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SUMMARY

Stable linear fractional transformations (SLFTs) resulting from a 2 x 2-block unit Z in the ring of stable
real rational proper matrices are considered in this paper. Several general properties are obtained, including
properties with respect to possible pole—zero cancellations and a generic McMillan degree relationship
between a transfer matrix and its image under an SLFT. The problem of representing a plant as an SLFT
of another plant such that the order of the original plant is exactly equal to the sums of the orders of the
SLFT and of the new plant is solved. All such representations can be found by searching for all matching
pairs of stable invariant subspaces associated with the plant.

In relation to applications of SLFTs, it is shown that if two plants are related by an SLFT, then a one-to-
one correspondence between their two respective sets of all stabilizing controllers can be established via a
different SLFT. Also, it is shown how to decompose a standard H™ control problem by means of SLFT into
two individual H™ subproblems, the first involving a nominal plant model and the second involving
a certain frequency-shaped approximation error. An example is presented to illustrate the idea of
decomposing the complexity of an H™ control problem.

KEY WORDS rational matrices; fractional linear transformation; stabilization; //~ control

1. INTRODUCTION

Linear fractional transformations (LFTs), defined via a unit in the ring of stable proper rational
matrices denoted by RH,, have been found to arise frequently in systems theory, see, for
example, References 11, 13, 5, 9 and 17. As is well known, any particular stabilizing
compensator for a plant is an image of a suitable parameter Q in RH_, by a fixed LFT defined
via a unit in RH.,, and vice versa. By duality, any plant which is stabilized by a compensator can
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also be viewed by an LFT as an image of a parameter S in RH... In fact, any plant can be
expressed as a stable linear fractional transformation of a certain frequency-shaped mismatch
between the plant and its given model. Recently, Tay et al.' proposed a control scheme in which
the mismatch can be identified on-line from measurement data and illustrated that in a robust
controller design context there could be an advantage of identifying the mismatch instead of the
plant in respect of model reduction.

LFTs defined via a unit in the ring of polynomial matrices have been considered by Antoulas'
from the standpoint of realization. It is shown that every system can be decomposed into a
number of subsystems via a series of LFTs subject to certain realization constraints. This
decomposition has two nice properties in respect of McMillan degree and Kronecker index.
However, since the LFT in Reference 1 is defined based on polynomial coprime factorizations,
it may be difficult to apply the decomposition to a synthesis problem in spite of its attractive
properties. In addition, it is not clear whether the decomposition possesses any interesting
topological properties.

This paper is concerned with an LFT induced by a 2 x 2-block unit in RH.,. Such a stable LFT
(hereafter called an SLFT) is a transformation from one system to another and more precisely a
bijective mapping from R, onto itself. Though R, is not a Hilbert space, it can be equipped with
the graph topology introduced by Vidyasagar.'” With this topology, it turns out that an SLFT is
continuous.

Our objective is to study some basic properties of an SLFT from a system point of view and
to explore application of SLFT in robust stabilization and H* controller design. For example, we
derive properties with respect to possible pole-zero cancellations and a generic McMillan
degree relationship between a transfer matrix and its image under an SLFT in the state-space
sense. If two plants are related by an SLFT, then a one-to-one correspondence between their two
respective sets of all stabilizing controllers is established via a different SLFT. This suggests a
two-step procedure of designing a stabilizing controller for a high-order plant expressed as a
stable linear fractional transformation of some frequency-shaped modelling error — one step
designing a stabilizing controller for the plant model and the other enhancing this controller to
cope with the high-order plant. An advantage of this method is avoiding directly designing a
high-order controller for some class of plants of high order. Another important application of
SLFT is in H™ controller design. Specifically, a standard H™ control problem can be
approximately decomposed by means of SLFT into two individual H”-subproblems, the first
involving a nominal plant model and the second involving a certain frequency-shaped
approximation error. This application is of particular significance when there exist unmodelled
dynamics or the order of a plant is so high that it might be infeasible to solve directly the
original problem. Moreover, the theory would support an approach when the first H~ design is
off-line and the second ‘on-line’ based on some on-line identification. An example presented in
the paper shows that the idea of decomposing the complexity of an H” problem works very well
and that a satisfying H™ controller of order much lower than the order of the true plant can be
designed by using a low-order balanced truncation approximation of the generalized frequency-
shaped modelling error.

The application of SLFTs in breaking a design problem into two subproblems with less
complexity offers one an incentive to ask a question as to whether a plant can be minimally
represented as an SLFT of another plant in the sense that the complexity (order) of the
given plant is exactly the sum of the complexities of the SLFT and of the new plant. This
question 1s addressed in this paper and a complete answer is obtained in terms of stable invariant
subspaces.

The next section will be devoted to derivation of certain topological properties of SLFTs
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which are of independent interest as well as being preliminary to later results. In Section 3, we
derive properties on pole-zero cancellation and McMillan degree via a state-space
representation of an SLFT. Meanwhile, the problem of minimal stable linear fractional
representations for a plant is considered and solved. In Section 4, we establish a one-to-one
correspondence between the two sets of stabilizing controllers associated respectively with two
plants related by an SLFT. An application of SLFTSs in solving a standard H control problem is
also explored. Conclusions are drawn in Section 5.

2. TOPOLOGICAL PROPERTIES

In this section, we first give definitions and general properties of transformations of concern
and then derive additional topological properties important for dealing with robust controller
designs. The new properties are of independent interest, but also set the stage for later results.

A (right) stable linear fractional transformation (SLFT) ®: R, = R, is defined as

G =R(S)2(N + VS)(M + US)™" )
via
Z=[M U]ez )
NV

where R, denotes the set of proper rational matrices and Z is the set of all 2 x 2-block units
Z € RH,, with the two diagonal block elements being an identity matrix at infinity and the (1,2)-
block element being strictly proper. The restriction Z€ Z is imposed for simplicity of
presentation and for making (1) well-defined for all § € R,. If Z~! is compatibly partitioned as

A _| Vv =0
z _[-N M] ¥

then the transformation R can be expressed in dual form
R(S)=(M+ SU)" (N + SV) @)

and the following Bezout identity holds
V-UIMU|_IMN| V -U|_, )
-N M ||NV NV|-NM

Remark 2.1

It can be readily established that the LFT % of the form (1) under (5) is a particular form of
the following LFT

FS)=J,, +J 2SI = J,8)"" ), (6)

with

s
Jé|:111J12}={NM Z“ o

o In M

U
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Conversely, any given LFT (6) with J,, having a stable inverse can be rewritten in the form (1)
with
L =L
7= [AA/; l‘i] 21—1 21 2_21 ®)
Indai i =Indadn

LFTs of the form (6) with J;; operators defined on a Hilbert space were dealt with by Redheffer
in Reference 12. It is easy to see that under (7), J is in RH,, with J,, a unit if M is a unit in RH..

For our purposes, it is convenient to introduce a mapping f from Z to the set of all SLFTs by
defining

[2D)=% 9
A product R, of two SLFTs R, and R, is defined by
G =R, R,(5) =R, (Ry(S)) (10)

Then it is straightforward to check that f(Z,)f(Z,) = f(Z,Z,) for Z,, Z, € Z. By induction, one
can prove

f(Zl)f(Zz)-~-f(Zn)=f(lez-~-Zn) (11)
where Z, €Z, i=1,..., n. Consequently, it follows that
R'=f(Z7) (12)

These standard properties can be found in References 21, 6.

Before studying continuity of an SLFT, we first need to equip R, with a topological structure.
Given a G, €ER,, let (N,, M) be any right coprime factorization (r.c.f.) of G, in RH.,, i.e.
G, = NyM,;". Then the set

K,(N,,My;e)2 |G=NM"':N,Me RH_, and

<€ (13)

is called a basic neighbourhood of G, for any £> 0. It is known from Reference 17 that the
collection of sets of the form (13), denoted by ¥,, constitutes a base for a topology on R, i.e.,
the so-called graph topology, which was first introduced and studied by Vidyasagar. In the same
vein, it can be shown that the collection of sets K; of the following form, denoted by X, is also
a base for a topology on R,:

K,(Ny,My; €)2{G=M"'N:N,MeRH,, and |[N-N, M-M,l|<e) (14)

where (M, N,) is a left coprime factorization (l.c.f.) of G,. Moreover, the two bases %, and ¥,
generate the same topology of R,,. The main properties of SLFTs are collected in the following.

Proposition 2.1
Adopt the notation as above, there hold

(1) R =f(Z) with Z€ Z is a bijective and continuous map from R, onto itself in the graph
topology; so is its inverse.

(2) Given two units Z,, Z,€Z, f(Z,)=f(Z,) if and only if there exists a scalar unit
a € RH, such that Z, = aZ,.
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(3) Givenan SLFT R=f(Z) with

w1

being a unit in RH,,, then for any G € Q 2 K,(N, M; £,) U KN, M; ¢,) there exists a
S € RH_ such that G =R(S), where

1 1
g =————=— and & =—— (15)
i vl :

d

Proof. See the Appendix. O

As a direct consequence of (1) of Proposition 2.1, the following result states that an SLFT
has the continuity-preserving property with respect to a parameter in a first-countable
topological space. Recall that a first-countable topological space is one in which each point has a
countable neighbourhood basis. "

Corollary 2.1

Suppose A is a first-countable topological space. If S, as a function of 4 mapping A into R,,
is continuous at 4 = 4, in the graph topology, then so is (S, ). Likewise, if G,, as a function of
4 mapping A into R, is continuous at 4 = 4, in the graph topology, so is & ~'(G,).

Remark 2.2

If one would like to use R(0)=NM "' to represent an estimate of G =R(S), then (3) of
Proposition 2.1 gives a quantitative description of how close G is to NM ™' so that G can be
expressed as an SLFT of § € RH....

3. POLE-ZERO CANCELLATION, McMILLAN DEGREE AND MINIMAL
REPRESENTATION

In this section, on the basis of astate-space representation of an SLFT we first reveal where
pole—zero cancellations may occur for the state-space realization of an SLFT of a transfer
matrix. Next, a generic McMillan degree relation between a transfer matrix and its SLFT is
exhibited. Finally, we consider the problem of minimal representation of a plant as an SLFT of
another plant such that the order of the original plant equals the sum of the orders of the SLFT
and of the new plant. The necessary and sufficient conditions for solvability of such a problem
are derived in terms of (A, B)-stable invariant subspaces.

Let the SLFT ® be given as in (1) with Z a unit in RH,, of the following state-space

realization
a ¢ D\, Dy,
G

1-A)"'[B, B,))+
(s ) [ I 2] D21 D22

(16)
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Assume

A,| B

A

S =
CS DS

satisfying that A2 (D, + D, D) " exists. Since
A B,C,
M+US|_[MU|I]|_| 0 4
N+VS | |N V|[$|T|C D,C;

CZ D22CS

B, + B,D;
By

Dy, + D\;Dg

D;) + Dy, Ds

substituting into (1) yields
A - (B; + B,Dg)AC, B,Cs — (B) + B,Do)AD|,C; (B, + B,Do)A

G=R(S) = ~B(AC, Ag - BLAD,,C BA a7
—~(Dy) + Dy Dg)AC, + €, =(Dyy + Dy Dg)AD,C + D22Csl (Dy) + Dy Dg)A

Proposition 3.1

Given the SLFT R(S). Let I, and T, denote the sets of poles and of zeros of the state-space
realization (16) of Z, respectively. Let £, and X denote the sets of uncontrollable modes and of
unobservable modes of the state-space realization (17), respectively. If the state-space
realization § is minimal and such that A (D,, + D,,D,) ! exists, then there holds

X CIl, and X,CT, (18)

Proof.. See the Appendix. O
In order to facilitate expositions in the sequel, we need the following definition.

Definition 3.1

Suppose the validity of a property depends on a vector x in an n-dimensional Euclidean
space. If there exists a finite system of polynomial equations in n-indeterminates such that at
least a polynomial is nonzero and the property is true for all x which are not a zero of the system
of equations, then the property is said to hold generically with respect to x.

Quite obviously, if the property is generically true with respect to x, then the set of all x for
which the property holds is open and dense.

Corollary 3.1
With the same notation and hypotheses as in Proposition 3.1,

(i) The state-space realization (17) of R(S) is stabilizable and detectable with . N Z, =4
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(ii) Let 6(-) denote the McMillan degree and m the number of columns of B,. Assume that
(A, C)) is observable. If

AM~A B B, 0
rank L2 =8(Z)+m, YieC (19)
|: Cl Dll 0 D12
then there holds
3(G) = 6(Z) + 8(S) (20)

generically with respect to minimal state-space realizations (Ag, B, Cs, Dg) of S.

Proof. (i) is a direct consequence of Proposition 3.1 since both Z and Z~' are stable. To prove
(ii), set W 2T, UT,. It is apparent from Proposition 3.1 that (20) holds if the realization (17)
does not contain any point in ¥ as its mode. Write the state matrix of the realizations (17) in the
form

[A — (B, + B,Dg)AC, B,Cs ~ (B, + B,D)AD,,Cy e

Ds Cs

{A - B,AC, —B,ADIZCS} +[—Bz 0} 22
BS AS

0 0 0 I

AC, -AD,C
0o I

It is easy to see that the observability of (A, C,) implies that of

A -B,AC, -B,AD,Cq AC, -AD,,C
0 0 ’ 0 I

It will be shown that the pair

A -BAC, —B,AD,,C; -B, 0 23)
0 0 oo

is controllable generically with respect to (Cs, Dy). In fact, the pair (23) is controllable if and
only if

rank[Al- A+ B,AC, B,AD,C; B,]=&G), ViecC (24)
which is equivalent to
Al-A-B, 0 -B,

=0(G)+m, VieC (25)
¢, 0 DCs Dy +Dy,Dy

rank{

under the constraint that D, + D,D, is invertible. Note that this constraint is satisfied

generically for Dg. Making use of Lemma A.l in the Appendix together with the assumption

(19) yields that (25) holds generically with respect to (Cs, Ds). Thus from Reference 4, the left-

hand side in (22), regarded as a closed-loop state matrix under a static output feedback, has no

eigenvalues contained in ¥ generically for (A, By, Cs, Dy). ad
The following lJemma is needed in the sequel.
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Lemma 3.1

Given a plant G €R,. A2 x 2-block matrix
7-|MU
NV

(i) ZeZ )G =NM™! (ti)) O(G) =d(2) (26)
if and only if there exists a minimal realization
]
C|D
o}f G together with a stabilizing state feedback gain F and a stabilizing output injection H such
that

satisfies

?

A+BF|B -H
Z=| F |I O @7
C+DF\D 1

Proof. The ‘if” part is well known. Now it is assumed that the block matrix Z satisfies (26) and
has the following minimal realization

(28)

Then, A and A - B,C, - B,C, + B,DC, are stable. Setting
A=A-B.C,, B=B,, C=C,-DC,, F=C,, H=-B, (29)

AlB

C|D
is a minimal realization of G, that F is a stabilizing state feedback gain and H a stabilizing output
injection, and that (27) holds.

one can easily check that

Remark 3.1

For Z given in (27), the conditions for (2) generically to hold amounts to the minimality of
the system (F, A, H).

(ii) of Corollary 3.1 tells us that given an SLFT Z satisfying certain properties, the order of the
image of a plant via this SLFT generically equals the sum of the orders of the plant and of Z.
For a high-order plant G, it is often convenient to work first with its model G, and then with the
frequency-shaped modelling error S. For example, as will be seen in the next section, the task of
designing a stabilizing controller for G can be accomplished by finding two respective
stabilizing controllers for the model and the modelling error S. This method could divide a
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complex design problem into two or more simpler problems. Needless to say, the choice of
model is important to success of the method in terms of efficiency and computational reduction.
The acceptable choice should be one resulting in § which has a lower order or can be
approximated by a model of low order. Obviously, the really ideal case is where the
complexity of § is the plant’s complexity minus the model’s complexity. This prompts a
question as to whether there exists a model for a given plant such that the order of the plant is
the sum of the orders of the model and of the frequency-shaped modelling error, and how
such a model can be constructed if it exists. To address this issue, we need to consider a
minimal stable linear fractional representation, or MSLFR, for a plant, whose definition is given
below.

Definition 3.2

A plant G is said to have an MSLFR if there exists an SLFT Z € Z and another plant § € R,
such that G = f(Z)(S) and

0(2),8(8)>0 and O(G)=3d8(Z)+ 4(5) (30)
S will be called a pre-image of G.
It turns out that the problem of the existence of an MSLFR for a given plant is closely related to
the problem of the existence of minimal factorization of a transfer function. The latter problem
has been addressed and solved (see, for example, References 2 and 3). Recall that the
factorization R = R R, is said to be minimal if d(R) = 6(R,) + (R,) where R, R,, R, are square
rational matrices. Also, recall from Reference 18 that ® is a stable invariant subspace of a pair

(A, B) if there exists F such that (A + BF)® C ®@ and A + BF is stable. The following result is
used in the proof of the main result in this section.

Lemma 3.2%3

Consider an n x n invertible transfer function matrix G given by a minimal realization:

_|AlB
G—[CD} (31)

Then there exists a minimal factorization for G iff there exist independent subspaces X, and X,
such that

(i) AX, CX, (i) A-BD'O)X,CX, (i) X,®X,=X 32)

where X denotes the state space.

Theorem 3.1

A given plant G € R, with a minimal realization (31) has an MSLFR if and only if there exist
two stable invariant subspaces X, and X, associated with (4, B) and (A", C7), respectively, such
that

X,®Xi=X (33)

where X denotes the state space of the realization (31).
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Proof. Necessity: assume that there exists a nontrivial unit

Zy= M, U,
No Vo
and a plant § € R, such that
Since one can associate S with a unit
M
Zl = 5 UX
N,V

where N;M; ' is an r.c.f. of S and 6(Z,) = 8(S), it is seen that G has the following r.c.f.

G = (NoM, + VoN)(MM, + U,N,) ™! (35)
Define
M, M
NV N VNV

Since 6(Z) < 6(Z,) + 8(Z,) = 6(G) and 6(Z) > 8(G), it follows that Z satisfies (26) and
0(2) = 6(Zo) + 6(Zy) 37

Therefore, Z = Z,Z, is a minimal factorization of Z. By Lemma 3.1, there exists a minimal

realization
AR
€D

of G, a stabilizing state feedback gain F and a stabilizing output injection H such that

A+ RBF|B -H
F |1 0 (38)
€+DF|D I
is a minimal realization of Z. By Lemma 3.2, there exist subspaces X, and X, such that
1) (A+RBF)Y, CY, (i) (4+HG)Y,CY, (i) Y, eVt,=X 39)

Evidently, (i) in the above implies that Y, is a stable invariant subspace of (&, B) while
(ii) implies that Yy is that of (4%, %%). Since (&, %, %4, D) and (A, B, C, D) are minimal
realizations of G, there exists a similarity transformation T such that

A=T'AT, B=T"'B, 4=CT

Let X, =TY, and X, = (T ~')'Y;. Then it is not hard to see that X, and X, are two stable invariant
subspaces X, and X, associated with (4, B) and (A*, C"), respectively, and satisfies (33).
Sufficiency: choose F and H such that A + BF and A + HC are stable, and that

() (A+BF)X,CX, (i) (A*+C'H)X,CX, (i) X, ®X: =X (40)
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This implies by Lemma 3.2 that the Z with the minimal realization (27) has a minimal
factorization, say Z=Z,Z, where Z,€ER,. Since Z is a unit and there is no pole-zero
cancellation between its two factors Z, and Z,, Z, and Z, are units in RH... Furthermore, there is
no loss of generality in assuming that Z; €Z, i =1, 2. Letting S 2 N,M, ' leads to G = f(Z,)(S),
which implies

0(G)K O(Z,))+ 0(S)K(Z)) + 6(Z,)

From the minimality of the factorization Z=Z,Z, and the above inequalities, it follows that
0(G) = 0(Z,) + 6(5). In this way, the proof of the theorem is completed. O
In fact, the above result can be generalized as follows.

Theorem 3.2

Given a plant GE€ R, with a minimal realization (31). There exist a series of SLFTs
Z,,2Z,,...,2Z, and § such that

k
G=fZIZ) ... fZ)S) and &G)= Z 8(Z;) + 6(S) (41)

i=1

if and only if there exist (k— 1) pairs of stable invariant subspaces X; and Y; associated with
(A, B)and (A", C7), respectively, nested as follows:

{0}CcX,Cc...CX,.,CX and ({0}CY,C...CY_,CX 42)
and such that
XeYt=X, i=1,...,k (43)

where X denotes the state space.

Proof.. The proof is omitted. O

Corollary 3.2

With the same assumption and notation as in Theorem 3.1, if (A, B) and (A%, C') have a
common stable invariant subspace, then G has an MSLFR.

Remark 3.2

The proof of Theorem 3.1 apparently provides a two-step procedure to construct an MSLFR.
The first step is to find a pair of stable invariant subspaces X, and X, of (4, B) and (A*, C"),
respectively, which satisfy (33). In the SISO case, this reduces to finding a nontrivial stable
invariant subspace of (A, B) since (A, B) and (A’, C*) have the same set of stable invariant
subspaces. An iterative algorithm to compute the supremal (A, B)-stable invariant subspace
contained in a subspace is given in Reference 18. The second step involves constructing a
minimal factorization of a unit in Z. For algorithms to perform a minimal factorization of a
rational matrix, see, for exampie, Reference 3.
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4. STABILIZATION AND H~-OPTIMIZATION

In this section we first describe how the set of all stabilizing controllers for a plant will change
when the plant is transformed by an SLFT. It turns out that another SLFT can be induced from
the original SLFT to establish a one-to-one correspondence between two respective sets of all
stabilizing controllers associated with the plant and its image. Next, we show how a standard
H” cminimization problem for a plant can be approximately broken into two individual
subproblems associated respectively with two models of lower order.

As usual, a plant transfer matrix G € R, is said to be stabilized by a controller C € R, iff

| 1 -G
H(G,C) 2 {—C / ] (44)
exists and belongs to RH... The set of all the stabilizing controllers for G is denoted by S(G).
Now assume that G, is in R,, for all 4 in a first-countable topological space A. Then according to
Vidyasagar,'” G, is defined to be robustly stabilized by a controller C € R, at A=A, if there
exists a neighbourhood N of 4, such that C € §(G;), VA €N, and moreover, H(G,, C) is
continuous as a map from A to R, at A, in the graph topology. It is known again from Reference
17 that C € R, robustly stabilizes G, at A= 4, iff C € §(G,) and G, is continuous at A= 4, in
the graph topology.
Given a transfer matrix G € R, of the form

G =f(Z)($) (45)

where § is a transfer matrix in R,, Z € Z is of the form (2), and f is the mapping from Z to the
set of SLFTs, as defined in Section 2. For the given Z, we introduce three associated matrices
I'(Z),i=1,2,3, defined by

2 |0T||MU|OI
L@ [1 OHN V}[l 0} (46)
L@ e [9, (’)}Z‘{(} "} (47)
L@ e [_OU py }li @) (48)

It will be seen in the proof of the next result that given a closed-loop system, the transfer
function of the new closed-loop system resulting from a suitable transformation on the plant
and the controller can be related to the original transfer function in terms of the above-defined
matrices. Quite obviously, I, (Z) and I',(Z) are two units in RH_, while T';(Z) belongs to RH_..
In addition, I'| (Z) is in Z iff the (2, 1) block element of Z vanishes at infinity. It is also useful to
introduce an induced SLFT " of % by defining

R =f(T\(2)) (49)

Then R is well-defined whenever T, (Z) is in Z. One can easily check that (R™') = (R") .
Before stating a simple one-to-one correspondence between S(G) and S(S) via the induced
SLFT &, we indicate that S(G) is an open subset of R, in the graph topology for any given

G € R,. By duality, the set of plants which are stabilizable by a given controller is also open in
R

p*
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Proposition 4.1

Consider two transfer matrices G and § related by G=R(S)=f(Z)(S). Assume Z,
I (Z)EZ. Then C=R'(Q) is a continuous bijective mapping from S(S) onto S(G) in the
graph topology.

Proof. Since by (1) of Proposition 2.1, f(Z) is continuous and bijective from R, onto itself in
the graph topology for any Z € Z, it suffices to show that C =R'(Q) is in S(G) iff O is in S(S).
To do this, first note that

C=R(Q)=(U+MQ)V+NQ)™' (50
If H(S, Q) exists, a simple calculation leads to
H(G, C)=T\(DH(S, Q) (Z) + I3(2) D
By considering R~ = f(Z™'), one similarly has that if H(G, C) exists, then
H(S, Q)=T\,(Z"YH(G, O, (Z")+T5(Z7") (52)
In view of the fact that both T, (Z) and I',(Z) are unimodular in RH., it follows from (51) and
(52) that H(G, C) exists and belongs to RH._, iff so does H(S, Q). O

Corollary 4.1

With the same assumptions and notation as in Proposition 4.1, further, assume that
G, =R(S,) where G, and S, depend on 4 in a first-countable topological space. Then, C
robustly stabilizes G, at 1 = 4, iff Q= (R")~'(C) robustly stabilizes S, at 4 = 4,.

In view of the property (11), the above two results can be easily generalized as follows.

Corollary 4.2
Let a plant transfer matrix G, be represented in the following recursive form
G=WN,+VG, )M +UG.,)", i=0,1,....,n-1 (53)
where
MU, .
Z = eZ and T(Z)eZ, i=01,...n-1 54
N, V;

They any controller C, € S(G,) can be recursively parameterized by
C,=U,+MC,, )V,+NC,,))"', i=0,1,...,n-1 (55)

!

with C, € 8(G,). Moreover, if it is further assumed that G,, i=0,1,...,n -1, depend on 4 in
a first-countable topological space, then C, robustly stabilizes G, at A=A, iff C, robustly
stabilizes G, at A = 4.

Remark 4.1

The recursive fractional representation (53) of the plant G, often arises owing to successive
identification for G;, i=0,...,n—1. Corollary 4.2 suggests that a multi-controller strategy
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could be proposed for a plant with a recursive fractional representation. This together with
internal stability properties is investigated in Reference 20.

We now turn to consider the basic block diagram depicted in Figure 1, where G is the
generalized plant of the form

Gll G12

G=
G21 G22

(56)

and C is the controller. The standard H™ control problem for Figure 1 is to find a controller C to
minimize the H”-norm of the transfer function from w to z

F(G,0)=G, +G,,CU-G,C) Gy 67

under the constraint that C stabilizes G. In practice, if a low-order model G), of G,, is already
available, then one may first try to solve the H™ optimal control problem for the nominal
generalized plant

Gll GIZ

G = 0
Gy Gn

(58)

As will be noted, in certain situations || #(G,, C,)|l.. is actually the minimal achievable H* norm
of the closed-loop transfer function associated with the plant. However, when the obtained
‘optimal’ controller C,, is applied to the true generalized plant G, a totally unsatisfactory closed-
loop H™ performance may result if G, is not a good enough approximate to G,,. The question
we are interested in is how to further design an additional controller solely based on some
modelling error between G,, and G5, so that the H™-norm of the transfer function from w to z
can be brought as close to that of #(G,, C,) as possible.

To this end, let NM ™' and UV ™' be stable coprime factorizations of G5, and C,,, respectively,
with the Bezout identity (5) being satisfied. Then, G,, can be represented as a stable linear
fractional transformation of some transfer function S, i.e.,

Gyu=(N+VSY M+ US)™! (59)

Here, § is actually a frequency-shaped mismatch between G,, and G3,. Now consider an
augmented controller arrangement shown in Figure 2, where J is the augmented controller of
C, in the form

¢, V!

Jo = -1 -1
VvV -V N

(60)

Figure 1. Basic block diagram.
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Figure 2. Augmented block diagram.
and Q is the additional controller. Obviously, such an arrangement is reduced to the standard one
in Figure 1 if Q is set to zero. Also note that S is the transfer function from s to r and thus
should be identifiable under reasonable conditions. In view of this, we will assume that § is
known.

The following main result of this section shows that minimizing the difference between the
transfer function from w to z and the ‘ideal’ transfer function %(G,, C;,) by means of the
additional controller Q selection approximates to a standard H* controller design task.
Moreover, this design is purely based on the frequency-shape modelling error S.

Theorem 4.1

Consider the augmented block diagram in Figure 2 together with (56) and (58)—(60). Assume
that G,, and G,, are stable. Let 7,, denote the transfer function from w to z. Define a

independent of S as "
M
e

I T,. - F(Go Co) ll. < al| F(P, D)l (62)

where P is a generalized error model defined by

p{”” P‘Z}: {8 3] m (63)

Py Py U s s

a =||GlU muw\ 61)

oo

Then there holds

Proof. First note that the transfer function from y to u is simply the image of Q by the SLFT
corresponding to I', (Z), namely,

C(Q)=(U+MQ)(V+NQ)™ (64)
Making use of the relation (51) yields

COU -GpCOT ' =10 NIT,DH(S, 0 (2) + T (zn{ (’)} _WU MG, Q)[Ag } _ Uit
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from which it follows that

T,. =%(G, C(Q)) =Gy, + G, - GpCQ)]™'Gy,

=G, + GIZ‘[U MIH(S, Q)[lg } - UM}G21 (65)
Setting S and Q to zero in the above immediately gives
F(G,, Cy) = Gy + G, MUG,, (66)
Hence, one has
L. = %Gy, G =GplU A’I][H(S,Q)—Il[ﬂg}Gzl (67)
This apparently implies (62) upon noticing that F(P, Q)= H(S, Q) - I. O

Remark 4.2

Although the generalized plant and its model may have the almost same optimal achievable
H" performance in some cases, the fact that a controller C, minimizes || #(G,, C) ||.. does not
necessarily imply that it also minimizes || (G, C)||.. Rather, if the C, is applied to the true
plant G, the resulting closed-loop H performance could be very poor, as will be demonstrated
in the coming example.

In the light of Theorem 4.1, a multistage procedure for designing a suboptimal H* controller
could be suggested as follows.

Step 1  Get a low-order nominal model G9, for G,,.

Step2  Design an optimal H™ controller C, for the nominal generalized plant G,,.

Step3 Get an estimate S, of the stable linear fractional transformation §=(~N+ MG,,)
x (V= UG,)™"' where M~'N and V~'U are L.c.f.s of G, and C,,, respectively.

Step4  Design an optimal H~ controller Q for the generalized plant P, associated with S, via
(63).

Step 5 If the single-loop diagram in Figure 1 is adopted, generate the SLFT C = (U + MQ)
x (V+ NQ)~' which is the desired suboptimal H> controller; if the two-loop diagram in
Figure 2 is adopted, augment the generalized controller J, resulting from C, by the
additional controller Q.

Remark 4.3

The above design method seems particularly useful and effective in the case where § is
unstable and/or large in H™-norm. Although the order of the SLFT § may be high, using its
estimate of fairly low order can often result in a satisfactory performance, as shown in the
following example. The order of the overall suboptimal controller using the procedure is the
sum of the orders of G, and §,, which tends to be less than the order of the true plant P.

Remark 4 4

By Proposition 4.1, the designed controller stabilizes the original system if and only if § is
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stabilized by Q which is stabilizing S,. Therefore, if there is no modelling error between § and
So, then the closed-loop stability is guaranteed. Using (3) of Proposition 2.1, one can easily
derive a quantitative measure of how small the modelling error is between S and S, so that O
can stabilize not only S, but also §. Details about stabilization of the multiple controller
structure can be found in Reference 20.

Remark 4.5

It is worth pointing out some differences between the multistage approach proposed here and
the separation approach in Reference 5 to the H> control problem. First, the separation approach
is used to reduce a general output feedback problem to an equivalent output estimation problem
with a plant of the same order, while the multistage approach is aimed at decomposing an H”
problem into two subproblems, each of which is associated with a lower-order plant and thus
can be more easily solved using the separation principle. In passing, we would like to mention
that there is a great incentive to break a complex problem into smaller pieces from a software
engineering viewpoint. Second, the separation approach can lead to an optimal H™ controller
whereas the other usually yields a suboptimal controller. Therefore, if the order of the original
plant is low enough, there is no advantage in using the multistage approach. Last, owing to its
nature, the multistage approach could have potential applications in the context of successive
identification and control in the presence of uncertain dynamics in the plant.

Finally, we present an example to illustrate the proposed design method for the standard H~
control problem.

Consider the true generalized plant

G = G, Gz
G21 G22
where
[G,, G Gyl=————[-5+3 s2-95-18 s +4s+1] (68)
s?+35+2
and

T 00 1.0 00 00 00 00]|[ 00
20-30 04 72 00 00}/ -10
00 00 -53 -97 22 -1.0{|| 00
Gy={| 00 00 -53 140 48 -24|| 00 (69)
27 -27 =23 —43.0 00 10|/ 60
[ -3.6 =3.6 3.0 =100 =30-0 200 ||| 80
[-15 -50 -30 25 -20 00]] 0

We choose the model G, of G, as follows

00 10]|[00
Gy =||-20-30]|| 10 (70)

[-2 -511 O
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The resulting modelling error G,, — GY, is depicted in Figure 3. Then for the nominal plant
Gy Gy

0~ 0
G, Gy

an optimal H~ controller is found to be

-8-574 —6-958 -1 096
Co=||-12:439 —8-017 -2 412 (71)
[0-389 7-159] | 0

The magnitude plot of F(G,, C,) is depicted in Figure 4 where || %(G,, C,) || appears to be less
than 2-7. (In fact, || #(G,, C) || is always greater than 2-6 for any stabilizing C.) When this C,,
which turns out to stabilize G, is applied to G, the H™-norm of the closed-loop transfer function
T,. reaches above 30 (see Figure 5) although its achievable minimum is the same as
| #(G,, Cy)|l, i.e., 27 or so. This is because of unmodelled dynamics.

To design the additional controller @, we choose an SLFT

v -0
-N M
based on G, and C, Thereby the frequency-shaped modelling error S of order 10 can be

generated. But, we only use its second-order balanced-truncation model to form the generalized
15

05f

05+

0 5 10 15 20 25 30 35 40 45 50

Figure 3. Magnitude plot of G,, - G3,

0 s 10 15 20 25 30 35 40 45 50

Figure 4. Magnitude plot of ¥(G,, C,)
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35

30

25

20

[ 5 10 15 20 25 30 35 40 45 50

Figure 5. Magnitude plot of 7,,. associated with C,

5

0 5 10 15 20 25 30 35 40 45 50
Figure 6. Magnitude plot of T, associated with C(Q)
error model P via (63). Then an optimal H™ controller Q for P is given by

: -3-1067 -7-0481 ||| -0-4283
Q=||-7-0481 —-30-7053 ||| —4-2655
[-04283 —4.3655]] 0
Construct the controller C(Q)= (U+ MQ)(V+NQ)™' which is of order 4 and evidently

stabilizes G, and apply it to G. Not unexpectedly, the H”-norm of T,,, is dramatically reduced to
4.7 or so; see Figure 6.

(72)

5. CONCLUSIONS

We have considered a stable linear fractional transformation mapping R, to itself. Some
properties of the transformation on pole—zero cancellation and McMillan degree have been
obtained by virtue of its state-space representation. A one-to-one correspondence between the
two sets of stabilizing controllers respectively for two plants related by an SLFT has been
established. However, the main contributions of this paper are the following. First, we have
derived the necessary and sufficient conditions for the existence of a minimal stable linear
fractional representation for a given plant in terms of stable invariant subspaces. This result
answers the question as to when there exists a model for a given plant such that the complexity
of the plant may be distributed precisely on the model and the resulting frequency-shaped
modelling error. If such a model exists, a stabilization problem for the plant can be broken into
the problem of stabilizing successively two models whose orders add up to the order of the
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original plant. Second, it has been shown that a standard H> control problem can be sectioned
into two individual subproblems via an SLFT. On the basis of this, a new multistage method of
designing a suboptimal H> controller is proposed and its effectiveness has been demonstrated by
an example.
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APPENDIX

Proof of Proposition 2.1

(1) The proof is quite standard and omitted.

(2) Clearly, it suffices to show that given a Z€ Z, R = f(Z) is an identity mapping, i.e., R(S)=S§,
VS € R, iff Z, is of the form Z = z/, where z is a scalar unit in RH... Sufficiency is obvious on noting that
under Z =z[ then N=U=0 and M =V =zI. As for necessity, since R(5) =S for all S € R, taking §=0
yields N = 0. Consequently, R(S) = S is equivalent to

VS - SM = SUS (73)

We now establish that (73) holds for all § € R, only if U =0 and V =M = zI for some scalar unit z € RH_.
First of all, U must be equal to zero. Otherwise, there is no loss of generality in assuming

U=[diag{u],...,u,.} 0}

0 0
where u,, ..., u, are the invariant factors of U. Compatibly, partition M, V into
M= My, M, and V= Vit Vi
M21 M22 v21 V22
and in particular, choose
|i0 0
with a € R,,. Then (73) implies
a(V, —M,)=da’diag{u,,..., u,}

Quite evidently, the above relation cannot hold for all scalar « € R. This contradiction shows U=0. In
this way, (73) becomes VS—SM =0, or equivalently, (/® V- M ®I)S=0. Since this holds for all
SER,, one can see that /@ V- M'® /=0, from which it follows that V=M =2/ for some scalar
z € RH... Further, z must be a unit since Z is a unit. o

(3) Let G be in K.(N, M, ¢)). Then there exist r.c.f. (N, M,) and L.c.f. (M,, N,) of G in RH,, such that

N,-N

M- M <g (74)
1

Since
VM, - UN, =1+ V(M, = M)-U(N, - N)
(7.4) yields that VM, — UN, is a unit in RH__, which in turn implies that
S2(MN,-NM)(VM,-UN,)"'€ RH,,
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It can be further verified that (M + US) ™' exists and S satisfies ®(S) = G. Using a similar argument, one
can reach the same conclusion for G € K, (N, M; ¢,) as for G € K (N, M, ¢,).

Proof of Proposition 3.1
Let 4, € Z,. Then there exists a nonzero vector x* =[x, x",] such that
Aol = A+ (B, + ByDOAC, -B,Cy + (B, + B,DAD ,Cs (B, + ByDg)A
b 2][ BGAC, Jol - Ag + BGAD ,Cy BeA

which is evidently equivalent to

AJ—-A -B,C. B, +B,D
[ ;1{00 /“2_;” 1825=0 (75)
0 S S

This implies that x*, (4, — A) =0. Noting x # 0, one can claim that x, # 0 because, otherwise, (75) would
result in x%,{4o] — Ay Bs] =0, which is contradictory to the assumption that (Ag, By) is controllable. In
this way, it follows that 4, is an eigenvalue of A. On the other hand, if 4, is an uncontrollable mode
of multiplicity %, i.e., there exist k linearly independent vectors x;/=[x", x",1, i=1,...,k, the
above reasoning tells us that x,,, ..., x,, are linearly independent eigenvectors of A associated with 4.
Hence, it is concluded that X, CF To prove that £, CT,, we need to note that the inverse of
T2 D,,— (D, +D,,D;)AD, exists a% the (2, 2)-block element of the block matrix

Dy, +D,Ds Dy,
Dy, + Dy Dg Dy,

Thus, the polynomial matrix
M —-A+ (B, +B,DgAC, -B,Cg + (B +B,Dg)AD,,C
BAC, Al —Ag + BAD |, C (76)
—(Dy) + Dy DOAC, +Cy =(Dyy + Dy DOAD ,C + Dy C

is equivalent to

Al - A + (B, + B,Dy)AC, + [B, — (B, + ByDg)AD,1T " 0
T7'[C, = (D,, + Dy, DOAC,] Cs
which turns out to equal
D, D, C
M-A+[B B ' 12 : 0
D2l D22 C2
T7'(C, — (D, + Dy, DH)AC,] Cs

In view of the equivalence between (76) and (77), and the fact that I', consists of eigenvalues of the
matrix

A-[B, B,]

one can prove I, C I'; using the same argument as for £, C I,
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LemmaA.1Y

Suppose {D(s), M(s),N(s)} are mxn, mxp and mxgq polynomial matrices, with rank
D(s) > m— p— ¢ where ¢ is some nonnegative integer. Then for almost all g x p constant matrices K|,

rank[D(s) M(s)+ N()K1>2m—-¢, VseC (78)
if and only if both of the following conditions hold for all s € C:

(a) rank [D(s) M(s) N(s)]>2m—¢
(b) rank D(s)>m—-p-¢
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