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Abstract

A discrete-time partially observed stochastic control problem with exponential running cost is considered. The dynamics
are linear and the running cost quadratic in the state variable, but the control may enter nonlinearly. Explicit solutions for a
forward Zakai equation and a backward adjoint equation are derived in terms of finite-dimensional dynamics. This enables
the partially observed problem to be expressed in finite-dimensional terms and a separation principle applied.
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1. Introduction

Recent interest in risk-sensitive stochastic control problems is due in part to connections with H, or robust
control problems and dynamic games. The solution of a risk-sensitive problem leads to a conservative optimal
policy, corresponding to the controller’s aversion to risk.

For linear/quadratic risk-sensitive problems with full state information, Jacobson [6] established the connection
with dynamic games. The analogous nonlinear problem was studied recently, and a dynamic game is obtained as
a small noise limit [3, 5, 7, 10]. A risk-neutral stochastic control problem obtains as a small risk limit [3, 7].

Whittle [9] solved the discrete-time linear/quadratic risk-sensitive stochastic control problem with incomplete
state information, and characterized the solution in terms of a certainty equivalence principle. The analogous
continuous-time problem was solved by Bensoussan and van Schuppen {2], where the problem was converted to
an equivalent one with full state information. The general nonlinear exponential cost with incomplete information
in discrete time is treated in [8].

Recently Bensoussan and Elliott [1] discussed a finite-dimensional risk sensitive control problem with quasi-
linear dynamics and quadratic cost; the results of this paper are a discrete-time version of [1].

2. Dynamics

Suppose {Q,#,P} is a probability space with a complete filtration {#,}, & € N, on which are given two
sequences of independent random variables x; and y;, having normal densities y, = N(0, X, ) and ¢4 = N(0,T7%)
where X, and I'; are n x n and m x m positive definite matrices for all £ € N.
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U is a nonempty subset of R” and %, = a{y;, | <k} is the complete filtration generated by y. The admissible
controls u are the set of U-valued {#}} adapted processes.

Write U, for the set of such control processes defined for 4,..., /.

Consider the following functions

Ap(u): U x N — L(R?,R"), (the space of n x n matrices),
Gi(u): U x N — R",
Ce(u): U x N — L(R™,R™).

For any control u, define Agy = 1 and

Yr(x — Ax; — Ge(u) b (yia — Crlux i (u))
Yir )@ (yis) '

Then Ag 4 is an &, martingale and E[Ag 4] = 1. A new probability measure can be defined by putting dIS/dP|;k =
Aok
Define the processes vy = vf and wy = wy,

k
Aoxrr =11
=0

Ukl = X1 — Ak(u)xk — Gk(u), W = Vi — Ck(u)xk.

Then under, £, v, and wy are two sequences of independent normally distributed random variables with densities
¢, and ¥, respectively. Therefore under P,

X1 = A(u)xg + Gr(u) + veq1, (1)
vi = Ci(u)xg + wy. (2)
3. Cost

Consider the following mappings
M(G): U - R, m(:): U — R",
NG U =R, P():R" > R.

The results extend immediately to the case where M, m, and N are time dependent.
For any admissible control u and real number 6 we consider the expected exponential risk sensitive cost

J(u)=OF [expe {TZ'[<M<u>xz,xz> - (m(u)) + NG + ‘D(XT)H

=0
T—1
=0E {AO'T exp 6 { ST UM )x,xp) + (m(u),x;) + N(u)] + d’(xr)H . (3)
1=0
Write D(),() =1,
k-1
Dy, = D = cxp0 (Z[(M(u)th + (m(u),xi) + N(u)]) . @)
=0

4. Finite-dimensional information states

Notation 4.1. For any admissible control « consider the measure

ai(x)dx := E[A{D{ (x € dx)|%,]. (5)
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Note aj(x) = Wo(x).
Then o satisfies the following forward recursion

Grr1 (Vi1 — Crpr(u)x)
i1 (V1)

X W'PHl(X = Ap 1 (u)z — Gy (u))ag(z) dz. (6)

a1 (x) = exp 0((M (u)x, x) + (m(u),x) + N(u))

The linearity of the dynamics and the fact that v; and w; are independent and normally distributed implies that
of(x) is an unnormalized normal density which we write as

2(x) = Ze(u) exp — 3 (x — () Ry ' ()(x — p(w)). (7
R, (), px(u) and Z(u) are given by the following algebraic recursions:
Rl (u) = =20M(u) + Cp ()T} Coir () + 2 {T — Aw()a™ "4, 2 )
i () = Om(u) + Cp (O yen + 2 A () + (0 + 0 Aea™ 4 )) 2] Ge(w), - (8)
Zi(u) = Zi(u)(2m) ™ Zp | " P exp —3{b — i (Wi, ()},
where
a= Ay, A(u) + R,
b= —20N(u) + G Zi [ {1 — Aw(wa™ 4 () 2, Y Gu(u)
R () = a” ()} - 2G4 @) 2 ey (w)
and () = R~ pu(w).
The recursions for fi, R and Z are algebraic and involve no integration.
For this partially observed stochastic control problem the information state aj{x) (which is, in general, a

measure valued process), is determined by the three finite-dimensional parameters z(u), Ry(u) and Z;(u). These
parameters can be considered as the state ¢ of the process:

Sk = (u(u), Re(u), Zi (1))

and we can write

2 (x) = a(Efx) = Zu(w)exp —3(x — pe()) R (u)(x — pu(w)).
For integrable f(x),

&) 1) = [ s

which in fact equals E[A(’;,kDg’kf(xk)}@k].

5. A separation principle

For any admissible control u, we saw that the expected total cost is

J(u)=0E [AS,T exp 0 {i[(M(u)x,,x,) + {m(u),x;) + N(u)] + <I>(xT)H
=1

— OE[ A} DY 1 exp 6(xy)] = OE[E[AY Dy 7 exp 00(x7)|¥7]]
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=0F [/ exp 00(x)ar(x)dx| = OE[(ar (&%), exp 0D)),
R

where @ is the terminal cost as in Eq. (3).

6. Adjoint process
Now forany £,0 < k < T,
J(u)= ()E[Ag,kAZH,TDS,kDII:H,T exp 0@(x7)]
= ()E[Ag‘kDg_kE[A,‘:H‘TD}ijT exp 0P(x7) | x0, ..., %k, Y 7]].

Write fB{(xx) = E[A},, 7D}, rexp 0P(xr)|xs, % r] where, using the Markov property of x, the conditioning
involves only x;. Note that S7(x7) = exp ®&(x7). Therefore

J(u) = OE[AG 1D 4 B (xi )]
= OE[E[Ag kDo 4 i (i) | Y]]
= 0E[{o () B
Note this decomposition is independent of &, so
J(u) = OE[{{0, By)] = OE[{a7(CT7), exp 00)].
Lemma 6.1. We have the following backward recursion for the process B:

Gierr1 (Va1 — Ck+l(“)x)l//k+1(x — Ap(u)xi — Ge(u))
- Prr1(Ve+1)

x exp 0{x'M (u)x + {m(u),x) + N(u)} i, (x)dx. (%)

Bi(xx) =

Proof.

BiGxi) = ELAL 1 r D1 r exp 0P(xr) | x4, 7]

- F [E [d’kﬂ(ykﬂ — Crn1 (WX W1 (k1 — Ap(u)x, — Gi(u))
D1 (Vi1 W1 (X 1)

x exp O{x; . M (u)xy 1 + (m(u), xii1) + N@)}Af o 1 Di o €xp 00(xr) | xk,xk+1»qu:| ka,@r}

_x |:¢k+l(}’k+1 — Crp1 (X Wi g1 — Ar(u)x, — Gi(u))
brr 1 (Ve OV k1 (Xk41)

x exp 0{x M (u)xisr + (m(u),xirr) + N G X6 Y7
Integrating with respect to the density of x4 ;| and using the independence assumption under P gives the result. []

Consider the unnormalized Gaussian densities BZ(x,z) given by

Bi(x,2) = Ziexp =1 (x — 3 (2))' S ((x — ().
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We put ﬁ;(x,z) = 0(x —z), S7 = 0 and yr = z. Then y, S,(_1 and Z; are given by the following backward
recursions.

Sk-l :AZ[Z;+11 - 21;11“421;11]/4/(
3= A2 a G T v + 25 Ge 4+ 0m + 5 — aGy) (10)
Zk = Zk+1 Py |‘1'/2|a|1"’2 exp —%{b - “7271\'}-
Here
a= CII(+IFI:+11C + Zk:Ll] + Sk_+ll
b=2y4 T\ Corra Cho T vt + 251Gk + 55y + Om)
127507 [Z0 G+ Ty + Oml + G + 2l a ™ 501G
+0?m’a'm — 26N,

Ay

ik —Sl:l'})k.

Furthermore,
ﬁz‘f(x):/ B, (x,2) exp 09(z) dz.
Rn

Remark 6.2. S is the adjoint process and again it is determined by the finite-dimensional parameters y, S and Z
which satisty the reverse-time, algebraic, recursions (10).

7. Dynamic programming
We have noted that the information state x;(x) is determined by the finite-dimensional parameters
&k = (ue(u), Ri(u), Zi(u)).
Given &/ a control u; and the new observation y; 1, Egs. (8) determine the next value

&t = S (&L, Y-

Suppose at some intermediate time k, 0 < k < T, the information state &; is £ = (4, R, Z).
The value function for this control problem is

V(Ek) = inf El(af, B)la = (&)
Theorem 7.1. The value function satisfies the recursion:

V(ER) = inf ELV GGty Lk + 1)) (1)
and V(E,T) = (ar(&),exp 0D).

Proof. Now

Vic.k)= inf E[(of(2), i) [k = €]
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From (10) fi is given by a backward recursion from f; 1, that is we can write fy = fi(f}_ ). Therefore

z o H ug uepr £k
V(&k) = inf _of E[o{ (O, BB NSk = €]

= uiEnUka z-ez/ikr,lfr,. ELE[ o1 (&5 1) Bee) P hs1s &k = E [ &k = €]

:ugbikE z*elfiplf,,,l El{o i (& ) Biw )1k, & = E]J & = ¢

= inf E[V(Cea(Sou, i1 )k + 1)
€Uk

The interchange of conditional expectation and minimization is justified by application of the lattice property of
the controls (see [4]). O

Write U;, for the set of control processes on the time interval %,...,/ which are adapted to the filtration
o{¢; k <j<I}. We call such controls separated.

Theorem 7.2 (Verification). Suppose u* € U, is a control which for each k = 0,...,T — 1, u; (&) achieves
the minimum in (11). Then u* € Uyr_, and is an optimal control

Proof. Write
V(& k) = E[(o{(E), B & = €],
We shall show that
V(E k)= V(& ku™), foreachk=0,...,T (12)
For k = T (12) is clearly satisfied. Suppose (12) is true for k + 1,...,T. Then
V(& ku™) = ELELou 1 (6000 B ) & = & Wien]|& = €]
= E[V(E1(E)k + 1),u” € Uiz )]
= E[V (&), k +1)]
= V(S k).

This gives (12).
Putting £ = 0 we see

V(E,0,u™) = V(E0)< V(& 0,u)
for any u € Uy 7_,. That is, u* is an optimal control.

Remark 7.3. This result shows the optimal policy »* for the risk sensitive control problem is a separated policy,
in that it 1s a function of the information state &.
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