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Abstract

We develop an interior-point technique for soiving quadratic
programming problem in a Hilbert space.As an exam-
ple we consider an application of these results to the
linear-quadratic control problem with linear inequality
constraints. It is shown that the Newton step in this sit-
uation is basically reduced to solving the standard linear-
quadratic control problem.

2 Duality, central trajectories and
dynamical systems

Let (H,{(,)) be a Hilbert space, X its closed vector sub-
space. Given ag,... am € H,b;,...,b, € IR, and a sym-
metric bounded strictly positive operator Q : H — H,
consider the following optimization problem:
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1 Introduction

The development of the interior-point methodology has
led to quite efficient algorithms for solving certain classes
of optimization problems. We first of all should mention
in this respect the standard convex finite dimensional
quadratic programming problem (see e.g. [4]) and its
semidefinite counterpart ([5]). The latter class of prob-
lems found various applications in control theory ([2]),
([9]). The next natural step in this direction in our opin-
ion is to construct interior-point algorithms for infinite-
dimensional problems. In this paper we consider a natu-
ral analogue of the convex quadratic programming prob-
lem in a Hilbert space. We then apply the obtained re-
sults to the linear-quadratic control probiem with linear
inequality constraints. The case of quadratic constrainis
can be treated in a similar way but requires the technique
of self-concordant barriers ([8]). The performance of a
Newton step is the most difficult part from the computa-
tional viewpoint. It is important therefore that it is re-
duced to the the solution of the standard linear-quadratic
control problem. We believe that the technique developed
in this paper will find numerous applications for control
problems involving inequality constraints. Many proofs
are omitted here and will be published elsewhere.
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In this paper we consider the case where H is infinite-
dimensional. The problem (1) - (3) is probably one of
the simplest nontrivial infinite-dimensional optimization
problems. It possesses many interesting properties simi-
lar to its finite dimensional counterparts. In particular,
certain simplex-types procedures are known for (1) - (3)
(see e.g.. ([6]), ([7])). It is therefore natural to start de-
veloping infinite-dimensional interior-point methods with
this problem. In this section we carry out necessary anal-
ysis of central trajectories and related dynamical systems.
For a finite-dimensional counterpart see ([3]).

Denote the set determined by constraints (2), (3) by
P. We assume throughout this paper that

int(P)={z € P:{aiz) < b;,i=1,2,....m} (4)
is not empty.
Consider also the following (dual) problem:
_ (Qz,z) &
W(a,2) =~ — Y Aibi - max, (5)

=1

m
oo+Qz+Z)‘ia;EX*,>‘,-20,i= 4,2,...,m (6)

=1

Here Xt = {z € H:(z,y) =0 for every y € X} .
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Lemma 2.1 Suppose thatz € P and (Z,1,,...,Ay) sat-

isfies (6). Then

Proof: By (12) z(8) = 1/:5‘ (—Bm(ag)). The resuit
follows by Proposition 2.2.
We introduce now a family of Riemannian metrics 98

f(z)~h(2,A) = - (Q(z —&)z— ’)+Z Ailbi—{(ai, 2)) > 0Whlch are determined by Hessians of functions f5. Namely,

i=1

Consider the problem:

fo(z) =

g <(°°v‘°> + -;-(::,Q::)) - Zln(b‘- — (ai,z)) = min,
- ™
(8)

Proposition 2.1 For any 8 > 0 the problem (7), (8)
has a unique solution =(B) € int(P).

z € int(P)

Remark 1 In the finite-dimensional situation the curve
z(8), 8 > 0 is usually called the central trajectory. Our
intermediate goal is to prove that z((3) converges to the
optimal solution of (1) - (3) when § — +oo0.

Denote by 7 : H - X the orthogonal projection of H
onto X. The point z(8) is uniquely determined by the

condition.
vfs(2(8)) € X+, (9)

where we define the gradient 7 fg(z) of the function fz
in the standard way:

Dfp(z)-§ =< Vfp(2),§ >, € H.

In other words,
) =0 (10)

where s;(z) = b; — (ai,z). For any 8 > 0 consider the
map ¢ : int(P) — X,

(ﬂao +BQz(6) + Z

=1

wer=r(seeeSi)  a
i=1
We can rewrite (10) in the form:
¥p (2(8)) = —Br(ao) (12)

Proposition 2.2 Foreach 8 > 0 the map v is a smooth
isomorphism of int(P) onto X such that ¥ ! depends
smoothly on (.

Corollary 2.1 The solution () of the problem (7), (8)
depends smoothly on B.

96(z:€,m) = D* fa(z)(¢,7) (13)
§,n€ H,zissuch that < a;,2 >< b;,i=1,2,...,m. We
clearly have:
9s(z;€,m) =< 7a(z)é,n >, (14)
_ @ ® &
vo(z) = PQ + 2 —s?(—z)' >0 (15)

We can think of int(P) as a sub-manifold of the open
subset in H defined by conditions < a;,z >< b;,i =
1,2,...,m. Given a smooth function ¢ defined on an
open neighborhood of int(P) in H, denote by vgp(z) €
X the gradient of ¢ relative to the metric gg. In other
words, for every £ € X, int(P),

Dyp(z).£ =< vp(z),€ >= gs(; €, Vap(z)), Vee(z)€ X.

(16)
]

Proposition 2.3
Vep(z) = 18(z) N (Ve(2) — £(2)), (17)

where £(z) is a unique vector in X+ such that Ypp(z) €
X.

Proof: Suppose that {(z) € X issuch that g¢(z) €
X. We have:

96 (zi €, Voo(2)) = (18(2)€, 18(2) ™" (Vo(z) - €(=)))
= (6 ve(z) - £(=))

for £ € X. To prove that there exists a unique £(z) sat-
isfying this property consider the following optimisation
problem:

(18(2)"} (Ve(z) - €), (Ve(z) - €)) —» min,  (18)

text (19)

As is well known (sce e.g. [1]) this problem has a unique
solution  which is characterized by the condition:

vo(z)"! (Ve(z) - €) € X.
Thus
E=¢(=).
.-

Corollary 2.2 Under assumptions of Proposition 2.2,
we have:

Dép(=) - Vaw(z) = 7 (Vp(z)) - (20)
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The next proposition describes a differential equation which 3 A Large-Step Path- Following Al-

has the central trajectory as its solution.
Proposition 2.4 Let o(z) = —{ao,z)— 3 (Qz,z). Then
dz(B)
ag
Corollary 2.3 Let
1
£(z) = (@0,2) + 3 (Q2,2)..

Then the function f (z(8)) is a monotonically decreasing
function of B for 3 > 0.

Consider the following optimization problem:

Xp(z,A) = -0 (Q?i) + Z/\'h’)

(21)

= pe(z(B)), B>0

m
+ Z In); = max,
t=1

(22)
m
a0+ Qz + }:,\.»a,- eXt N>0,i=12,...,m (23)
i=1
Proposition 2.5 If z(8) is the optimal solution to the
problem (7), (8), then (z(8), A(B)) with Ai(B) = F'T(:T/_ﬁf
(see , i =1,2,...,m, is the optimal solution to the prob-
lem (22), (23).
Proposition 2.6 The function a(8) = h(z(B8), \(8)) is
a monotonically increasing function of 8 for § > 0.

Proof: Set A(B) = Xp (2(8),A(B)),8 > 0. Let B >
B2 > 0 Since (z(8), A(8)) is an optimal solution to (22),
(23), we have:

A(B) 2 Xp, (2(Ba2), A(Ba)),

A(B2) 2 X (z(B1), A(Br)).
Since A5 = ﬁh+2:’;l In);, adding up these two inequal-
ities, we obtain:

(B2 = B1) (A(B2) — A(Br)) > 0.
Since 8; > f1, it implies A(G3) > A(By). [ ]

Corollary 2.4

£(=(8)) = h (=(8),3(8)) = 5
If z* is the optimal solution to the problem (1) - (3), then
z(B) = z*,8 — +oo.

Remark 2 One can show that (z(8), A(8)) converges to
the solution (z*,A*) of the dual problem (5), (6), when
B = +oo0. We conclude.

(24)

Corollary 2.5
f(*)=h(z",2%)

Corollary 2.6 If 3; > 31 > 0, then
£(2(8,)) - f(2(8;)) < = —

m
-

(25)

gorithm

The idea of path-following algorithms is to produce a
finite-step approximation to the central trajectory. Us-
ing the interpretation of points on the central trajectory
as optimal solutions of the family of optimization prob-
lems (7), (8), one can reduce the construction of a path-
following algorithm to the performance of Newton steps
for functions of the form (7). The choice of logarithmic
barriers enable us (in complete a.nafbgy with the finite-
dimensional case [4]) to obtain a rather sharp bound on
the number of Newton’s steps. Many other interior-point
algorithms can be generalized in this way (see e.g. [12]).

Let us introduce the Newton’s direction for the func-
tion fg. Namely,

ps(z) = — Vg f5(=). (26)

We have
pa(z) = —v5(z) ™" (ﬁao +8Qz + Z ;}%;_) - E(z)) ,
= (27)

where £(z) € X is such that ps(z) € X (see (17).
Recall that (see (18), (19)) ps(X) is the solution to the
following problem:

(16(2)~" (Vfa(2) =€), (Vfo(z) ~ €)) = min, (28)

text (29)

Let us introduce the quantity dg(z) which measures in
a sense the distance between a point z € int(P) and the
point z(G) on the central trajectory:

5p(2) = gp (2: pp(2), po(2))? . (30)
We will see that dg(z) appears in all our estimates.
Lemma 3.1 One has:
dp(2)* = — (pa(2), Vf5(2)) , = € int(P).
Proof: Indeed,

(31)

dp(2)* = (ps(z), ¥8()ps(2))
= (pa(@), —18(2)v8(2) (T fa(z) — €(2)))
= —(pg(2), Vfa()) , since (pg(z), £(z)) = 0

Proposition 3.1 Suppose that z € int(P) and

(10(2)pp(z), pa(=)) < 1.



Proof: Set in this proof p = pg(z). We have

(70 P ' P ) Z (a‘;(p>)

Thus (ai, p)| < %:(2),i = 1,2,.
p) = 3i(z) — (ai,p) > 0,5 = 1,2,..

.., m. In particular, s;(z+
.,m. Thusz+p €

int(P). [

Proposition 3.2 Let z € int(P),8g(z) < 1. Thenzt =
z + pg(z) € int(P) and, moreover, for 3 > 0
8p(z*) < bp(2)*. (32)

Proposition 3.3 If z € int(P) is such that = + pg(z) €
int(P), then

fo(2) — fs (= +1tpa(z)) > 0p(z) — In(1 + dp(2)), (33)
where
=1
T 1+46p(z)’

Corollary 3.1 Under the assumptions of Proposition 3.3,

if0 <6 < i, then fs(z +p) < fo(z).

Proposition 3.4 Given 8 > 0,z € int(P) and dg(z) <
1, consider the sequence zo = 2,21 = Zo+pg(Z0),...2i =
zi—1 + pp(zi-1),% > 2. Then z; € int(P) for all i and
moreover

limz; = z(8),i = +oo.

Proposition 3.5 Suppose that z € int(P),ds(z) < 1.

Then
dp(=)?

T=dp(a)"
Proposition 3.6 If 8 > 0, = §g(z) < 1,z € int(P),
then

6(1 + 6) \/_

fo(z) = fa(z(B)) < (34)

f(z) - £(=(8)) <

We now are in position to describe a version of the
large-step path-following algorithm. Suppose we are given
Bo > 0 and zo € int(P) is such that dg,(zo) < 3. Given
8 > 0, we perform what is called outer iterations 8, =
(1 +6)Bo,...0c = (1 + 6)'Bo. Suppose we are able to
construct a sequence of points 2y, z3,... € int{P) such
that ép,(z:) < 1. Then:

Theorem 3.1 Suppose £ > 0 is given and

*2 11 9) (35)

Then
f(z) - f(=z") < ¢,

where z* is an optimal solution to the problem (1) - (3).

It remains to describe a procedure for the updating z;.
Suppose we are given z; € int(P) such that §g,(z;) < 3.
Set Biy1 = (1+6)5;. We have to find 2,4, € int(P) such
that &g,,,(zi+1) < 5. To do that we perform several
Newton steps for the function fg,,, using z; as a start-
ing point. Each such a Newton step is cailed an inner
iteration.

Theorem 3.2 Each outer iteration requires at most

11 m
— 4118 z=vVm+ ——
3t ( +a+1)

inner iterations.

We finally obtain.

Theorem 3.3 An upper bound for the total number of
Newton iterations is given by

in (cﬂo) (11 + 116 (3\;_ 0+1))

In(1+96)
For the general case of convex linear-quadratic constraints
we have ([8])

Theorem 3.4 An upper bound for the total number of
Newton iterations is given by:

fl}ffa)) ' (22 + 220 (5\;— T +r9))
4 Example

Consider the time-dependent linear-quadratic control prob-
lem with inequality constraints:

flyu) = (36)
1 T
3| 67 Q) + u(e) Retyu(e)] i — min,

0o

(37)
(38)

= A(t)y + Blts, ¥(0)=o
L(yu) =

/OT [af (W)u(t) + b7 (t)u(t)] dt < Ci,i=1,2,...m

Here u € LT*[0, T, and y is absolutely continuous func-
tion on [0, T] with values in IR™ such that y € L}[0, T).
We use the standard notation L3{0,T] for the Hilbert
space of measurable square integrable functions on {0, T
with values in IR", Q(t) (respectively, R(t)) is a sym-
metric positive definite n by n (respectively, p by p)
matrix which depends continuously on ¢t € [0, T}; A(t)

1112




(respectively, B(t)) is n by n (respectively n by p) ma-
trix which depends continuously on ¢ € {0, T); a;, b; are
continuous vector-valued functions on [0, T] with values
IR® and IR? respectively; T is a fixed positive number,
Ciy1,2,...m, a are some reai numbers. The problem (36)
- (38) is, of course, of the form (1) - (3) with H =
L3(0,T) x LP[0,T), X = {(v,u) € L*: y is absolutely
continuous on (0, T'], y(0) = 0 and (37) holds true}.

Theorem 3.3 gives a rather sharp estimate for the num-
ber of Newton steps for out path-following algorithm.
From the computational viewpoint it is crucial to see
that the performance of a Newton step is a reasonable
problem. In what follows we frequently omit the explicit
dependence of various functions on time ¢.

Set = (y,u). We have for 8> 0

fa(z) Bf(y,u) - Z In(Ci — (=),

si(z) = Ci-l(z),i=12,...m

An casy computation shows that:

[ BQy+ X7, O]
| BRu+ 30, iﬂbi;j '

[ BQE+XT, ‘.—.‘f*yl
| BRr+ YT, 4555

z = (y,u) € int(P), (¢, r) € H,

Vfﬁ (y: u) = (39)

18 (ys ) [ f ] =

] (40)

_{[ p+App] :p is absolutely
continuous on [0,T],p(T) =0 and p € L3[0,T]}.
(41)
Recall that for the Newton direction pg(z) at the point
z = (y,u) € H we have the formula:

pa(z) = —v8(2) " (Vfs(z) — u(=)),
wz) € x*

If pa(z) = [ f_ ] € X, then using (40), (41)

€ = A + Br,£(0) = 0, (42)
p+ATp—§=0QE+ Z l‘(e’ ), . (43)
BTp-a=pRr+ Z l‘(‘f’r)b (44)
p(T) =‘0 1 (45)

where [ z ] = v fa(z) (see (39).

To solve (42) -
similar to the standard one ([11]).

(45) one can use the procedure quite
Denote (£, r) by

di,i=1,2,...m. We are looking for the solution of (42)
- (45) in the form:
p(t) = K(£)é(t) + p(t). (46)
From (44)
R-! O~ d;b
r=— BTp -1 - 47
(b)) @

Denote B(t)R~!(¢)BT(t) by L(t).
Substituting (46), (47) into (42), (43), we obtain:

K+KA+ATK + %KLK -BQ=10,K(T)=0, (48)

£ = (A+ %’ﬁ) e+ 5Lo+ DL =0, ()
p=- (AT + %) p+a(t),p(T)=0, (50)
where
0 = ( w55 (’111’;) )

Observe that the Riccati equation (48) does not depend
on unknown constants d;, ...dm. Thus one can find K(t)
from (48).

Let ¢(¢, T) be the fundamental solution to

Then (¢, T) = [¢(¢, T)T]-1 is the fundamental solution
to
LK
= (A + T) §.
From (49), (50), we have
p(t) = /7" #(t, T)a(r)dr (51)
(0 = [ven) (5 +60) dn (2

From (51), (52), (46) and (47), we immediately conclude:

") = WO+ dam()
€ = o)+ du(t)

1113




for the known functions u, v, 44, vi. Recalling the defini-
tion of d;, we obtain

=) fijdj+9i,i=12,...m, (53)
j=1
where
T
fo = [ Fame+ O],
aT
o = /0 [aF (t)u(z) + b7 (£)us(2)] dt.

This is a system of linear algebraic equations which can
be easily solved.

We see that the performance of the Newton'’s step in-
volves in our situation three essential steps:

(a) The numerical integration of the Riccati equation
(48)

(b) Finding the fundamental matrix for the linear sys-
tem (50)

(c) Solving a system of m by m linear algebraic equa-
tions (53).

The first two steps are essential for solving the standard
time-dependent LQ-problem. We see that the perfor-
mance of the Newton step in our situation is essentially
equivalent to solving the standard LQ-problem plus the
system of linear algebraic equations. Similar results hold
for a more general case of linear-quadratic inequality con-
straints ((8]).

5 Concluding Remarks

In the present paper we have considered a long-step path-
following algorithm for the infinite-dimensional quadratic
programming problem. We found an estimate for the
number of Newton steps which coincides with the best
known ([4] in the finite-dimensional case. We then consid-
ered an example of the linear-quadratic time-dependent
problem with linear inequality constraints. We have shown
that in this concrete situation the performance of the
Newton step is essentially equivalent to solving the stan-
dard LQ-problem (without inequality constraints). Nu-
merical experiments in the finite-dimensional situation
show that in the case of long-step path-following algo-
rithms the number of Newton steps grows very slowly
with m (the number of inequality constraints). If this
trend proves to be true in the infinite-dimensional sit-
uation, we will have a powerful tool for solving various
optimal control problems involving inequality constraints
on control and the state space constraints.
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