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Abstract

A discrete-time partially observed stochastic control problem with exponential running cost is considered. The dynamics
are linear and the running cost quadratic in the state variable, but the control may enter nonlinearly. Explicit solutions for a
forward Zakai equation and a backward adjoint equation are derived in terms of finite-dimensional dynamics. This enables
the partially observed problem to be expressed in finite-dimensional terms and a separation principle applied.
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1. Introduction

Recent interest in risk-sensitive stochastic control problems is due in part to connections with Hm or robust

control problems and dynamic games. The solution of a risk-sensitive problem leads to a conservative optimal
policy, corresponding to the controller’s aversion to risk.

For linear/quadratic risk-sensitive problems with fill state information, Jacobson [6] established the connection
with dynamic games. The analogous nonlinear problem was studied recently, and a dynamic game is obtained as
a small noise limit [3, 5, 7, 10]. A risk-neutral stochastic control problem obtains as a small risk limit [3, 7].

Whittle [9] solved the discrete-time linear/quadratic risk-sensitive stochastic control problem with incomplete
state information, and characterized the solution in terms of a certainty equivalence principle. The analogous
continuous-time problem was solved by Bensoussan and van Schuppen [2], where the problem was converted to

an equivalent one with full state information. The general nonlinear exponential cost with incomplete information
in discrete time is treated in [8].

Recently Bensoussan and Elliott [1] discussed a finite-dimensional risk sensitive control problem with quasi-
linear dynamics and quadratic cost; the results of this paper are a discrete-time version of [1].

2. Dynamics

Suppose {Q, %, P} is a probability space with a complete filtration {%~ }, k c N!, on which are given two
sequences of independent random variables xk and ~k, having normal densities ~ k = N(O, ~k ) and ($k = N(O, rk )

where ~k and rk are n x n and m x m positive definite matrices for all k G N.
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U is a nonempty subset of RP and f~k = a{ yl, 1<k } is the complete filtration generated by y. The admissible
controls u are the set of (1-valued {?~k} adapted processes.

Write Uk,I for the set of such control processes defined for k,..., 1.

Consider the following functions

.4~(u): U x N ~ -L(R”, W), (the space of n x n matrices),

G~(u): U X N - R“,

Ck(u) : U X ~ - ~(~m,~m).

For any control u, define Ao,o = 1 and

Aok+, = fi i/+ I(x/+1‘~~(u)x[ - Gk(u))f)/+l(J’[+1 - C’I(U)XI+I(U))

/=0 @/+l(xl+l )d/+l(Y/+1 )

Then AO,kis an %k martingale and EIAO,k] = 1. A new probability measure can be defined by putting dP/dPIX, =
AO,k.

Define the processes vk = u! and wk = w:,

Vk+l = X~+I ‘/tk(u)xk – Gk(U), Wk = Yk – Ck(tt)xk.

Then under, ~, ok and wk are two sequences of independent normally distributed random variables with densities

$!i and If!Jk,respectively. Therefore under ~,

Xk+l = /tk(tf)xk + Gk(U) + ~k+l, (1)

yk = Ck(u)xk + wk. (2)

3. cost

Consider the following mappings

A4(. ):u + R, m(.): U+ R“,

N(.):u + R, q.): w’- R.

The results extend immediately to the case where M, m, and N are time dependent.

For any admissible control u and real number 8 we consider the expected exponential risk sensitive cost

[{

T– 1

J(u) = Oi exp 6 ~ [(M(u)xl, x1) + (m(u), xl) + N(u)]+ @(xr)
I=o }1

[ ~ {:: }1= (IE AoTexp O ~ [(M(u)xI,xI) + (m(u), x/) +N(u)I + @(xT)

Write Do,o = 1,

[

k–1

)D~,~ = D; = exp~ ~[(M(u)xI,xI) + (m(u), x/) + N(u)] .
/=0

4. Finite-dimensional information states

Notation 4.1. For any admissible control u consider the measure

(3)

(4)

C#(X)dX := E[A;D#(xk 6 dx)lwk]. (5)



Note z{(x) = ~o(x),
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Then Y; satisfies the following forward recursion

~;+,(x)= A+lbk+l - ck+l(~)x)

dk+l(Yk+l)
exp O((M(U)X,X) + (m(u), x) + N(u))

Jx #+I(x-4+I(u)z-G ~+I(u))m(z)&.

153

(6)

The linearity of the dynamics and the fact that uk and wk are independent and normally distributed implies that
U;(X) is an unnormalized normal density which we write as

#(X) = z,,(U)exp-~(X – ~k(u))’~~’(u)(x– /fk(U)). (7)

R;’ (u), ~k (u) and .zk(u ) are given by the following algebraic recursions:

and ~k(u) = R–’/&(~).

The recursions for ~, R and Z are algebraic and involve no integration.
For this partially observed stochastic control problem the information state u;(x) (which is, in general, a

measure valued process), is determined by the three finite-dimensional parameters #k(u), Rk(u) and Zk(u ). These

parameters can be considered as the state L of the process:

<; = (,Uk(u), Rk(u), zk(u))

and we can write

xl(x) = f%(<;,x) = -zk(~)exp-+(x – ~k(U))’R;’(U)(X– ~k(u)).

For integrable ~(x),

(’!xk(&),f) = / CXL(~;,X)f(X)dX,
W

which in fact eqUdS ~[i’i~,k~{,kf(xk ) I“lk].

5. A separation principle

For any admissible control u, we saw that the expected total cost is

[ ~ {/=1
J(u) = OE A: ~ exp 6 fi[(A4(u)x/,x/) + (m(u),x~) + N(u)]+ @(xT)}1=OEIA{,TD~,rexp O@(x~)] = OEIEIA~,~D~,r exp t9@(x~)14Y~]]
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= (IE
[./ 1

exp 6@(x) wr(x)dx = OE[(ct~(<~), exp 00)],
R“

where @ is the terminal cost as in Eq. (3).

6. Adjoint process

Now for any k, O < k < T,

Write fi(xk ) = E[A;+, ,~Dj!+,,~ exp @D(xT ) Ixk, ‘IT] where, using the Markov property of X, the conditioning

involves only Xk. Note that fl~(x~ ) = exp @(x~ ). Therefore

Note this decomposition is independent of k, so

Lemma 6.1. We have the ,fbllowing backward recursion for the process /3:

fl;(xk ) =
/

h+l(yk+l - C~+I(U)X)

@k+l(yk+l)

ik+I(x ‘~k(u)xk - Gk(~))

w

x exp fl{x’kf(u)x + (m(U), X) + ~(~)}P~+I (x) dx. (9)

Proof.

[[

DE E @+ I(Yk+I - ck+l(u~k+l )tk+l(xk+l ‘14k(~)xk - Gk(u))

@k+l(.?’’k+l )~k+l(xk+l)

[

DE dk+l(yk+l - ck+l(u)xk+l )~k+l(Xk+l ‘~k(u)xk - Gk(u))

dk+l(~k+l )tk+l(xk+l )

1

1x exp o{xi+l~(u)xk+l + (m(u), xk+l) + N(u)} flf+l(xk+l )lxk,~~T .

Integrating with respect to the density ofxk+l and using the independence assumption under P gives the result. U

Consider the unnormalized Gaussian densities ~~(x, z ) given by

~~(x,z)= ‘;exp-i(x - ~k(z))’~~’((x - Yk(z)).
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We put ~~(x,z) = 6(x – z), ST = O and y~ = z. Then Yk,Sk-’ and ~k are given by the following backward

recursions.

‘-’ a-’~~+!l]~kSk-’ =~j[~;:, – k+l

‘jk = ~:~;;la-’[c;+,~;:l~k+l + ZI:IGL. + ~m + “jk+, – ~Gk]

~k = ik+,l~k+,l
-1/21a112e~p-+{b-qfiYk}

Here

(lo)

Furthermore,

/
H(x) = jj(x,z)exp @P(z)dz.

w

Remark 6.2. /J’;is the adjoint process and again it is determined by the finite-dimensional parameters y, S and z
which satisfy the reverse-time, algebraic, recursions (10 ).

7. Dynamic programming

We have noted that the information state !xk(x) is determined by the finite-dimensional parameters

t; = (pk(U), &( U), zk(U)).

Given t; a control Uk and the new observation Yk+1, Eqs. (8) determine the next value

~i+l = tk+l(t:>uk, yk+l).

Suppose at some intermediate time k, O < k < T, the information state <k is ~ = (p, R, Z)
The value function for this control problem is

Theorem 7.1. The value function .sutisjies the recursion:

V(~, k) = &f,E[~(~k+,(&U, J’k+l),k + 1)]

and V(<, T) = (ct~(<), exp O@).

(11)

Proof. Now

~(<,k) = J&:_, ~[(a;(t)>fl) Ih = L].
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From ( 10) flk is given by a backward recursion from flk+l, that is we can write flk = [~~(fl~+, ). Therefore

(12)

The interchange of conditional expectation and minimization is justified by application of the lattice property of
the controls (see [4] ). ❑

Write U;,, for the set of control processes on the time interval k,..., 1 which are adapted to the filtration

rr{t,: k <js 1}. We call such controls separated.

Theorem 7.2 (Verification). Suppose u* ~ U&, is a control which ,jtir each k = O,..., T – 1, u; ( (k ) achieves
the minimum in (11 ). Then U* E UO,T–~ and is an optimal control,

Proof. Write

~(<,k,u) = ~[(~;(<)>pf)l(k = <1.

We shall show that

V(~, k) = p((, k,u”), foreachk=O,..., T.

For k = T ( 12) is clearly satisfied, Suppose ( 12) is true fork + 1,..., T. Then

~(~, k,u”)=~[~[(clk+ l(t~; ,), ~;; ,)l<k = t>~~k+l]ltk = L]

= EIV(Lt:l(L),k + l), u” ● Uk.tl,r-1)]

= EIV(&~l((), k + 1)1

= V(i, k).

This gives ( 12).
Putting k = O we see

V(<, o,u”) = V(g,o)<v(t,(),zl)

for any u G Uo,r-,. That is, u* is an optimal control.

Remark 7.3. This result shows the optimal policy u* for the risk sensitive control problem is a separated policy,

in that it is a function of the information state ~.
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