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Abstract

A discrete-time partially observed LQG control
problem, with exponential quadratic running cost
is considered. The dynamics are linear though the
control may enter nonlinearly. Explicit solutions
for a forward Zakai equation and a backward ad-
joint equation are derived. This enables the prob-
lem to be expressed in terms of observable, finite
dimensional dynamics. A separation principle is
obtained.
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1. Introduction

Interest in risk-sensitive stochastic control prob-
lems is due in part to connections with H, or ro-
bust control problems and dynamic games. The
solution of a risk-sensitive problem leads to a
conservative optimal policy, corresponding to the

controller’s aversion to risk.

Recently Bensoussan and Elliott (1993) [2] dis-
cussed a finite dimensional risk sensitive control
problem with quasi-linear dynamics and exponen-
tial running cost; the results of this paper are a
discrete-time version of [2]. Full details can be
found in [1] and also the recent book [4].

2. Dynamics

Suppose {Q, F, P} is a probability space with a
complete filtration {F}, ¥ € IN, on which are
given two sequences of independent random vari-
ables z; and yi, having normal densities ¥ =
N(0,%¢) and ¢ = N(0,Tx) where I and Ty



are n x n and m x m positive definite matrices for

all k € IN.

U is a non-empty subset of IR” and ), =
o{ye, £ < k} is the complete filtration generated
by y. The admissible contols u are the set of U-
valued {V:} adapted processes.

Write Uy, for the set of such control processes
defined in k, ..., 4.

Consider the following functions

Ag(u) U x N — L(R",R")
Gi(u) UxN—R"
Cr(u) UxIN— L(R™,IR™)

Here L(IR?,IRP) is the space of p x p matrices.

For any control u, define Agp =1 and

Ao+r = [Teco e
where A\ = Yeg1(zey1 = Ag(u)ze — Gi(u))
e+1(2e41)
« Ser1(veys — Co(w)zeq1(v))
Pes1(Yes1)

Then Ao is an Fp martingale and E[Agx] = 1.
A new probability measure can be defined by

putting %lﬂ = Aok.
Define the processes vy = v} and wi = w§

Vel = Th41— Ak(u):z:;, ot Gk(u)

wr = yr — Cr(u)zx

Then under P v; and w; are two sequences of in-
dependent normally distributed random variables
with densities ¢ and ¥y respectively. Therefore

under P:

Ar(u)zr + Gr(u) +vepr (1)
Cr(u)zr + wi. (2)

Thk41

Yk

For details see the book [4].
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3. Cost

Consider the following mappings

M()
N()

U — L(R",R"), m(.): U — R"
U—>R, &.): R* —R.

The results extend irﬁmediate]y to the case where

M, m, and N are time dependent.

For any admissible control « and real number 8 we

consider the expected exponential risk sensitive

cost
R T-1
J(u) = 0E[exp6{)  Qf + &(2r)}]
=1
T-1
= 6E[Aorexp6{)_ Qi +®(zr)}l (3)
£=1
where Qf = (M(u)ze, z¢) + (m(u), ze) + N(u).
Write Do =1,
k-1
DY, =D =expd(3°QF)  (4)
=0

4. Finite Dimensional Information States

Notation 4.1 For any admissible control u con-

sider the measure

aj(z)dze := E[A}D{I(zy € d2) | k] (5)

Note af(z) = ().

Then o} satisfies the following forward recursion
ot y1(2) = AL (Uk41,2)

X Jan Yeg1(2 — App1(w)z — Gry1(u))or(2)dz,
where, A}, (Yk41,2) =

¢k+1(ydf::1(—ygcl+1(u)w) exp O((M (u)z, z) +
(m(u), ) + N(u))

The linearity of the dynamics and the fact that




vy and wy are independent and normally dis-
tributed implies that a}(z) is an unnormalized
normal density which we write as

o} (e) =

Zu(u) exp(=1/2)(z — s (W)Y B () @ — pe ()
R;(u), pr(u) and Zi(u) are%’;ﬂ by the follow-
ing algebraic recursions: )

Rili(w) = —20M(u) + Gy (w51, Crna(u) +
Tipll = Ax(w)a 44504}

fir4+1(w) = Im(u) + Chyy (W51 Yk +
SihAk(uw)a i (u) + (I +

£, Ax(w)a™ 4} () B, Galu)

Zi41(u) = Za(u)(2m) ™ ? Sy |72
exp(=1/2){b — F o (w1 (u))

where

a = AL ()55}, Ar(w) + Ry

b= —20N(u) + Gi(w)Sg;, {1

— Ar(u)a~ A} ()51, }Gr(u) +

i (u){ e (u) — ™ fie(u)} —
2G(u)Ti s Ak (v)a™" fix(u),

and fig(u) = R~ px(u).

The recursions for fi, R and Z are algebraic and
involve no integration. R

For this partially observed stochastic control
problem the information state aj(z), (which is,
in general, a measure valued process), is deter-
mined by the three finite dimensional parameters
pr(u), Re(u) and Zp(u). These parameters can
be considered as the state £ of the process:

£ = (), Re(u), Za(u)),

and we can write

ag(z) = ar (€, 2)

= Zx(u) exp(—1/2)(z — p(w)) R " (u)(z — pi(w))

For integrable f(z)

(er(e) 1) = [ enlet o)f(e)e

which in fact equals E[Ab‘,kD(’)‘,kf(xk) | Vil

5. A Separation Principle

For any admissible control u, we saw that the

expected total cost is

T

OE[AY pexpb{)_ Qf + ®(zr)}

£=1
= OE[A} 7 D§ 1 exp 02 (zr)]
= 6E[E[A§ rD§ r exp 62(z1) | Vr]]
= GE[/ exp ®(z)ar(z)dz)

-

= OE[{or(}),exp 69)],

where ® is the terminal cost as in equation (3)

J(u)

6. Adjoint Process

Now forany k, 0 < k< T,

J(u) = OE[AG Af41,7D6xDkv1,7
x exp 0®(zT)]
= OE[A;x D5k E[AL 41,1 Dia,r
x exp 0®(z1) | zo, . . ., Tk, Vrl).
Write |

Bi(zx) = E[AL‘+1,TD'£+1,T exp 0% (z7) |
zk, V1)
where, using the Markov property of z, the con-
ditioning involves only z;. Note that Sr(zr) =
exp ®(z7). Therefore

J(u) = OE[AG DG Bk (1))
OE[E[AS x D5 1B (z&) | Y]]
OE[{ar (&), BN

Note this decomposition is independent of k, so

0E[(%o, 67 )]
OE[{ar(£T), exp 62)].

Ju) =



Lemma 6.1 We have the following backward re-

cursion for the process 3

B = [ Atulen DBu@dE ©)

Consider the unnormalized Gaussian densities
5;: (z, 2) given by

Bi(z,2) = Z¢exp(=1/2)(z - %(2))'Sy (= -
@)

We put B¢ (z,2) = é(x—z), ST =0 and y7 = 2.
Then 7y, S,:l and Z are given by the following
backward recursions.

St = A8 — Do B4

e = A;E;ila‘l[C,’HlI‘k‘ilyHl +

i h1Gr + 0m + Ai g1 — oG]

2 = Ziq1|Seq["H?]a]H/?

exp(—1/2){b — 7,7}

Here a = C;,_,_II‘,:_,l_lC + E;},l + S,;&1

b= 204 1, Trt1Crr107 {Ch 1 Ty w1 +
2;_'1_101: + Ye41 + om]

+ 2907 [£71,Cr + Ve + 0m]

+ G;c[zl:-&l-l + 2;41-:“_12;41-1]Gk

+602m'a~m — 20N

i = S k-

Furthermore,

Bi(z) = /R Bt (@) exp 00 (2)dz.

Remarks 6.2 § is the adjoint process and
again it is determined by the finite dimensional
parameters v, S and Z which satisfy the reverse-

time, algebraic, recursions given in Section 6.
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7. Dynamic Programming

We have noted that the information state a(z) is

determined by the finite dimensional parameters

€k = (me(u), Re(u), Zk(u)).

Given £} a control u; and the new observation
Yk+1, the recursions obtained in Section 4 deter-

mine the next value

€k = Erv1 (X, ur, Yktr)

Suppose at some intermediate time k, 0 < k < T,
the information state &; is € = (y, R, Z).

The value function for this control problem is

V(f)k) = inquUk,T_xE[(az’ﬂ;c‘) | ar = ak(f)]

The following result is proved in [5]. It uses an
interchange of conditional expectation and mini-
mization, which is justified by the lattice property
of the controls, (see Elliott (1982) [3]).

Theorem 7.1 The value funclion satisfies the

recursion:

V(f; k) = inquUu,k E[V(£k+1(€a u, yk+1)) k+ 1)]
U]
and V(€,T) = {ar(£),exp §9).

Write U , for the set of control processes on the
time interval k, . . ., £ which are adapted to the fil-
tration o{§; : k < j < €}. We call such controls

separated.

The following result is the analog of Theorem 2.6

of [5].

Theorem 7.2 (Verification). Suppose
u* € Ujr_, is a control which for each k =
0,...,T—1, up(é) achieves the minimum in (7).

Then u* € Up,r-1 and is an optimal control.



Proof: See [1]

Remark 7.3 This result shows the optimal pol-
icy u* for the exponential LQG control problem is
a separated policy, that is a function of the finite
dimensional information state £.
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