SIAM J. CONTROL AND OPTIMIZATION (© 1994 Soxiety for Industrial and Applied Mathematics
Vol. 32, No. 6, pp. 1559-1576, November 1994 004

RECURSIVE ALGORITHMS FOR SOLVING A CLASS OF NONLINEAR MATRIX
- EQUATIONS WITH APPLICATIONS TO CERTAIN SENSITIVITY
OPTIMIZATION PROBLEMS™

WEI-YONG YANT, JOHN B. MOORE?, AND UWE HELMKES$

Abstract. This paper is concemed with solving a class of nonlinear algebraic matrix equations. Two recursive
algorithms are proposed in terms of matrix difference equations and are studied. A set of initial values is characterized,
from which the convergence of the algorithms can be guaranteed.

Based on the general results, several effective algorithms are presented to compute L?-sensitivity optimal realiza-
tions, as well as Euclidean norm balancing realizations, of a given linear system. A locally exponential convergence
property is proved for one of them. As is shown by simulation in this paper, these aigorithms prove to be far more
practical for digital computer implementation than the gradient flows previously proposed.
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1. Introduction. Consider the algebraic matrix equation of the form

(1.1) F(X)-XG(X)X =0, X € P(n),

with F(-) and G(-) continuous operators from P(n) to itself, where P(n) denotes the set of
all positive definite symmetric n x n matrices. In this paper we are interested in finding the
solution to (1.1) under the following basic assumptions:

Assumption 1. F(-) and G(-)~! are nondecreasing, that is, for any X;, X, € P(n)
with X, > X,, there hold F(X,;) > F(X,) and G(X,) < G(X), where the notation
X> > X, (X; > X;) means that X, — X is positive semidefinite (definite).

Assumption 2. Equation (1.1) has a unique solution X in P(n).

This type of matrix equation often arises in systems and control. For example, it has
been recently found [1], [3] that solving the problems of L?-sensitivity minimization and
Euclidean norm balancing can be reduced to solving certain highly nonlinear equations of
the form (1.1). Unfortunately, there is no explicit formula for their unique solution to these
algebraic equations. The only computation method available to date is to solve certain related
nonlinear differential equations. For high-order problems, this method may be impractical
or inefficient using conventional digital computers. Therefore, it is desirable to develop
suitable iterative algorithms in terms of difference equations whose solution can converge to
the required solution from appropriate initial conditions.

Of course, it is not always possible to relate (1.1) to some optimization problem or
differential equation so that certain numerical methods such as Euler approximation and
Newton—Raphson can be applied. Moreover, even if possible, the existing numerical methods
may not always work well and may be inefficient because their success heavily depends on
intricate step size adjustment, which is sometimes time consuming. In contrast, the method to
be proposed in this paper for solving (1.1) does not require any step size adjustment, as will
be seen soon.
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To suggest a workable algorithm for (1.1), let us consider the trivial case where F(P) =
F € P(n) and G(P) = G € P(n), that is, the operators F and G are constant. Quite
obviously, Assumptions 1 and 2 are fulfilled in this case. Equation (1.1) then reduces to

(1.2) F-XGX =0,

which is apparently a very special form of the algebraic Riccati equation in continuous time.
Thus, by the bilinear transformation given in [2], (1.2) is equivalent to the following algebraic
Riccati equation in discrete time:

(1.3) X=X-2X+F)2X+F+GCHY X +F)+2F
It is known from [2] that the solution of the Riccati difference equation
(1.4) Xin =X, -2(X; + F)2X; + F+ G Y " (X; + F)+2F

converges to the solution of (1.2) or (1.3) from any initial condition Xy € P(n).
The above-mentioned fact inspires us to come up with the following difference equation
for the general purpose:

(1.5) Xipy = X; = 2[X; + F(X)I2X: + F(Xa) + G( X)Xy + F(X)] + 2F(Xs),

which is obtained by respective substitution of the operators F and G for F’ and G into (1.4).
A natural question arises as to whether the solution of (1.5) can still converge to the solution
of (1.1) from any initial condition Xy € P(n) in the general case. In particular, can (1.5)
serve as an iterative algorithm in the practical cases of interest?

Remark 1.1. It is worth emphasizing that the operators F and G will not be required to be
smooth in the development to follow. We hope that this would widen the potential applications
of the algorithms to be developed in the paper.

Remark 1.2. Note that computing the value of the operators F and G is required at each
iteration of the algorithm (1.5), which may be undesirable or difficult in the situation where F
and G are complicated or there are even no explicit expressions for them. As will be seen in
the sequel, this difficulty can be overcome by way of incorporating two additional difference
equations with (1.5).

Remark 1.3. If the operators F and G satisfy differentiability conditions, homotopy meth-
ods might be used to find the solution of (1.1). However, this kind of method eventually rests in
solving a differential equation [4]. Moreover, its success crucially depends on the construction
of a homotopy map satisfying certain requirements; otherwise, there is no guarantee that the
method is globally convergent (see, e.g., [4]).

In the next section we prove some auxiliary results. Section 3 is devoted to studying the
convergence properties of two types of general nonlinear difference equations including (1.5).
Section 4 discusses specific iterative schemes for solving (1.1) in the cases of L2-sensitivity
minimization and Euclidean norm balancing. Section 5 proves that the convergence of the
proposed algorithm for the L*-sensitivity minimization problem is locally exponential, and §6
presents some simulation results. Conclusions appear in §7.

2. Preliminary results. Define
Q1) R(X)EX -2[X + FX)2X + F(X) + G(X)) ' [X + F(X)] +2F(X)

for X € P(n), where F(-),G(-) : P(n) — P(n). The following fundamental properties
of R(-) are instrumental in discussing the convergence of the algorithm X;., = R(X;)
subsequently.
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LEMMA 2.1. Suppose F(X) and G(X)~' are nondecreasing with respect to X € P(n).
Then R(-) maps P(n) to itself; moreover, for any X,Y € P(n) there hold

2.2) X 2Y = R(X) 2 R(Y),

(2.3) R(X) 2 X = F(X) 2 XG(X)X,
(2.4) R(X) < X &= F(X) < XG(X)X
2.5) R(X) = X < F(X) = XG(X)X

Proof. Upon noting from the matrix inversion formula that
(2.6) RX)=2{[X + FX)I"' + [ X +G(X)" 7"} = X

it follows that X € P(n) implies R(X) € P(n). Now assume X > Y. Because F(X) and
G(X)~! are nondecreasing, we obtain

RX) 2 2{[X + FY) ™ + [X +G(V)7'] 7'} -
=X +2F(Y)-2[X + F(Y ][2X+f( )+Q( )X + FY))
=FY)+[GY) - FWIRX + FXY)+G(Y) 7' X + F(Y)]

SFO) + 607 = 3 [60) - F(Y)

)

X+ FY) + 607G - F(Y)]
2 5IF0) + 0¥ r]—§w<> —fwn

Y+ FY) 4 6() TG - F ()

implying that (2.2) holds. Further, from the identity

2.7

RX) =X +2F(X)-2{[(X+FX] "+ X+ F X)X +G6(X) X+ F(X)]~ '}
it can be seen that

R(X)>X
= FX)T X+ FXOIT + X+ FXOITX +6(X)7 ][X+JT(X)]~1
= X+ FXOIFX)'X +FX)] < X+ FX))+[X +6(X)™1]
= XFX)'X <g(x)™!
= F(X) 2 XG(X)X,
that is, (2.3) holds. In the same spirit, (2.4) can be proved and (2.5) is obtained as a direct

result of (2.3) and (2.4). O
COROLLARY 2.1. Let

2.8) FXY,Z) =X -2X+Y)2X +Y + 2)" (X +Y) +2Y
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for (X,Y,Z) € P(n) x Q(n) x Q(n), where Q(n) denotes the set of all n x n nonnegative
definite symmetric matrices. Then

(2.9) 0<X; <Xy, 0N, 02,2
imply
(2.10) (X1, 2)) £ f(X2, Y2, 22).

In particular, if Y, Z > A for some A € P(n), there holds
2.11) fX,)Y,Z)> A, VX ePn).
Proof. From (2.2) of Lemma 2.1 and (2.6) it follows that

f(X, Y, Z) < f(Xo, 1, Zy)
=2€{(X+ V) '+ (X2 +Z)7' T - X,
<A +Y) '+ (Xa+Z)T T - X
= (X2, Y2, Z2), ‘

which gives (2.10). O

Remark 2.1. From (2.5), we can see that under Assumption 1 in §1 the equilibrium point
of the difference equation R(X;1;) = X, exactly equals the solution of (1.1).

The next two results are only used in developing an efficient iterative scheme for finding
L?-sensitivity optimal realizations.

LEMMA 2.2. Given a minimal realization (A, b, c) with the eigenvalues of A being in the
open unit disk, let U{p) be the solution of the following Lyapunov equation:

2.12) 0= A Y A 0 . cde 0
’ 10 A be A 0 ull|’
Then there holds
(2.13) lim U(p)~! =0.
H—OC

Proof. Let V(1) be the solution of the Lyapunov equation

4 0] Jo o
be A 0 ul |

Then it is quite evident that U(u) > V(u) = pV(1). Because the realization (A4, b,c) is

minimal, it follows that the pair
A Y 0
0 A {'| 1

is controllable. Thus, V(1) is positive definite, leading to lim, ., U(u)™! = 0. a
LEMMA 2.3. Given a minimal realization (A, b, c) with the eigenvalues of A being in the
open unit disk, consider the difference equation

A Y

(2.14) Q=4 &
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(2.15)

e

Qi-H

o QE _ Al Q' QF A 0 N de 0
QR 0 A QF QF be A 0 P
with an initial symmetric matrix Q.

(1) If B, is nonnegative definite for all i = 0, 1, ..., then there exists a constant 3 > 0
and an integer k such that

(2.16) Ql'>pI, Yi>k.

(it) If there hold P; > ul, i =0, 1,..., for some constant u > 0, then there exists an
integer k such that

2.17) Qi >U(u/2), Vixk,

where U(-) is defined as in Lemma 2.2. )
Proof. By close inspection, it can be seen that lim; _,, Q}' = Q, where Q is the unique
positive definite solution to the Lyapunov equation

(2.18) A'QA-cc=Q.

From this, (1) immediately follogvs. }
As for (i1), note that Q; > Q; for all 1 > 0, where (; is the solution to

~_A’c’b’QAO+c’c0
e T R 0 ul |’

with QO = (Qp. Because
lim Qi =U(u) > U(n/2),

(1) is concluded. ]

3. General convergence analysis. Recall that the main purpose of this paper is to solve
the matrix equation

3.1) F(X)- XG(X)X =0, X eP(n),

with F(-),G(-} : P(n) — P(n) continuous operators. For this purpose, we propose the
following difference equation:

(3.2) Qiy1 = R(Dy),
with
(33) R(X)2 X —2X + F(X)2X + F(X) + G(X)™'|7'[X + F(X)] + 2F(X).

Our first convergence result characterizes a set of initial values for which the solution of (3.2)
will converge to the unique solution of (3.1).

THEOREM 3.1. Adopr Assumptions 1 and 2 in §1. Suppose there exist X\, X, € P(n)
with X, < X, such that

(3.4) f(Xl) 2 Xlg(Xl)Xl and f(Xz) S ng(Xz)Xz
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Then the solution ®; of (3.2) converges to the solution X of (3.1) from any initial condition
® satisfying

(3.5) X1 <9 < Xs.

Proof. Let 3" = X, ) = X;, and &y satisfy (3.5). Then it follows from (2.3)~(2.4)
in Lemma 2.1 that

(" <R@M) =8" and 3P >R(®Y) = oP.
Thus, making use of (2.2) in Lemma 2.1 leads to
o) < o) < 8 < o,
By induction, the following relation is established

(3.6) pV <oV <...<coV <@ <... <o <o vix1

Therefore, limy ., o0 @fcl) and limg_, oo @fcz) exist and are in P(n) because {@fcl)} and {‘I’f)}
are bounded above by @((,2) and below by <I>(()'), respectively. Consequently, these two limits
satisfy R(X) = X and therefore are solutions of (3.1) because of (2.5) in Lemma 2.1. By
Assumption 2, it turns out that

3.7 im @ = lim &% = X.
k—o0 k—o0

Further, note that CD(()‘) < @ < @(()2). Hence, again by induction and using (2.2) in Lemma
2.1, there resuilts

o) <& <o, Vkzo0.

This together with (3.7) yields that limg_, o, P = X. O
Remark 3.1. It is worth mentioning that Theorem 3.1 is still valid if (3.5) is replaced with
the existence of an integer N > 0 such that

(3.8) X <Py < X
Remark 3.2. Observe that (3.1) is equivalent to

(3.9) FolX)— XGa(X)X =0, X €P(n),

where F,(X) = F(X)/c and Go(X) 2 G(X)/a for any a > 0. This suggests that an
infinite number of algorithms can be generated for (3.1) by substituting F,, and G, for ¥ and
G and setting different values to . Naturally, we might expect « to play some role in achieving
a satisfactory convergence rate. Later simulation results do demonstrate that a suitable choice
of o can significantly speed up the convergence of the algorithm.

Because the equation

(3.10) GY HY—-vYFYHy =0, Y € P(n)

is equivalent to (3.1) with Y = X —1 it follows from Theorem 3.1 that the solution of the
difference equation

Tip1 = T - 2[S; + G(E7)]

(3.11) < 2%+ G(E7Y) + FETH B + 657 + 26(57)
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converges to X from the initial condition Xy = oF !, where ®, satisfies (3.5). What is more
interesting is the following result.

THEOREM 3.2 With the same hypotheses and notation as in Theorem 3.1, let 3; denote
the solution of the difference equation (3.11) with the initial condition ¥y = ®y ! Then there
holds

(3.12) ®,3; =1, i=0,1,....
Proof. Simple matrix manipulations yield

(313) Py =2{[®; + F(@)] 7 + (2 +6(2:) 77} ~ @
= {2{[I + F (@)@ + ([ +6(®:)7' 077"} - 1},
={[1+‘1>-f(<1> )*‘]"‘ + [+ @,(®; )]—‘}

(314) x{[[_+_]:‘ l] ]+[I+g ) ]—]}_lQi_

Similarly, we have

Sivr = S{I + GET) BT + [T+ F(E7HZ '

(3.15) 1 -1 1 -1
AU +STGEDIT + U+ 27 FETDH)Y

Quite obviously, X, = I implies ®y Xy = I. Thus, by induction, (3.12) is
proved. O

Note that implementing (3.2) requires computation of the values of the operators 7 and G
at each iteration. However, in some situations, the operators JF and G may be so complicated
that evaluating them is too time consuming if not impossible, which severely diminishes the
efficiency of the algorithm. On the other hand, it is sometimes possible to approximate  and
G by simpler operators somehow. In this case, it does not seem unreasonable to calculate the
approximate values of F and G instead at each iteration. Let us now consider this strategy
and address the related convergence issue in detail.

Assume that there exist two continuous operators

S:0Wk) x P(n) — O(k) and T : Q(l) x P(n) — Q(I),

and two constant matrices K’ € R¥*", L € R'*™ such that we have the following assumptions.
Assumption 3. S is nondecreasing with respect to each of its arguments, and 7 is non-
decreasing with respect to its first argument and nonincreasing with respect to its second
argument.
Assumption 4. For any given X € P(n), the equations

(3.16) U=8U,X) and V=T(V,X)

have unique solutions U(X) € Q(k) and V(X) € Q(I), which satisfy

(3.17) F(X)=KU(X)K and G(X)=LV(X)L.

With these assumptions, we suggest the following modified algorithm for solving (3.1):

(3.18) Uipr =¥ = 2(¥ + K'UK) x 2 + K'U;K + (L'V;L) ']
(¥; + K'U;K) + 2K'U;K,

(3.19) U1 = S(U;, 8),

(3.20) Vi1 =T(V;, ¥5).
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Its convergence property is stated below.

THEOREM 3.3. Consider the system of difference equations (3.18)~(3.20) with the initial
condition (Py, Uy, Vo) € P(n) x Q(k) x Q(l). Ler Assumptions 2-4 be enforced. Suppose
that there exist X|, X, € P(n) with X, < X, such that (3.4) is met. [f there exists an integer
N > 0 such that

(B2l) X1 <INy <Xy, U(X)ZUySU(Xy), V(X2)<VnSV(Xy),
there holds
(3.22) Jim (0., U, V) = (X, U(X), V(X)).
Proof. Without loss of generality we assume N = 0. Put
(257,05, vg") £ (X1, U(X0), V(X)) and (05,057, V3?) £ (X2,U(X2), V(X2).
Then it is obvious that
U® = sU® Py =@ and VO = T2, 0®) = v,
By (2.4) of Lemma 2.1, it follows from the second inequality of (3.4) that
v =R(¥") < 1.

Now assume that for some positive integer m,
(3.23) v <e® oy <v® ) v v
Then by Corollary 2.1, we have \115,21)4(1 < \115,21). Moreover,

U7(rf—)H = S(Ur(r?)7 \Ilﬁ)) < S(Ur(j)-xa ‘1’5721)—1) = Ur(rf)V

Vaih = T(VD,92) > T2, @) 2 V.

Therefore by induction, (3.23) is valid for any integer m > 0. In the same manner, it can be
shown that

(3.24) yO > g g >y oy <yl om =12,

Again from Corollary 2.1 together with (3.21), it can be inductively established that
325 vV <w,<v? vV<u<v® vP<vicyh, i=o01,....
As a consequence of (3.23)-(3.25), it follows that

(3.26) V<o < <ol <y, <0 << WP <0,

1 -

(3.27) vV vV < <P s cUP << < U,

(3.28) VP <v® <. <yl

— (2
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which imply that the limit

lim (¢, U, V)

2—00

exists and is in P(n) x Q(k) x Q) for j = 1,2. Let (¥, UG, V9)) denote the limit. By
continuity of the operators S and 7 and invertibility of L'V L, (1) U0, V1)) is a fixed
point of the system of difference equations (3.18)—(3.20). In particular, we have

(3.29) Uy = S(U(J'), \Il(j)) and VU = T(V(j), \p(j))
which, by Assumption 4, leads to
FOU)=K'UYK and G¥Y)=LVDL.

It turns out that ¥ = R(¥()), that is, UV satisfies (3.1). By Assumption 2, there results
¥ = X. This together with (3.29) gives rise to

(Ql(j),U(j),V(j)) = (X,U(X),V(X)), j=12.

Therefore, again from (3.26)~(3.28), (3.22) follows. a
COROLLARY 3.1. With the same hypotheses as in Theorem 3.1, the solution of the second-
order difference equation

(3.30)
Doy = By —2[0; + F(0;_)]|[2%; + F(®y 1) +G(Bs—1) 7 @i 4+ F(®i_1)] +2F (1)

converges to the solution X of (3.1) from any initial condition (®_;, ®y) € P(n) x P(n)
satisfying

(3.31) X <oy, Py < Xo,

with X, X, given as in Theorem 3.1.
Proof. Consider the system of difference equations (3.18)—(3.20) with

(332) (\I}OvU()’ ‘/0) = (Q()v}-(@—l)’g(@—l))
and
(3.33) S(WU.X) 2 F(X), TV,X)26(X), K=L=1I.

Then it is straightforward to check that ¥, = &, for all ¢ > 0, where ¥, denotes the first
component of the solution of (3.18)—(3.20) and ®; is the solution of (3.30). It is also trivial to
see that the operators S and 7 fulfill Assumptions 3 and 4. Finally, note that

(3.34) F(X)) SUp< F(X2) and G(X2) <V < G(X)).

Thus, by Theorem 3.3, it is concluded that

lim @, = lim ¥; = X. 0

21— 00 17— 00

Remark 3.3. By using a similar argument, Theorem 3.1 can also be proved as a conse-
quence of Theorem 3.3.
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4. Iterative computation of L?-sensitivity optimal realizations and Euclidean norm-
balancing realizations. In this section, we apply the established general results to two specific
problems in system realization theory. One problem is to find L?-sensitivity optimal realiza-
tions of a given system and the other is to find Euclidean norm-balancing realizations. Several
iterative algorithms are proposed and proved to possess the convergence property.

Now consider a discrete-time, single-input-single-output, stable system with a transfer
function H(z) of order n. Assume that H(z) has an initial minimal realization as follows:

4.1) [ Alb } £zl - A) b +d.
c|d

The L2-sensitivity index of the system H(z) with respect to the realization (A, b, c,d) is
defined by

Al 8H | oH |? oH II?
CE N VRROES 2+“% 2+“_5?
@3) = g race { FLAGIAG) + BEIBG) + e Z .
where
4.4 Alz) = :)1 [j: (I) B(z) = 4]0 Clz) = Al
“4) (2) = ) (z) = 7To” (z2) = 5

I o]0

The L?-sensitivity minimization problem is to find a similarity transformation 7T so that
the L?-sensitivity index I'; (TAT ', Tb, cT~") of H(z) with respect to the transformed real-
ization is minimized. Regarding this problem, we summarize the main known facts from [1]
as follows.

Fact 1. T'y(TAT™',Tb,cT ") achieves its minimum at T = T; if and only if T3 Ty is an
equilibrium point of the differential equation

P(t) = 557 PO AG) POAG) +C) CIPE
(4.5)
~ AP AR - BEBE)TE.

Fact 2. Equation (4.5) has a unique equilibrium P in P(n).

Fact 3. The solution P(t) of (4.5) exponentially converges to P from any initial value
P(0) € P(n).

Although Fact 3 suggests that the equilibrium P can be found by solving an initial
value problem associated with (4.5), this method lacks computational efficiency and can be
numerically ill conditioned, especially when the order n of the system is high.

A similar situation arises when we try to minimize the Euclidean norm defined by

(4.6) T'2(A,b,c) £ trace(AA’ + bb + c'c)

with respect to realizations of H(z). There are three analogous facts [3], but here the relevant
equation is

4.7) P(t) = P(t)"'[A’P(t)A+ ccP(t)™' — AP(t)"'A' — bY.
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Although (4.7) looks much simpler than (4.5), likewise a computationally attractive method
to find its unique equilibrium point has not been proposed.

We are in a position to present several iterative algorithms for finding the unique solution
to the matrix equation

(4.8)

o $PTIAG) PAG) + 0l CIP™ ~ AP ALY - BB()'}E = 0.

2m

PROPOSITION4.1. Given the initial minimal realization of H(z) as in(4.1) with P denoting
the solution of (4.8), define

“9) WP) & o AP A + BEBE) T

(4.10) W,(P) & 571-5 %{A(z)*PA(z) +C(z)*C(z)]%.

Let ®; be the solution of the first-order difference equation

(I)H—l = (I)i - 2[(1)1 + Wo(q)i)/a]

@10 X (29 + Wo(®:)/0+ aWe(@:)7'] 7' [8: + Wo(®i) /0] + 2Wo(®:)/

from an initial condition &y € P(n) and I, the solution of the second-order difference
equation

(4.12)

Hi-H = Hz‘ - 2[Hz + Wo(Hi_l)/a]
X [ZHZ -+ WO(H,-_l)/a + aWc(IIi_;)"]"[Hi + WD(H,'_])/C(] + 2W0(H2‘_1)/Q

from (I1_,I1y) € P(n) x P(n), where o is any fixed positive constant. Then there holds

(4.13) lim ®; = lim II; = P.

12— 00 1—00

Proof. Letting
(4.14) F(P) =W,(P)/a and G(P)= W (P)/e,

we can easily see that both F(P) and G (P)~! are nondecreasing and continuous with respect
to P € P(n) and that P is the unique solution of 7(P) = PG(P)P in P(n). Because for
any fixed P € P(n) there hold

@15 lm [FuP) - (WPIP)uP)] = 5 § () E >0,
(4.16) lim [F(vP PYG(vP)(vP)]|/V? = ! {pB B )*Pfif<0
16) lim_[F(/P) ~ WPYSWP) WP/ = 52— § PB:)B:) P <.

Thus, the theorem follows by directly applying Theorem 3.1 and Corollary 3.1. o
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Remark 4.1. 1t is readily seen from Theorem 3.2 that the algorithm

@.17)

Tit1 = = 2[T + W(E71)/q
X 28 + We(E7 ) Ja+ aW,(S7) 77 + We(E71) /e] + 2We(Z7) /a

with the initial value 3y € P(n} also provides an alternative way to compute the equilib-
rium P.

Note that the calculation of W, (P) and W, (P) inevitably involves intensive iterations
given a P. To overcome this drawback, we propose the following modified algorithm, which
only needs to evaluate much simpler expressions than W,.(P) and W, (P) at each iteration.

PROPOSITION 4.2. Adopt the same hypotheses and notation as in Proposition 4.1. Then
forany given o > 0 and initial condition (¥, Uy, Vo) € P(n) x P(2n) x P(2n), the solution
(U, U;, Vi) of the system of difference equations

\Ili—H = \I}i - 2(\11z + Ui“/a)

4.18
@19 X R, + U} fa+ oV (W + UM o) + 20 o,

(4.19)

poal U UB | _[a v | [ut urlfa o L[ ee o

T p v, 0 4 [|U" U2 ||l 4 o v |
(4.20)

v, 2 Vil VB A ke vitoyk A0 . b 0

w Vi, vE 0 Al||v2 vRI|d A 0o

converges to its unique fixed point (P, U, V) € P(n) x P(2n) x P(2n).
Proof. Define the operators S and 7 on Q(2n) x P(n) by

A Y A 0 cc 0

A

4.21) S(U,X)—[ 0 ]U[ e A +{ 0 X],
12 v x) 2 A b v A0 . o0
(4.22) (v, X) = 0 A Y A 0 X' |’

andlet L = K = [}] € R**” with I an n x n identity matrix. Because (A, b, ) is minimal,
the operators S and 7 continuously map P(2n) x P(n) into P(2n). Quite obviously, S and T
meet Assumption 3 in the previous section. Moreover, it is clear that the Lyapunov equations

U=8U,X) and V =8(V,X)

have unique solutions U{X) € P(2n) and V(X) € P(2n) for any X € P(n). In addition to
this, it is known from [5] that

FX)=KUX)K and G(X)=LV(X)L,
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where F(-) and G(-) are defined as in (4.14). Thus, Assumption 4 is fulfilled.
Next, it is routine to check inductively that ¥; > 0 for all ¢ > 0. Hence, from (i) of
Lemma 2.3, there exists an integer k; such that

(4.23) uhtovi s Bl Yi>k

for some constant 3 > 0. By Corollary 2.1, this implies that ¥; > (3/a)I for all 1 > k;.
Making use of (ii) of Lemma 2.3 yields that there exists k > k; such that

(4.24) U;>U and V,>V, Vi> ks,

where U and V are the solutions to the Lyapunov equations

425) N I 0'+ ce 0]
' Tl o oA be A | 0 0]
426) Vo A be ” A0 '+ b 0]
' 10 A Y A o o’

respectively. Now by Lemma 2.2, for sufficiently small 4 > 0 and sufficiently large v > 0
there hold

4.27) Uy, < U(l/]) and sz < V(,LLI)

Because

(4.28) lim U(pl) =0 and lim V() =V,
u—0 Vo0

it is seen from (4.24) that for sufficiently small x > 0 and sufficiently large v > 0 there hold
(4.29) Uk, > U(ul) and Vi, > V(vI).

Also, it is clear that

(4.30) ul < Wy, < vl

for sufficiently small ¢ > 0 and sufficiently large v > 0. In view of (4.15)(4.16), a direct
application of Theorem 3.3 leads to

lim (U;,U;, V;) = (P,U(P),V(P)). ]

i—o0

Finally, regarding the Euclidean norm-balancing problem with an initial minimal realiza-
tion (A, B, C), we claim that with the new definitions

@31) W,(P) & A'PA+C'C and W.(P)2 AP'A' + BB/,
(4.11) and (4.12) are convergent 10 the unique solution P of
(4.32) (A’PA+C'C)— P(AP~'A'+ BB )P =0

in P(n). In fact, it suffices to verify by Theorem 3.1 that for any P € P(n) there exist
Py, P, € P(n) with P| < P < P, such that

(4.33) Wo(P) > PWAP)P, and W,(P,) < P,W.(P)P,.
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However, this is true upon noting that

W, (uP) — (UP)W.(uP)(uP) = pA'PA + C'C — p*P(u~' AP A’ + BB')P
= p(A'PA - PAP~'A'P) + (C'C — ’*PBB'P)
= u(PBB'P - C'C) + (C'C — u*PBB'P)
=(1-p)(C'C + uPBB'P).

Hence, the claim is true.

5. A result on convergence rate. In this section we prove that the convergence of (4.11)
is locally exponential by showing that their unique equilibrium is sink. In other words, the
linearization of (4.11) at the equilibrium has all its eigenvalues in the open unit disk.

PROPOSITION 5.1. The linearization of (4.11) is asymptotically stable at the fixed
point P.

Proof. We might as well assume o = 1. Now with

(5.1)

SIX) B X+ WX, S(X) = [X+We(X)T]™!, T(X) = [$1(X)+5(X)] 7
(4.11) can be rewritten as

(5.2) Py = R(F) 22T(P) -

Note that S, (X), S»(X ), T(X) are defined for the realization (A, b, c). Accordmgly, we can
define A(z) W,(X), and S, and so on for the L2-sensitivity optimal realization (P1AP~1,
Pib,cP: ). Then it is routine to check the following relations:

(53) PiS|(P)Pt =S,(I), PiSy(P)Pt=S,(I), P iT(P)P~%="T(I).

Because R(X) is an operator from R™*™ to R™*™, its Fréchet derivative at X = P is alinear
operator from R™*™ to R™*" given by

R(P)X = 2T(P){5(P)[X + W5 (P)X]S\(P)

o4 1 S(P)X = Wa(P)"WUP)XW.(P)~1Sx(P)}T(P) - X,
with
(5.5)
W/(P)X = 571?2 %A(z)*XA(z)% and W.(P)X = —ﬁ A(z)P"XP"A(z)*%.
Using (5.3), we have
(5.6)

PHR/(P)X]|P:

= 2Ty (D) [PExPTE 51; (2" (P~ XPH A(2 >d} S1(1)

27m
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from which it is not hard to see that the linear operator R’( P) is asymptotically stable in the
discrete time sense if and only if R'([) is also. Because W (I) = W,(I), it follows that

RY(DX
(5.7) =2T§, [X + W, XW, + 2%” %[A(z)*XA(z) + A(Z)XA(Z)*]%:I S$iT-X
dz

(5.8) =25, [X + W, XW, + 2—;—1- jé [A(2)*XA(z) + A(z)XA(z)*]-z—] S, — X,

where T is understood to be T(I) and so on. Thus, the matrix representation of R'(I) is
expressed by

(39) 2Si®S) {HWO DW, + -2% f[A(z)* ® A(2)" + A(2) ®A(z)]g§} - I

It remains to show that this matrix has all its eigenvalues in the open unit disk, which is
equivalent to saying that so is the matrix

1 d
r22si?es!/? {1 + Wo ® W, + 5— f[A(z)* ® A(z)" + A(z) ®A(2)]7z}
(8/*®s8)/H) -1

Since T" is symmetric and I" > —1, it suffices to prove that I' < I. To do this, note that

F<I
1 d
= I+W, W, + E%[A(z)* ® A2)7 +A(z)®A(2)]7z <S7'es!
1 d
=k ?{[A(z)* DALY +AR)BARNE <W, e 1+18W,

= ﬁ ]{[A(z)* @A(Z)"+A(2)® A(E)]%

< 57% AR)AR)®IT+I®ARA(Z) +CE)'CEQT+I® B(z)m(z)*]d_z{

d
= PAR @I - T@ARE)) (AR ST - 1®A(z)f)7z 45,01 +1®%.
>0,

where ¥, and . denote the observability and controllability Gramians. Hence, it follows
thatI' < I. i

6. Simulation results. The purpose of this section is to demonstrate the effectiveness of
the algorithms proposed in the previous section by simulation on a SPARCstation. To do this,
consider a specific minimal statespace realization (A, b, ¢) with

05 0 1.0 0
(6.1) A=| 0 -025 0 |, b—| 1|, e=[1 5 10
0 0 01 2

Recall that there exists a unique positive definite matrix P € R>*? such that the realization
(TAT™', Tb, ¢cT'~")is L*-sensitivity optimal for any similarity transformation T with 7T =
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1]

"

0 100 200 300
i

400

FiG. 6.1. The trajectory of ®; of (4.11) with o = 300.

14

\N

Fic. 6.2. The trajectory of P(t) of (4.5).

P. It turns out that P is exactly given by

02 0 05
6.2) P=] 0 50 0 |,
05 0 350

which indeed satisfies (4.8).

We first take (4.11) with o = 300 and implement it starting from the identity matrix using
MATLAB. The resulting trajectory ®; during the first 500 iterations is shown in Fig. 6.1 and
is clearly seen to converge very fast to P. The time taken for this implementation is less than
three minutes. In contrast, if an ordinary differential equation (ODE) algorithm in MABLAB
is used to solve (4.5) with the same initial condition, it is found that it takes about 45 minutes
to compute the solution P(¢) on the time interval [0, 2], which is depicted in Fig. 6.2. In fact,
more than 2,400 iterations are performed during that time interval. Even so, the solution does

not appear to be close enough to P though it very slowly tends to P.

N
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o v v v ’
0 100 200 300 400 500

i
FiG. 6.3. Effect of different o on the convergence rate of (4.11).

Next, we examine the effect of « on the convergence rate (4.11). For this purpose, define
the deviation between ®, and the true solution P in (6.2) as

(6.3) da(i) = [|®: = Pll2,
where || - ||, denotes the spectral norm of a matrix. Implement (4.11) with
a = 0.1, 10, 25, 100, 300, 2000,

respectively, and depict the evolution of the associated deviation d, (i) for each «a in Fig.
6.3. Then we can see that o = 300 is the best choice. In addition, as long as a < 300, the
larger o, the faster the convergence of the algorithm. On the other hand, it should be observed
that a larger « is not always better than a smaller « and that too small an o can make the
convergence extremely slow.

Finally, let us turn to two algorithms (4.12) and (4.18)—(4.20) with o = 300. All the initial
matrices required for the implementation are set to identity matrices of appropriate dimension.
Define

f@) =T - Plla and g(5) = |¥; - Pl

as the deviations from the true solution P’ for the two algorithms, respectively. Their evolutions
are depicted in Fig. 6.4 and manifestly exhibit the convergence of the algorithms. Indeed, the
algorithm (4.18)—(4.20) is fastest in terms of the execution time, but with the same number of
iterations it does not produce a solution as satisfactory as (4.11) or (4.12).

Some concluding remarks are in order.

Remark 6.1. Adding a scalar factor to (4.5) does not help much in reducing the CPU time
required for solving it on a digital computer.

Remark 6.2. Because a does play an important role in speeding up the algorithms, it is
worthwhile to do further study to find some helpful guidelines for choosing a suitable a.

Remark6.3. Itappears that the proposed algorithms are quite robust against nonsymmetric
or indefinite disturbances. This is demonstrated by implementing (4.11) with o = 300 and
the initial matrix

1 10 -10
d=1]0 -1 0 |,
0 0 1
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. ...t

AL J

1

0 100 200 300 400 500

Fic. 6.4. Convergence of algorithms (4.12) and (4.18)—~(4.20) with o = 300.

which is obviously nonsymmetric and indefinite. It turns out that the effect of the nonsymmetry
and indefiniteness almost completely vanishes after 30 iterations. Afterwards, the algorithm
converges to P with no oscillatory behavior.

7. Conclusions. Two types of difference equation have been proposed and studied with
the aim of solving a class of nonlinear matrix equations. The main contribution of this
paper is twofold. First, we characterize a set of initial conditions from which the solution
of the proposed difference equations is guaranteed to converge to the solution of the matrix
equation of concern. Second, the general results have been successfully employed to derive
a number of efficient iterative algorithms for finding L*-sensitivity optimal realizations and
Euclidean norm-balancing realizations. These algorithms are simple to implement without
any requirement of step-size adjustment. Another feature of them is that their convergence rate
can be significantly improved by proper choice of a constant scalar in advance. In addition,
the convergence of one algorithm is locally exponential. The effectiveness of the algorithms
are demonstrated by simulation.
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