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Abstract

This paper studies convergence properties of
solutions to two types of nonlinear matrix dif-
ference equation which are created as a means
to solving iteratively a class of nonlinear alge-
braic matrix equations. Based on the general
convergence result, we propose several iterative
algorithms to compute L?-sensitivity optimal re-
alizations as well as Euclidean norm balancing
realizations of a given linear system. These al-
gorithms turn out to be far more practical for
digital computer implementation than the gradi-
ent flows previously proposed. and have a locally
exponential convergence property.

1. Introduction

Recently, gradient flow techniques have found
application in solving various minimization prob-
lems with respect to realizations of a system, in-
cluding the problems of L?-sensitivity minimiza-
tion {1], and Euclidean norm balancing [3]. One
common feature of such applications is that the
optimal solution of each problem is the unique
exponentially stable equilibrium point of a cer-
tain matrix differential equation. Unlike some
problems such as standard balanced realization,
the problem of L2-sensitivity minimization or
Euclidean norm balancing does not-allow an ex-
plicit expression for the optimal solution. but
rather to date requires the solution of highly non-
linear differential equations. For high order prob-
lems, it may be impractical or inefficient to com-
pute this optimal solution by solving an initial
condition problem associated with the differen-
tial equation. Our aim in this paper is to present
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iterative algorithms in terms of difference equa-
tions whose solution will converge to the optimal
solution of the L?-sensitivity minimization prob-
lem or Euclidean norm balancing problem from
an initial condition. In fact, the algorithms to be
developed can be applied to solve a wide class of
nonlinear matrix equations.

Consider for simplicity a discrete-time, single-
input single-output, stable system with a trans-
fer function H(z) of order n with an initial min-
imal realization

H(z)=c(zl = A)" b +d (1.1)

The L?-sensitivity index of the system H(z) with
respect to the realization (A4, b, ¢, d) is defined by

S 2 19T 10T+ s
- %trace { ]( [A(2)A(2)" + B(2)B(z)"
+o(EreEIE ]
where A(z) = B(2)C(z) and

B(z) = (21 — A)7'b, C(z) = e(21 - A)™

The LZ2-sensitivity minimization problem is to
find a similarity transformation T so that
the L2-sensitivity index S(TAT-Y,Tb,cT 1)
of H(z) is minimized. It is known that
S(TAT~,Tb,cT™1) achieves its minimum at
T = Ty iff Py = T{Ty is the equilibrium point
of the following differential equation

b= §{PIAG) PAG) + C2yC()P™

4z (1.9

z

—A(2)PLA(2)" - B(2)B(2)*



The existence and uniqueness of the equilibrium
point of (1.2) have been proved in [1]. It is
also known that the solution P(t) correspond-
ing to any positive definite initial condition expo-
nentially converges to the equilibrium point Py,
which suggests an obvious way of computing Fy.
But this method lacks computational efficiency
and can be numerically ill conditioned especially
when the order of the svstem is high.

A similar situation arises when one tries to
minimize the Euclidean norm of the realization
(3], but here the relevant equation is

P(t)y = Pty A'P(t)A+ /c]P(t)™!

—AP(t)TA - b (1.3)

Although (1.3) looks much simpler than (1.2),
likewise there has not been proposed a compu-
tationally attractive method to find its unique
equilibrium point.

Quite obviously, the equilibrium points of both
(1.2) and (1.3) satisfv an equation of the same
tvpe. i.e.

PG(P)P - F(P)=0 (1.4)
Here, in the case of (1.2).
1 * 4/ - Yo NR fl-.'i
F(P)=5—lAG)" PAG) +Crell S (15)

dz

]. —_ x *d *
G(P):E;f[A(z)P LAY + B(2)B(=1) (16
while in the case of (1.3).

F(P)= A'PA+cc and G(P)= AP YA +bb

Moreover, the equation has a unique positive def-
inite symmetric solution in both cases. It can
be also noted that in the two cases, F(P) and
G(P) are nondecreasing and nonincreasing, re-
spectively, with respect to P € P(n) where P(n)
denotes the set of all positive definite symmetric
n X n matrices.

It is worth mentioning that if F(P) = F and
G(P) = G are independent of P and in P(n),
then (1.4) becomes a special form of an algebraic
Riccati equation in continuous time. In such a
case, (1.4) is equivalent to the following algebraic
Riccati equation in discrete time by using the
bilinear transformation given in [2].

@ =020+ F/a)2® +aG™ ' + Fla)™! x

(®+ F/a)+2F/a (1.7)
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where a is an arbitrary positive number. Fur-
ther, it is known from {2] that the solution of the
Riccati difference equation

b1 = B, -2(9;+ F/a) x
(2®;+ oG~ + F/a)™!(®; + F/a) + 2F/a

converges to the solution of (1.7) from any initial
condition &5 € Q(n), where Q(n) denotes the
set of all positive semidefinite symmetric n X n
matrices.

The above-mentioned fact inspires us to come
up with the following difference equation

P; — 2[@,‘ + F(‘I),‘)/a] X
[28: + 0G(2)™" + F(#:)/e] " x
(@i + F(®:)/a] + 2F(®:)/a  (1.8)

for the general purpose, where F(P) and G(P)
depend on P. A natural question arises as to
under what conditions the solution of (1.8) can
converge to the solution of (1.4). In particular,
can (1.8) serve as an iterative algorithm of solv-
ing the LZ%-sensitivity minimization problem or
Euclidean norm balancing problem?

In the next section we will study the conver-
gence properties of two types of general nonlin-
ear difference equation including (1.8). Section 3
discusses various iterative algorithms for solving
(1.4) in the two cases. Two examples are pre-
sented in Section 4. Conclusions appear in Sec-
tion 5. '

11 =

2. General Convergence Results

Consider the difference equation
4’,'.;.1 = 'R_(Q,) (21)

with

R(X) 2 X -2[X+F(X)x
[2X + F(X)+ G(X)] X + F(X)]+ 2F(X)

where F(X) and G(X) are two nondecreasing
continuous operators from P(n) to P(n). Two
basic assumptions are in order:
(A1) The equation

XG(X)'X = F(X) (2:2)

has a unique solution Xp in P(n).



(A2) Given any X € P(n). there exist X, X, €
P(n) such that

(i) ;i <X<X,
(i) F(X1) > X16(X)7' X,
(iil) F(X2) < X26(X2)71X;

Theorem 2.1 Under assumptions (Al1)-(A2),
the solution ®; of (2.1) converges to Xo from any
initial condition ®y € P(n).

Proof:

In some situations, the operators F and G may
be complicated and thus it is not desirable or
efficient to compute their values at each iteration.
In order to cope with these situations, we turn
to consider another kind of difference equation

The proof is omitted. o

as follows

&y = &, —2(® +NKFK)X

20+ K'FiR +(1GiL)7] 7 x

(&, + N'FK) + 2R'F, KK (2.3)
Fiyn = S(F,9)) (2.4)
Gipp = T(Gi, i) (2.5)
where A and L are two & X n and [ X n con-

stant matrices, S and 7 are two operators from
Q(k) x P(n) to Q(k) and from P(l) x P(n) to
P(l), respectively. Regarding such a system of
difference equation, we make the following as-
sumptions:

(B1) The operator S is nondecreasing with re-
spect to its each argument.

(B2) The operator 7 is nondecreasing with re-
spect to its first argument and nonincreasing
with respect to its second argument.

(B3) L is of rank n.

(B4) There exists a ® € P(n) such that if
limi — oc®; eziist.s and is in P(n), then
lim? — o0® = &.

In order to characterize a class of initial con-
ditions which lead to a convergent solution, we
introduce

Definition 2.1 (®q, Fp.Go) € P(n) x Q(k) X
P(1) is said to be an admissible initial condition
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of (2.8)-(2.5) if there ezist two initial conditions
@M, M,y and (80, FP,GP) in P(n) x
Q(k) x P(l) with

K'FVE > aPwePrysl)
F < SRV, 8
¢ > TG, e
K'FPE < oGP r)ed
P > SR, e
G < T(Go,8Y)
such that

o) < ®, < 8, FV <R <FY,
GP < Go<GM

Theorem 2.2 Consider the system of difference
equation (2.3)-(2.5) with assumptions (B1)-(B4)
enforced. Then for any given admissible initial
condition (®q, Fo,Go) € P(n) x Q(k) x P(l),
there holds

lim &; = & (2.6)
1—00
Proof: The proof is omitted. o

As a direct consequence of the above result,
the following corollary is inferred.

Corollary 2.1 With the same hypotheses as in
Theorem 2.1, the solution of the second order dif-
ference equation

= &, -2(® + F(®i_1)] x

[28; + F(®i-1) + G(®i—1)] ' x
[®; + F(®i—1)] + 2F(®i1)  (2.7)

®; 41

converges to Xo from any initiel condition

(®-1,®o) € P(n) X P(n).

3. Applications

In this section, we will propose several itera-
tive algorithms to compute solutions of the L?-
sensitivity minimization problem associated with
the initial realization (1.1) of H(z). All these al-
gorithms will be proved to have the convergence
property by means of the results of the proceed-
ing section.

First, we have for the L2?-sensitivity minimiza-
tion problem.



Theorem 3.1 Given the initial realization of
H(z)asin (1.1). Let T be an L*-sensitivity min-
tmizing similarity transformation. Then the so-
lution of the difference equation
P; = 2[P, 4+ F(P)/a] X

-1
2P + F(P)/a + aG(P)™Y] ™ x
[P+ F(P)[a] +2F(P)/a  (3.1)

Py =

converges to T'T from any initial condition Py €
P(n), where a is any positive constant, G(P) and
F(P) are defined as in (1.5)-(1.6).

Proof: Letting

F(P)= F(P)|a, G(P)=aG(P)™" (3.2)
one can easily see that hoth F(P) and G(P)
are nondecreasing and continuous with respect
to P € P(n). In addition. assumption (Al) is
satisfied due to the uniqueness of the equilibrium
point of (1.2). Since for a fixed P € P(n) there

hold

hm []-'(uP —(uP)YG(nP)~

1—0

= Zwazf °(2)

im [F(vP) - (vPYG(w PN (v PY)/?

"(uP))

.:—>0

= - ! .}{PB(:)B(‘)P(I;<O

2Tat

assumption (A2) is also met. Thus, the theorem
follows by directly applving Theorem 2.1. o

Based on the above proof and Corollary 2.1,
the following result is immediately obtained.

Corollary 3.1 With the same hypotheses as in
Theorem 3.1, then the solution of the second or-
der difference equation

Py = P =2[Pi+ F(Pi-1)/a]l %
2P+ F(Pi_) 4+ 0GP x
[P, + F(P_1)/a]l 4+ 2F(Pi_y)/a (3.3)

converges to T'T from any initial condition
(P-1, Fo) € P(n) X P(n).

Note that the calculation of G(P) and F(P)
usually involves many iterations given a P.
Therefore, a challenge is to avoid the effort of
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computing G(P) and F(P) at each iteration of
the algorithm. We are now in a position to con-
struct an algorithm to achieve this purpose by
virtue of Theorem 2.2.

Lemma 3.1 Given an n X n matriz A with all
eigenvalues in the open unit disk and a sequence
of matrices Qr € Q(n),k = 0,1,2,---. If Q&
converges to Q € Q(n), then the solution P; of
the difference equation

z+1 APA +Q1 (34)

converges to a P € Q(n) from any initial con-
dition Py € Q(n) and the limiting solution P
satisfies

P=APA +Q (3.5)

Proof: The proof is omitted. a

Theorem 3.2 With the same hypotheses as in
Theorem 3.1. Let U and V be the solutions to

LA v 0
o= 5 Y1l 47 0
A bel. [ A By
Vo= [0 A]V[c'b’ A’]+ 0 0

respectively. Then for any a > 0 and any initial
condition (Po,Uo, Vo) € P(n) x P(2n) x P(2n)
with Uy > U and Vy > V, the solution (P;,U;, V;)
of the system of difference equations

Piy1=P —2(P. + U}'/a) x
[2P: 4 UF /e + a(v)7!] 7

(P,- + UM [e) + 201 o (3.6)

A Y A 0 de 0
U’“‘[o A']U’ be A +[0 P-'] (3.7)
A be] [A 07 [b O

/. - . .
Vina [0 A]V‘ b’ A’]+[0 P,-"l](&s)

converges to (T'T, U, V) € P(n)xP(2r)x P(2n).

Proof: Since (4,b) is controllable, it is not
difficult to prove that if V; and P; are positive
definite, then so is V; ;. Therefore, the system of
difference equations (3.6)-(3.8) is a special form
of the system (2.3)-(2.5) with ®; = F;, F; = U;
and G; = V;. Let us now check assumptions
(B1)-(B4) for (3.6)-(3.8). In fact, (B1), (B2) and
(B3) are trivial. As for (B4), we assume that
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lim;—c P; = P. Then by Lemma 3.1, it fol-
lows that limie Ui = U and lim;_oo Vi = V,
implying that U'! = F(P) and V! = G(P).
Taking the limit on both sides of (3.6) yields
that P is an equilibrium of the differential equa-
tion (1.2). Since the equilibrium point is unique,
(B4) is verified. Finally, in order to apply Theo-
rem 2.2, it remains to show that any initial con-
dition ( Py, Ug, Vo) € P(n) x P(2n) x P(2n) with
Uo > U and Vp > V is admissible in the sense of
Definition 2.1. To this end. let U, and 1/, be the
solutions to the Lyapunov equations

A Y A0 cde 0
! = 7
¢ [0 A’]( [bc A]+ 0 ;LPQ]
A be A0 bb' 0
/S = 4
v o= 0 A ! [c’b’ .—l'] + [ 0 (;LPO)"I]

Then it is routine to check that all the conditions
in Definition 2.1 are satisfied with

(@), KNG 2 (o U, V)
(@@, F . GP) 2 (P T,.V0)
provided g > 0 is sufficiently small and v > 0

is sufficiently large. Therefore. the proof is com-
pleted. o

We now move on to the Euclidean norm bal-
ancing problem. Recall from Section 1 that its
corresponding solution is the unique solution P
of the following nonlinear matrix equation

PZ(P)P = Z,(P) (3.9)

where

ZA{P)= AP YA+ BB'. Z,P)= A'PA+C'C

Theorem 3.3 Given a multivariable minimal
realization (A, B,C'). Then the solution of the
difference equation

Piyr = P =2[Pi+ Z(P)/a] x
[2P: + Zy( P o + aZet P07 x
[P: + Zo(Pi) /0] + 2Z,( P/ (3.10)
converges to P from any initial condition Py €
P(n), where a is any positive constant.

Proof:

Finally, we state a locally exponential con-
vergence property of the algorithms (3.1) and
(3.10). Namely, if the initial condition is suffi-
ciently close to the fixed point. then the conver-
gence of the algorithms will be exponential.

The proof is omitted. O
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Theorem 3.4 The linearizations of the differ-
ence equations (3.1) and (3.10) are asymptoti-
cally stable at their fized points.

Proof: The proof is omitted. a}

4. An Example

The purpose of this section is to demonstrate
the effectiveness of the algorithms proposed in
the previous section by simulation. To do this,
consider a specific minimal state-space realiza-
tion (A, b, ¢) with

05 0 1.0
A =10 =025 0
0 0 0.1
B = [0 1 2], C=[1 5 10]

It turns out that the unique equilibrium P of
(1.2) is exactly given by
) 02 0 05
P=]10 50 0 (4.1)
05 0 5.0

We first take the algorithm (3.1) with a = 300
and implement it starting from the identity ma-
trix. The resulting trajectory P; during the first
500 iterations is shown in Fig. 1 and is clearly
seen to converge very fast to P.

Next we examine the effect of a on the conver-
gence rate of the algorithm (3.1). For this pur-
pose, define d, (i) to be the deviation between P;
and the true solution P in (4.1) via the spectral
norm. Implement (3.1) with

a = 0.1, 10, 25, 100, 300, 2000,

respectively, and depict the evolution of the asso-
ciated deviation d4(?) for each a in Fig. 2. Then
one can see that & = 300 is the best choice. In
addition, as long as @ < 300, the larger o, the
faster the convergence of the algorithm. On the
other hand, it should be observed that a larger
o is not always better than a smaller « and that
too small o can make the convergence extremely
slow.

Remark 4.1  Since o does play an important
role in speeding up the algorithms, it is worth-
while to do further study in order to find some
helpful guidelines for choosing a suitable a.



5. Conclusions

Two types of difference equation have been

proposed so as to solve a class of nonlinear ma- +
trix equations. The main contribution of this
paper is twofold. First, convergence properties 3]

of these difference equations have been proved
under reasonable assumptions. Second, the gen-
eral results have been successfully applied in it-
erative computation of L2-sensitivity optimal re-
alizations as well as Euclidean norm balancing
realizations. In fact, a number of time-invariant §=

and efficient iterative algorithms have been made : ‘
available to solve the L2-sensitivity minimization
problem and all have the convergence property. -1 v v
Moreover, the main iterative algorithms are of

locally exponential convergence.

Py

Figure 1: Trajectory of ®; of (3.1) with a = 300.
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