYI.AN, P. J., and MOORE, J. B.: ‘Generalisations of singular optimal
control theory’, Technical report EE-6905, University of Ncwcastlc,
New South Wales, Austra!ia

6 ANDRE, I., and SEIBERT, I>.: ‘Piecewise continuous differential
equations’, Bol. Sot. Maf. ,Mex., 1961, 6, pp. 242–245


