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Abstract

In this paper, we develop new results concerning the risk-
sensitive dual control problem for output feedback non-
linear systems, with unknown time-varying parameters.
A dynamic programming equation solution is given to an
optimal risk-sensitive dual control problem penalizing out-
puts, rather than the states, for a reasonably general class of
nonlinear signal models. This equation, in contrast to ear-
lier formulations in the literature, clearly shows the dual
aspects of the risk-sensitive controller regarding control
and estimation. The extensive computational burden for
solving this equation motivates our study of risk-sensitive
versions for one-step horizon cost indices and suboptimal
risk-sensitive dual control. The idea of a more generalized
optimal risk-sensitive dual controller is briefly introduced.

1 Introduction

The concept of dual control is generally attributed to
Fel’dbaum[1]. In the case of a partially observable system,
it has been shown [2] [3] that the dynamic programming
equation solution to the optimal control problem is compu-
tationally more difficult than for the complete information
case. The additional computational effort is attributed to
the fact that in the case of a system with unknown (possibly
time-varying) parameters, the task of the control actions
is twofold- probing for achieving information concerning
the states, and feedback of this information to achieve con-
trol objectives. Probing for state estimation needs more
aggressive control than for the case when the states are
known, and hence good control and good estimation are
conflicting objectives. The optimal control in the case of

partially observable systems achieves a trade-off between
these two conflicting demands.

Inthis paper, we study the risk-sensitive version of the dual
control problem. Although [8] actually addresses the risk-
sensitive optimal control problem for partially observable
systems and achieves a dynamic programming equation
by applying change of probability measure technique, it
is difficult to interpret the dual aspects of risk-sensitive
control from these results. By considering a cost function
which penalizes the system output, we achieve a dynamic
programming equation in Section 2, which achieves the
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same objectives, without resorting to the measure change
technique of [8]. In Section 3, we consider the risk-
sensitive version of the one-step horizon control problem
(also known as the cautious control problem [2]) which
has not been considered in literature for systems with un-
known time-varying parameters. In Section 4, we present
a suboptimal risk-sensitive dual controller, the risk-neutral
version of which has been considered in [7]. Finally, the
idea of a more generalized optimal risk-sensitive dual con-
trolleris briefly introduced in Section 5. We do not present
the proofs of the theorems stated in this paper due to lack
of space, but they are readily available with the authors.

2 Risk-sensitive Dual Control

In this section, we introduce the risk-sensitive dual con-
trol problem for a certain class of nonlinear systems. We
describe the signal model, introduce the cost criterion and
give a dynamic programming equation solution to the op-
timal control problem assuming separability between esti-
mation and control.

2.1 Signal Model

We consider the following discrete-time stochastic non-
linear state space model defined on a probability space
Q,F,P):

Tp41=Ak(2r) + B (up) + w4y

yr=Cr(zp) + vp 1
where zx, wr € R", y,vx € R?, up € R™. Here, z;,
denotes the augmented state of the system including the
unknown system parameters, ux denotes the control input,
yr denotes the measurement, w; and vy are the process
noise and the measurement noise respectively. The vectors
Ag, By and Cy, are nonlinear functions in general. We
assume that wi, k& € IN has a density function ¢ and
vk, k € IN has a strictly positive density function ¢. The
initial state xg or its density is assumed to be known and
wy, is independent of vy.

Remark 1 The followingresults can be obtained for more
general nonlinear signal models without much difficulty,



although special restrictions might apply to the functional
nature of the nonlinearrelationship. Such restrictions have
beenreported for risk-neutral nonlinear filteringin [11] and
for risk-sensitive nonlinear filtering in [9]. Similarly, these
results can be easily extended to hidden Markov models
with finite-discrete states.

2.2 Cost Criterion

Define Y} e(yo, Y1,.-.,Uk), the o-field generated by Y
as )? and the corresponding complete filtration by V.
Also define U, , to be the set of the admissible controls
uy, in the interval m < k < n, where u; is )y measur-
able. The risk-sensitive cost criterion for the dual control
problem is given as, for u € Uy_; 71,

T
exp {0 (Z L(yi, ui-1, 73 ) }] @
=k

The problem objective is to find ©* € Ui_1 -1 such that

T
exp {0 (Z L(yi, ui-1,79) ) }]
i=k 3

Here, r; € IR?,i € IN is the reference output that is
supposed to be tracked by y;. We also assume that
L € C(R? x R™ x RP?) is non-negative, bounded and
uniformly continuous. #( > 0) is the risk-sensitive pa-
rameter.

Using a fundamental result of stochastic control [2], the
problem objective is to find u* such that

J(u) =F

u'= argmin E

u€Up_ 1,71

T
argmin E [exp{6( ZL(%‘, ui—1,7) ) }

u€Uk-1,7-1 i=k

[ Ve-11 @)

Remark 2 The cost criterion could have been expressed
in terms of the state z;, rather than the output y;, as

T-1
J(u) =E [exP {9 (Z Lz, ui—1) + P(zp) ) }]
&)

i=k

where L € C(R" x R™) is non-negative, bounded and
uniformly continuous in (z,u) and ® € C'(IR") is non-
negative, bounded, and uniformly continuous. This risk-
sensitive control problem has been solved in [8] using
change of probability measure techniques. But the dual
aspects of the control are not so evident from the dynamic
programming equation obtained in [8] and so this case is
not studied here any further.

2.3 Dynamic Programming

We have separability between estimation and control as in
[8]. The estimation problem is solved by evaluating the
information state, which in this case is a conditional prob-
ability density function of the state given the observations.

Definition 3 Define the information state cy 1 () such
that

app—1(z) dz=E [I(z} € dz) | Vi1 (6

Remark 4 It is obvious that for a general nonlinear signal
model, ok -1 () will be givenby an infinite-dimensional
recursion. Also, ag;—1(z) can be approximated by the
Gaussian sum approach [11].

Definition 5 Let us define the value function
V (agk-1, k) such that
T
Viekjk-1, k;?:UE{T_lE[eXP{H( ; LQy;,ui—1,7) )}
[ Ve-11 (D)
 Remark 6 We assume here that
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exp{0( Y=y Ly, ui—1,7:) ) } is integrable.

Theorem 7 The value functionV (a1, k) satisfies the
following recursive dynamic programming equation
V0agg-1,k) = ulfl_fl Elexp{0(L(yr,ugp—1,7) ) }
Viag+yp, K+ 1D | Ve-11 (8)
= inf

ur-1 /Rr' ./n

exp{0(L(cy (x) +v,up—1,77) ) }
apir-1(z) ¢r(v) dzedv )

Vierir-1,T)

Remark 8 Note that considering the cost criterion (2) in-
stead of (5) results in the dynamic programming equation
(8) which clearly shows the dual nature of the risk-sensitive
control, which is explained below. Also, change of proba-
bility measure techniques are not required to achieve this
dynamic programming equation.

2.4 Dual Aspects of Risk-sensitive Control

The dynamic programming equation (8) involves com-
puting the expectation of the product of two terms. The
first term denotes the immediate risk-sensitive control cost.



The second term is a  function  of
ap+1x(z) which itself is a function of Y, and
Ug—1, .- ., up. This implies that uj—1 not only affects the
immediate risk-sensitive control cost but also influences
the future information state, or in other words, the esti-
mation procedure. It has been shown similarly in [2] for
a linear single-input, single-output model with unknown
time-varying parameters (where the information state is
finite~dimensional), the optimal control affects the imme-
diate control cost as well as influences the future parameter
estimates and their accuracy. Inanalogy to this risk-neutral
dual control problem, the optimal control problem under
consideration in this paper is indeed a risk-sensitive dual
control problem.

Remark 9 The solution of (8) involves, at each step, dis-
cretization of the value function in the variables of the
information state, evaluation of the expectation and mini-
mizing with respect to uy—; subject to the constraint that
the information state takes a particular combination of val-
ues, for each such combination. Of course, for the general
nonlinear signal model, this becomes analytically impos-
sible due to the infinite dimensionality of the information
state, unless one approximates the information state by a
finite-dimensional representation such as a Gaussian sum
representation. Even when the information state is finite-
dimensional, it has been shown [2] that the solution to
the corresponding dynamic programming equation for the
risk-neutral dual control problem cannot be achieved an-
alytically. Numerical solutions to a handful of simple
problems exist, but are computationally very expensive
because the computational complexity increases exponen-
tially with the dimension of the information state.

3 Risk-sensitive Cautious Control

The risk-neutral version of the finite-horizon multi-step
optimization task considered in the previous section has
been found to be analytically impossible to solve. Even
numerical solutions are computationally expensive. This
difficulty has led researchers to consider alternative cost
functions. In the risk-neutral case, a single-step analyti-
cally solvable cost-criterion (see pg 21, [2]) results in an
optimizing controller which is known to be a myopic con-
troller. 1t is also known as a cautious controller because,
in comparison with the certainty equivalence controller,
it “hedges” by decreasing the feedback gain when the pa-
rameter estimates are uncertain and have large variances.
Unfortunately, this optimizing control does not introduce
any probing feature into the algorithm, and hence does not
have the dual aspects. We present the risk-sensitive version
of the cautious control problem in this section, followed
by the analytical expression for the optimizing control for
a single-input single-output ARX model with unknown
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time -varying parameters. We also illustrate with an ex-
ample that the solution to the risk-neutral cautious control
is not optimal for the risk-sensitive cautious control cost
criterion, which is appropriate for systems with plant or
noise uncertainties. This optimization task has been also
considered in [10] but not for systems with unknown time-
varying parameters.

3.1 Cost-criterion

The risk-sensitive cautious control cost-criterion is given
as (by putting 7=k in (4))

Je(ug_1) =E [exp {0 (LCuk, up—1,7%) ) } | yk—l]
(10)
and the problem objective is to find a u} _, such that
argmin  J. (ug-1) (1D

Ur—1EUx 151

* -
Up1™

where the necessary assumptions are same as in the previ-
ous section.

3.2 Risk-sensitive cautious control for an
SISO ARX model

‘We consider the risk-sensitive cautious control problem for
asingle-input, single-output, minimum phase, ARX model
where the parameters are unknown and time-varying. We
present the signal model and then present the solution to the
problem. Note that since this is a single-step optimization
problem, there is no dynamic programming involved here.

Signal model

Counsider the discrete-time SISO ARX model

1
Yr Y QpYe—1+ ...+ a;‘yk_n = b,lcuk_l + ...
s g+ (12)

where yi, ug, v are output, input and measurement noise
respectively at the k-th time instant. The noise se-
quence {v;},k € IN is assumed to be Gaussian dis-
tributed with a density ¢, ~ N (0,02). v is also as-
sumed to be independent of y;, 7 € {1,2,...,k — 1} and
al,bl, i € {1,2,...,k},j € {1,2,...,n}. It is further
assumed that b, £0 Vk.

The state of the system is denoted by
zp=[by b} ...b7 a}...a}]’ and the state dynamics is
given by

(13)
where Ay is a known matrix and {wy} is a sequence of

i.i.d random vectors distributed with a density function
bw ~ N(O,Z,) ,Vk e IN.

Tp+1=Apy + wy



With this state description. the output dynamics is given
by

Yr=t_1Tk + Uk (14)

where

Vi1 [Uk—1. .. Uk — Yb=1-- . = Yt=n]

The initial state z¢ or its distribution is assumed to be
known.

Cost-criterion

The single-step optimization index is chosen to be an ex-
ponential of a quadratic in this case, so that the problem
objective is to find

argmin  J,(ug_1) (15)

Uk 1 €UR—1,k-1

* -
Up-17

where
[
JeCug_1) =E [cxp{i (yx — rk)z} | yk-l]

Remark 10 It should be noted that the minimum phase
assumption is not restrictive. Non-minimum phase sys-
tems can be treated by including a term penalizing the
control cost in the cost index described above.

Remark 11 SISO systems are treated to maintain nota-
tional simplicity and to develop a theory that is intuitively
appealing. Multiple-input, multiple-output (MIMO) sys-
tems can be treated easily by considering a suitable cost
index.

Optimal cautious control

Estimation:

As mentioned earlier, the estimation problem is separated
from the control by applying the separation principle. It
can be easily shown [2] that o jz_1(2) is Gaussian with
mean £y, -1 and variance Py _ satisfying the recursions

Brarp=Arrie-1 *+ Ki (yp — Yh—18k15-1  (16)
Petip=(Ar — Kpti_1) Pep—1 4y +Z, (17)
Kr=ArPrje—1¥e-1002 + ¥ Pepp-1¥e-1)""  (18)
with 2g|1, Poj—1 known. Hence, the conditional density
of y; given Vi _, is Gaussian with mean §; and variance

o2, givenby

=V 18k k-1
2

o2 =02 + Y1 Pojp—1%k—1 (19)

Control:
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Theorem 12 The optimizing risk-sensitive cautious con-
trol is given by

0

1
Up_y = argmin [ exp{
k-1 Ug—1€Uk 1,k ~1 /1 — go.gk 2(1 _— 00’5,‘)

X (Y1 Expe-1 — )2} (20)

»

Note 13 Itis assumed here that § < 7’}/—, Vk. One way to
guarantee this is to choose a high enoug’fl Py~ and choose
6 < ;%; because it is assumed that 02, < 02, Vk > 0.
Remark 14 1t is fairly easy to show that as § — 0, this
optimizing control approaches the solution given in [2]
for the risk-neutral cautious control. This is in agreement
with similar observations made in [8], [9] where it has been
shown that the risk-neutral case can be always obtained as
a special case of the risk-sensitive problem as § — 0.

Example

Consider an integrator in discrete-time with a time-varying
gain given by
br+1=Arby + wi

Yk=Yk—1 + brugp_1 + vy (21)

55 o 05 1 1.5

co= optimal cost for risk-neutral cautious control
up= optimal control value for risk-neutral cautious control

Figure 1: Risk-sensitive cautious control

We assume wy ~ N(0,02),v, ~ N(0,02) and A,
to be known. Figure 1 shows the plot of the cost of the
risk-sensitive cautious control described by (20) versus the
control variable u;..; and the corresponding (i.e using the
same realization for yx . , same value for r; and the same
distribution for by 1) optimal risk-neutral cost denoted
by ¢p for the optimal control g [2]. It is seen that the



optimal risk-neutral cost is higher than the optimal risk-
sensitive cost. & was chosen to be 3.7 for this particular
example. It explains that risk-neutral optimization prob-
lem is not the best approach when there are uncertainties
involved in the model dynamics, taken care of by choosing
¢ suitably in the risk-sensitive optimization problem.

4 Robust (risk-sensitive) suboptimal
dual controller

In Section 2, we derived a dynamic programming equation
(8) which has to be solved in order to achieve the solution
to the multi-step optimization criteria (2) or the optimal
risk-sensitive dual control problem. Remark 9 explains
why such a solution even for simple linear systems could
pose extreme computational difficulties. Due to similar
difficulties encountered in the risk-neutral optimal dual
control problem, researchers have considered other sub-
optimal strategies which could substantially simplify the
computational procedure. Since the cautious controller is
not a dual controller, adding perturbation signals to the
cautious controller has been considered in [4]. In {5],
constrained one step minimization techniques have been
considered, the constraint being on the minimum value
of the control signal or on the variance of the parame-
ter estimates. Several works (e.g., [6]) have considered
different extensions of the single-step cost criterion (i.e.
the cost criterion for the cautious control problem) in the
risk-neutral case.

In this section, we consider a similar extension of the
single-step risk-sensitive cost criterion (10). The corre-
sponding extension in the risk-neutral case has been stud-
ied in [7]. We first present a generalized extended cost-
criterion for a risk-sensitive suboptimal dual controller,
followed by a specific cost-criterion for the SISO mini-
mum phase ARX model described in Section 3. We then
present an analytic solution for the control that optimizes
this specific cost-criterion.

4.1 Cost-criterion

Consider a generalized cost-criterion for a risk-sensitive
suboptimal dual controller for the system (1) given by

= E [exp {01 (L(yr, uk—1,7%)
+02f (i, 80D} | Vo]

Jsub (uk—l)
(22)

where 0y, 0, are risk-sensitive parameters and f : IR” x
R" — R is a convex function reflecting a measure of
the estimation error energy, so that both the control and
estimation cost are penalized.

Now let us consider the following cost criterion for the
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SISO ARX model described in Sec. 3.2, given by

Tty © Q1) =E [exp {01 ((ge — r)%+ Ael) } | V1]
(23)
where ex=yx — ¥} Zxjx—1 and /\=%f'

Therefore, the problem objective is to find u},_, such that

SISO
Jsub

argmin (ug-1) (24)

Uk —1€Uk w1,k -1

* -
Up_1=

4.2 Robust suboptimal dual controiler for
an SISO ARX model

Consider the SISO ARX model described by (13), (14).
Separability of estimation and control applies as before
and the estimation is carried out in the same way as in Sec.
3. The following theorem gives the result for the risk-
sensitive suboptimal dual controller for the SISO ARX
model (12).

Theorem 15 The risk-sensitive suboptimal dual control
that optimizes the cost criterion (23) is given by

01 (1 — My02))
2(1-06,(1+ ) 02,)
X (Yp_18x — )] (25)

Up_y = argmin  J exp

Uur1€UR 1,621

and o2

vi: Lk are as defined

where ﬁfﬂl ;
-Vl
in Sec. 3.

1
(1+2)02,)

Remark 16 This optimization has to be done numerically
since ¢, _; and hence 02, and B} are functions of uj_.

Remark 17 We assume 0, < 7557, Vk € N. The
Yk

choice of 0; and X is dependent on the trade-off between
good control and good estimation.

Remark 18 Simulation studies [12] have shown that the
risk-sensitive suboptimal dual controller yields a lower
cost than its risk-neutral counterpart in uncertain noise
environments. We do not present them in this paper due
to limited space.

S A generalized robust dual controller

In the existing dual control literature, the risk-neutral dual
control problem has been always treated as an optimal
control problem, where the optimizing control not only
minimizes the immediate control cost, but also introduces
a learning feature ensuring good estimation in future. In
our paper so far, we have considered risk-sensitive ver-
sions of such dual control problems. In this section, we



introduce a more generalized optimal risk-sensitive dual
control problem, where the risk-sensitive cost incorporates
a term involving the estimation error energy along with the
control cost. We present the cost-criterion and then give a
brief outline of the solution and its significance.

5.1 Cost-criterion

Consider the signal model (1). The generalized optimal
risk-sensitive dual control cost-criterion is given by

T-1
Ty Cu, R ) =ELexp{0:C Y L(zi,ui_1) + ®(er))

ik

T
+0, (2 — ) Qi(zi —2:) } | Vi1l (26)

i=k

~ A - R
where u € Ug—17-1, X3,7 =(&k,...,87) and Q; > O.
., 6. > 0 are risk-sensitive parameters.

Therefore the problem objective is to find u* € Uk—1,7-1
and X 7 such that

T-1
Jo G, Ry ) = inf Elexp{0.C Y Lz, uiy)

k=1,T=1,€k,T =
! i=k

T
+®er) )+ 0.y (@i~ &) Qilei =€) } | Ve-1]

=k
where &, 7=k, ..., éT).

Note 19 The relevant assumptions about L and & are
given in Remark 2.

5.2 Optimal Solution

It is obvious that this optimization task is much harder
than the ones considered in this paper so far, since the
optimization has to be done over two variables uy..1, £ at
time k. By considering 2;, Vi € {k,...,T},tobeanother
set of control variables, the optimization task can be looked
upon as an optimal control problem, similar to the one
considered in [8]. Hence, to solve this generalized risk-
sensitive dual control problem, we have to apply the change
of probability measure techniques to obtain a dynamic
programming equation similar to the one obtained in [8].

It should be noted here that the estimates X &,7 obtained
as the solution of the optimization task, along with the
control u* € U_j -1 are, in general nonlinear functions
of the information state , which in this case is no longer just
a conditional probability density function [8]. Although
X . does not affect the future evolution of the system,
it can be viewed as a robust estimate of the state and/or
the unknown parameter vector of the system, which will be

appropriate in the presence of plant and noise uncertainties.
Also having two risk-sensitive parameters ¢,, 0, gives the
provision of having a trade-off between good control and
good estimation.
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