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On L*-Sensitivity Minimization of Linear
State-Space Systems

Wei-Yong Yan and John B. Moore

Abstract— Properties of the solution to the L?-sensitivity mini-
mization problem are discussed. In particular. a specific form of
the solution is derived together with a bound. This bound gives
an insight into the difference between a pure L’-sensitivity
optimal realization and a mixed L’ / L'-sensitivity optimal one.
The question of L’-sensitivity balanced truncation is addressed.
and a counterexample is presented to show that two main
properties associated with model reduction by truncating a
Lyapunov balanced realization are lost in the case of L-sensi-
tivity balanced truncation.

1. INTRODUCTION

IN MODERN system theory, the concept of state-space
realization plays a crucial and indispensable role. As is
well known, a given linear time-invariant svstem has an
infinite number of state-space minimal realizations. Al-
though some inherent system properties are invariant with
respect to the realizations, state-space minimai realiza-
tions do affect certain properties. One important property
is the sensitivity of the system with respect to the realiza-
tion parameters. In applications such as digital control,
controiler design, and filter design, it is of practical impor-
tance to have a state-space realization for which the
system sensitivity is minimal or near minimal. One of the
main reasons for this is the existence of the finite length
word (FWL) effect due to coefficient truncation and arith-
metic roundoff in the implementation of a controller or a
filter. It is intuitively understandable that poor sensitivity
may lead to the degradation in performance of a FWL
implementation.

The definition of sensitivity of a system with respect to
its realization coefficients is by no means unique. One
pragmatic definition is in terms of the use of two different
norms, L' and L°, see e.g., [3], termed here mixed L*/L'-
sensitivity. This mixing of norms allows an explicit closed-
form solution due to its nice anaivtic properties. It is
shown in [3] that a standard balanced realization is opti-
mal in the sense of mixed L°/L' sensitivity. Moreover.
the class of all mixed L-*/L'-sensitivity optimal realiza-
tions can be easily characterized.

On the other hand, it seems natural to use the sensitiv-
ity defined via the L® norm without mixing with an L'
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norm. Obviously, the mathematical difficulty in analyzing
this sensitivity should not serve as the sole reason for
abandoning its studv when there is no knowledge about 1ts
positive and negative respects in relation to various appii-
cations. Recently, the problem of minimizing a pure L--
sensitivity measure of a transfer function over its all
minimal realizations is posed and solved using gradient
fow techniques (see {1]). In contrast to the mixed L /L'
problem. the pure L problem does not allow any explicit
aigebraic or analvtical solution and finding its optimal
solution amounts to finding an equilibrium point of a
highly nonlinear differential equation involving an inte-
gral around a unit circle., in discrete-time. and along the
imaginary axis in continuous time. Interestingly. the L*-
sensitivity optimal realization also obeys a certain balanc-
ing property. In fact. a realization is L -sensitivity optimal
if and only if it is balanced in this new sense. Neverthe-
less. there are many issues that have not yet been ad-
dressed concerning the L--sensitivity minimization.

In this paper. we will explore properties of the solution
of the L--sensitivity minimization problem and clarify
some issues related to model reduction via L -sensitivity
balancing, that is when modified Gramian matrix pairs,
termed L-°-sensitivity Gramians. are used as the object of
balanced truncation.

The outline of this paper is as follows. In the next
section. the definition of the L -sensitivity is introduced
and the associated minimization problem is discussed
together with some elementary properties. Section III
contains several deeper results concerning the L--sensitiv-
ity minimization. The application of L* sensitivitv mini-
mization in model reduction is addressed with the indica-
tion of some “negative” results in Section IV. Conclusions
appear in Section V.

1. L° SENSITIVITY AND ITS MINIMIZATION

Given tor simplicity a discrete-time. single-input single-
output. stable svstem with a transfer function H(:). one
can associate it with an initial minimal realization

H(z) =ctzf —A) b ~d. 2.1)
Define
Ay =(A—-A)""b. A=A - (22)
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Then it is known that

H oy oH
— =z Y =#(z), — =%(z).
Py (z)#(z) (z) b F(z)

JH 202 ,
— = . .‘..4
Py (z2) (2.4)
Based on these formulas, the L -sensitivity index of the
system H(z) with respect to the realization (A, b, ¢, d) is

defined by

2 2
S(obic) 2 dH” +H (?H” N 071-1”2 23
e dA ab il ac 2 '
1

trace {f [w(z2)(2) +B(2)B(2)"
27ri

dz
+?(z)*%(z)]7} . (2.6)

Thus, it follows that with P = T'T,

S(TAT™', Tb.cT™1)

=#(P)4 Zim,trace {ﬁ [#(z)P w(z)"' P

+B(2)B(z)* P + ‘?f(z)*%(z)P"]%} . (2.7

Note that the L>-sensitivity is independent of the constant
term d in the realization as the mixed L?/L'-sensitivity.
The L’-sensitivity minimization problem is to find a simi-
larly transformation T so that S(TAT™!, Tb,cT™") is min-
imized. The solution of this problem is now described as
follows.

Proposition 2.1 ([1]): Given an initial realization
(A, b, c.d). The L -sensitivity S(TAT™', Th, cT™")
achieves its minimum at T = T, if and only if T{T, is an
equilibrium point of the following matrix differential
equation

ﬁ[P-&y'(z)*Py(z)P*‘ - &(z)P ()"

P:

2mi

dz
-B(z)B(z)" + P"l%(z)*?(z)P‘l]—:. (2.8)
Moreover. (2.8) has a unique equilibrium point P and the
solution P(r) converges to P from any initial positive
definite symmetric matrix P(0).

In fact, the above differential equation results from the
gradient mapping of the cost function #(P). The tech-
nique used in proving the convergence result is similar to
that in [2]. The equilibrium point of (2.8) will be called the
solution to L’-sensitivity minimization problem later on
because it completely characterizes the class of L*-sensi-
tivity optimal realizations.

Recently, several efficient iterative algorithms have been
developed to compute the unique equilibrium point of
(2.8) in [6]. One of them is given in terms of the difference
equation

P, =P =2[P +Wy(P)/a]
(2P + wyPy/a+ awyp) ]
[P+ W(P)/a] + 2Wy(P)/a  (2.9)

where a is any positive constant and

a 1 -1 * * dz
W.(P) & s— f () PT ()" +B(2)B(2) |
(2.10)

w,(P) &

" dz
Flo(2) () + &(2)"8(2)]

-
e

(2.11)

2mi

The solution of this equation wiil exponentially converge
to the equilibrium point P of (2.8) from any positive
definite initial matrix P,. Also available in [6] is an
algorithm which avoids calculating the two complex inte-
grals at each iteration and is therefore more efficient.

Recalling that the controilability and observability
Gramian matrices are

1 L 4z

W, = mﬁgg(é)@(z) — and

c

1 . dz
W, = mf@f}(z) #(z)— (2.12)

it makes sense to introduce the two modified Gramian
matrices, termed L‘-sensitivity Gramians as follows

1 . L, 42
W& —— fl(a(2) +8(2)8(2) 1= (2.13)
2T <

o1 . . . dz
W, 2 - ,}[y(:) H(z) + E(2)F(2)]—. (2.14)
2 z
Since P is an equilibrium point of (2.8) if and only if it
satisties
L N L, 4z
- ()P () ~B(2)B(2) ]—
Tl Z

ﬁ{P- Y(z) Px(z) P!

2
. dz
+P7'F(2) ?(Z)P“]—_—.
Proposition 2.1 implies that the necessary and sufficient
condition for the realization (A, b. c.d) to be L*-sensitiv-
ity optimal is
Wo=W,

c 0

(2.15)

which reflects a kind of balancing property. Several dif-
ferent balancing strategies have been studied in [2] using
gradient flow techniques.
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The elementary properties regarding the L--sensitivity
Gramians are summarized in the following result.
Proposition 2.2:

1) If two L--sensitivity optimal realizations ( 4,.b,.c,.
d) and (A..b..c..d) of H(Z) are related by a
similarity transtormation I Le.,

Ay =TAT ', by=Tb,, ¢.=c,T7" (2.16)
then P = T'T = [: moreover. in obvious notation
W = TWT, (2.17)
2) There exists an L--sensitivity optimal realization such
that its L--sensitivity Gramians are diagonal with
diagonal elements in descending order.
3) The eigenvalues of W W, are invariant under or-
thogonal similarity transtormations.

4)If (W.W,) are the L*-sensitivity Gramians of
(A.b.c), then so are (W, W.) of (A'.¢". b').

Proof: 1) Consider the differential equation (2.8) with
(A, b,c) = (A, by.c,). Since both (A, b, c;) and
(A,, by, c,) are L -sensitivity optimal. both the identity
matrix [ and T'T are the equilibrium point of (2.8) and
thus equal because the equilibrium point is unique.
Namely, it is proved that T'T = /. Using this. (2.17) can
be immediately verified.

2) Assume that the realization (A, b, ¢, d) is_L*-sensi-
tivity optimal. Then its L*-sensitivity gramians W, and W,
are equal. Since they are symmetric, there exists an or-
thogonal matrix T such that TW.T' = TW, T’ is diagonal
with diagonal elements in descending order. Define

A=TAT™'. b=Tb. ¢=cT"'
to get a new realization (4. b. &, d). which is evidently still
L--sensitivity optimal. In light of (1), it is seen that this
realization has the desired property.

3) If the realization (A.b.c.d) has the L*-sensitivity
Gramians W, and W, then it is routine to check that the
transtormed realization (TAT™'. Th.cT~ ', d) has the L--
sensitivity Gramians 7W.T' and TW,T" for any orthogo-
nal similarity transtormation 7. from which (3) follows.

4) can be checked in a straightforward way. g

We conclude this section with the following remark.

Remark 2.1: From the definitions (2.13) and (2.14). it is
easily seen that the L--sensitivity Gramians can be written
as

L. ‘ . dz
— fea(2)B(z L = E()E ()]
2Tl Z

=
i

! 2 e VE - ‘ . -
W, & s— f5(2) € ()1 +8(2) (2]

These expressions are reminiscent of weighted controlla-
bility and observability Gramians. which are discussed in
some detail in [3]. However, it seems that the L--sensitiv-
ity Gramians cannot simply be thought of as usual con-
trollability and observability Gramians because the
weighting functions { + #(z)*&(z)* and 1 +.8(z)*6(z)
are not specified in advance and rather depend on the
chosen realization.

e

dz

III. DEEPER PROPERTIES. INCLUDING BOUNDS

We begin with introducing two definitions.

Definition 3.1: Let W, be the L’-sensitivity Gramian of
an L‘-sensitivity optimal realization of H(z). All the
eigenvalues of W, are said to be the L*-sensitivity singular
values of H(z).

It shouid be noted that this definition is independent of
the choice of any particular L--sensitivity optimal realiza-
tion in view of (1) of Proposition 2.2. In other words. such
defined L--sensitivity singular values are uniquely deter-
mined by H(z).

Definition 3.2: A realization of H(z) is said to be L°-
sensitivity balanced if it is L*-sensitivity optimal and its
L*-sensitivity Gramian is diag(o,, -, o,), where o, = o
> - > g, are the L-sensitivity singular values of H(z).

The following result reveais a property associated with
L*-sensitivity balanced realizations.

Proposition 3.1: Assume that H(:) has L--sensitivity
singular values o, > o, > -+ > g,. If (4.b.c.d) is an
L*-sensitivity balanced realization of H(z), then the simi-
larity transformation § between (. ¢'.5") and (A.b.c) is
a signature matrix and is uniquely determined by H(z).

Proof: Consider two L‘-sensitivity balanced realiza-
tions (Ay, by, ¢,,d) and (A, b.,c,.d). Let T denote the
similarity transformation between them. Then. observe
from (1) of Proposition 2.2 that T is orthogonal and
satisfies

o)T.  (3.1)

Since o, > o, > -+ > g,, this implies T is a signature
matrix, as is S since (4, ¢, &', d) is L’-sensitivity optimal.
It now remains to show that if (A.b,¢ d) is another
L*-sensitivity balanced realization of H(z). then the simi-
larity transformation S between (A'.¢", ") and (A. b.¢)
still equals S. To see_this. denote the similarity transtor-
mation between (A.b,¢) and (A.b.¢) by T. From what
has just been shown, T is a signature matrix. On the other
hand. it is easily established that § = T'ST. which leads
to S =3S. 3

Proposition 3.2: Given a minimal realization ( 4. b.¢.d)
of H(z). Let

R = RII RlZ
RZI R'.'Z

be the solutions to the following two Lvapunov equations.
respectively,

T diag( oy, , 0,) = diag (o,

A bel|Ra Rella o0
0 AJ|Ry Rulley 4
[Ru R Vy(q 33)
Ry Ra o 1] !
A @ Qulf[a 0 ]
0 A 1Qy Qnjlbc A

_ Qll
QZI Q::
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Then the Ll-lsensitivity Gramian pair (W, W,) of (A.b.c)
equals (R,,, Q,,). Moreover. the differential equation (2.8)
can be written in the equivalent form

P=P'Q (P)P™ = R(P) (3.5)
[A bc} R(P) R (P) [A’ 0]
0 A RuW(P) Ryu(P)|lcd A
_ R, (P) Ry (P) _ _{bb' 0 ] 3.6)
Ry(P) Rn(P)|~ "o p| ©
[A' C'b'} Qu(P) Qn(P) [A OJ
0 A} Q,4(P) Qn(P) [Lbc A
_ Qu(P) Qu(P) _ _{c'c 0} (3.7)
Qa(P) 0:(P) U

Proof: It is routine to compute that

[w(z) @(2)] =[] 01(21—[13 ’ﬂ)_l{([) 8]

£C(zf-4,)'B,. (3.8)

Thus we have

- 1 *dz
W= —fl(2) #()lo(z) B(F= (39)
gt Z

1 B _, dz
=C, ——,f(:I—Aa) BB, +4,) ' —|C,
27 >

-

= C,RC, = R,,. (3.10)

Similarly, it can be proved that WU = (@,;. As a conse-
quence. (3.5)-(3.7) follow. O

Remark 3.1: Given P > 0, R,,(P) and Q,(P) can be
computed either indirectly by solving the Lyapunov equa-
tions (3.6) and (3.7) or directly by using an iterative
algorithm which needs # iterations and can give an exact
value, where n is the order of H(z).

We now derive a general form of the solution to the
L*-sensitivity minimization problem when the initial real-
ization is mixed L°/L'-sensitivity optimal. Recall that a
realization is mixed L®/L'-sensitivity optimal if and only
if its controllability and observability Gramians are equal.
In particular, a Lyapunov balanced realization is mixed
L* /L'-sensitivity optimal. Here, a realization ( 4, B.C) is
called Lyapunov balanced if the two Lyapunov equations

AP+ PA = -BB" and AQ+ Q4 = -C'C (3.11)

have the same solution diag (o, 0., *, g,), where o, > o,
> '+ 2 g, are the Hankel singular values of (A4, B.C).
It is well known that the similarity transformation be-
tween a mixed L°/L'-sensitivity optimal realization of
H(z) and its tranform is symmetric orthogonal and thus
can be decomposed as

U (3.12)

where U is an orthogonal matrix, the integers n, and 7,
only depends on H(z). The following result establishes a
connection between the mixed L’/L!-sensitivity measure
and the pure L* one in a sense.

Proposition 3.3: Let (A4, b, c,d) be a mixed L*/L'-sensi-
tivity optimal realization of H(z)and let S be the similar-
ity transformation of the form (3.12) between (.4.b.c. d)
and (. ¢".b'.d). Then the solution P to the L -sensitiv-
ity optimization problem is of the form

(I + V)2 v

P=U L
Vv (I +V'yy?

U (3.13)

where V' is an n; X n, matrix.
Proof: First it is easily verified that

S(z) =89(z2)S, #B(z) =SF(z). &#(z)=.8(z)S.
(3.14)

Next it is known from (1] that P is the unique solution to
the equation

., o d
P L) P ()" +:<’?(z)&5’(:)*]—f

) , dz
=P f[o(2) P(z) + #(2) F(2)] =P (3.15)

P

which. with (3.14), can be rewritten as

&

|
73
|

, iz
=P 15{} [(F()(SPS)sv(2)" = .0(2)B(2) ]%[ sp~

s{f [v(2) (SP™'S)a(z) + &(=) #(2)]

Le.

' dz
FLANSPS )1 2)" = 8(2)08(2) ] =

= (SPS) f [a(2)"(SPSY "w(z) + &2y 7 (2)

- —(SPS).

(3.16)

This implies that (SPS)™' satisfies the equation (3.15).
Hence by the uniqueness. it follows that

P! = SPS (3.17)

which. owing to (3.12). is equivalent to

I 0
0 -1,

By partitioning U’PU conformally with U'SU as

, Py P
UPU=1p. P,

I, 0
WPy

n

(U'PU) = 1. (3.18)
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it is not hard to show from (3.13) that

Py=(1+ Ps:P;.‘)i/: and P, = (! "'Piszz)l/:‘
(3.19)

Letting V' = P, yields (3.13). a

As a direct consequence of the above result. we have
the following.

Corollary 3.1: With the same hypothesis as in Proposi-
tion 3.3. the eigenvalues of the solution P appear in pair
of A and 1/A: in particular, it holds that det{(P) = 1.

Remark 3.2: [t may be worth pointing out that Proposi-
tion 3.3 has potential application in computing the solu-
tion of the L--sensitivity minimization problem. Since the
integers n1,, n.. and the orthogonal matrix U in the
structure (3.13) are easily found. the structure couid be
exploited to reduce dramatically the complexity of the
minimization problem because the variable of the new
minimization problem will become the matrix I whose
dimension is much less than the dimension of P.

One may ask the question as to how a mixed L*/L'-
sensitivity optimal realization differs from an L-°-sensitiv-
ity balanced realization. To answer this. we derive a
bound on the solution to the sensitivity minimization
problem when the initial realization is mixed L*/L'-sensi-
tivity optimal.

Proposition 3.4: Let (A, b,c,d) be a mixed L?/L!'-sensi-
tivity optimal realization of H(z) and P the solution to
the L*-sensitivity optimization problem associated with
(A.b.c). Then

2 + Vp +4
<y < 22VP

p+yp ++4 2

with p is the spectral radius of the matrix (W, — W, )W~1.
where (W, W,) are the L -sensitivity Gramians of (A, b.
c.d). W is the controllability Gramian matrix of (A, b. c.
d). and i -{; denotes the spectral norm of a matrix.
Proof: Recall that the solution P is the solution of

(3.20)

Since {|Pll; £ X is the maximal eigenvalue of P. there

exists a vector x, such that Py, = Ax,. Multiplication of
(3.21) from the left by x; and right by x, vields

(1 ok *dz\
Aiﬁ,\ﬁ}[@/(:)P V() +B(2)B( D) ]_:_J Xy

[ Y ) . dz
=y {w__”f’ [ PY(z) +&(2) z‘)‘(z)]—:—} Xq-
(3.22)

By

1 . L dz
7——¢f[,sx/(z) P(z) + €(2) & (2)]—
Farrg 8 Z

1 . . dz
< 5— p Dar(2)" ¥(2) + &(2) ()]

2mi
(3.23)

dz
—— p Lw(2) P~ w(z) +:9(2)8(2)" ] —

1 . . L 4z
2 o (A7) (2)" +28(2)8(2) | —

T 2w z
(3.24)

P

it is seen from (3.22) that

2./ 1 s -1 * * dz\

A%X, —ff[A () (2) +B(2)B(2) ] —) x,
i z )

/ 1 N . dz)
s.v(,tgf[wm () + F(2) %(”]“.-_f X,

(3.25)
On noting that
1 dz 1 dz
= — B (2)B(2)'— = — P &(2)'&(2)—
W= S fRDBE) T = RS

W.—~ W and

L L 4z
T/)‘ch/(z).sx/(z) -
Tl =z

1

2w

i

4 dz .
pAy )= =W, =W

(3.25) is thus equivalent to
(e &+ [ (W = W, Jx |4 = i, < 0. (3.26)
This implies that

[xi) (Wu - c)xf)]/x;)W-Vn

T - :
e [, = ey, |+ 4
A< - (3.27)
2
But
x,}“‘f{. - W:; )x(, x,( ~C - Wz))x{ 398
X Wy = Tf(:)( x'Wx = e (3.28)

Hence. the inequality on the right-hand side of (3.20)
immediately follows from (3.27) and in turn impiies the
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inequality on the left-hand side because of Corollary
3.1 O

Remark 3.3: As is known. if H(z) has distinct Hankel
singular values and distinct L -sensitivity singular values,
then the similarity transformation §, between a Lyapunov
balanced realization and its transposed realization is a
signature matrix. and so is the similarity transformation
between an L*-sensitivity balanced realization (A. b.¢. d)
and its transposed realization. Moreover. S, and §. are
uniquely determined by H(z). Furthermore. the following
result claims that S, is actually equal to S, under an
additional assumption.

Proposition 3.5: Assume that A(z) has distinct Hankel
singular values and distinct L--sensitivity singular values.
Let (A.b.c.d) be a Lyapunov balanced realization of
H(z) and (A.b.¢ d) an L’-sensitivity balanced realiza-
tion. If none of the diagonal elements of the solution P to
the L*-sensitivity optimization problem with the initial
realization (A, b, ¢, d) equals 1. then the similarity trans-
formation S, between (A. b.c) and (A4, ¢, b") is equal to
the 51milaritv transtormation S, between (A,b,Z) and
(A,E.b).

Proof: From the assumption. note that both §, and
S, are a signature matrix. Let T be the similarity transfor-
mation between (A, b, ¢) and (A, b, ¢). Since (A, b, c. d),
(A,c'.b,d), (4,,b,c,,d), and (A4, ¢}, b’,d) are mini-
mal realizations of H(z), we have

T = S,TS, (3.29)

implying that §,5,75.S5, = T. Letting P = T'T gives

(5,5.)P(5,5.) =P. (3.30)
Note that §,5. is still a signature matrix. Suppose $,5, is
not an identity matrix. Without loss of generality we can
assume that the first diagonal element of §,5, is — 1. As a
consequence. (3.30) implies that P is of the form

L0
P = [p” (3.31)

0 Py

On the other hand. from the proof of Proposition 3.3 we
have

“t=5PS,. (3.32)
Therefore. it is concluded that p, = 1, which contradicts
the proposition assumption. In this way, it is shown that
S, =35.. O

Remark 3.4: It may be worth indicating that the results
obtained so far can be triviallv generalized to the continu-
ous-time case.

[V. L*>-SENSITIVITY MODEL REDUCTION

We are now in a position to consider an application of
L*-sensitivity minimization to model reduction. Recall that
an L -sensitivity optimal realization (4. b.c.d) of H(z)

NONOLD S ALGUST 1o

can be found so that

- . S0
W =W =diag{g,.0,..q) = l 0‘ - | (4D
whereo|_>_--~>a' >0, 2 20 andl isn x
n, i = 1.2, Partition compatiblv (A.b.c)as
1 "ill A‘.Z b! C . 1.0
= = == [}
ATy An b ¢ =l sl
Then it is not hard to prove that
oH |I° | aHI’: GH |IF | aHI\:
+ o> o= :
aA,, |, f abyil, | A, | dc.],
+(trace &, — trace Z,) (+4.3)
oH|I' | aH; M| dH”
E7I I e e P
+(trace_! —trace L,) (4.4)

which implies that the system is generally less sensitive
with respect to (A,,b,,¢,) than to (A, b, c)). In this
way, the n,th order model (A4,.5,.c,.d) may be used as
an approximation to the full-order model. However, it
should be pointed out that in general the realization
(A,,b,,c,,d) is no longer sensitivity optimal. Let us now
present a simple exampie to illustrate the procedure of
performing model reduction based on L°-sensitivitv bal-
anced truncation.

Example 1: H(s) = c(zf — 4)"'b with

{= -0.6861 —0.1861 b= —2.3002
| 0.1861 ~0.3139 | -0.5392 )’
¢ = [ -2.3002 0.5392]. (+.5)

This is a Lvapunov balanced realization with controllabil-
ity and observability Gramians

W= W, = diag(10.0415.0.7082). (4.6)

Evidently. the first-order model resuiting trom direct trun-
cation 1§

5.2909

H(z) = ————
(2) 2+ 0.6861

+.7)
The magnitude plot of the reduced order model H(z) is
shown in Fig. | with point symbol and set off by that of
the full-order model H(:z). The L*-sensitivity balanced
realization (A, 6.¢) of H(z} is found to be

i= —0.6564  0.1564 j = —-2.3538
’ —-0.1564 -0.3436]" 0.7415 ¢’
¢ =[-2.358 -0.7415] (4.8)

with the associated L -sensitivity Gramians being

W o= W, = diag(269.0124.9.6175).



el

2.

ekl s iboiab g

YAN AND MOORE: ON - SENSITIVITY

S ST S W GU

2 3 4 5 6 7

Fig. 1. Magnitude plots for the fuli-order modei and the reduced-order
model from standard balanced truncation.

Thus by directly truncating this realization, there resuits a
first-order model

5.5498

Hy(z) = ————
(2) = T esee

(4.9)
which is stable with a dotted magnitude plot as depicted
in Fig. 2. Comparing Figs. 1 and 2. one can see that H,(z)
and H(z) have their respective strength in approximating
H(z) whereas their difference is subtle.

At this point, it is relevant to mention two attractive
properties about standard balanced realizations [4]. First,
under the condition of distinct Hankel singuiar values, the
spectral norm of the system matrix 4 of a balanced
realization is less than 1. Second, a reduced order model
resulting from truncation of a balanced realization is
always stable. An issue naturally arises as to what condi-
tions would assure these two properties still hold in the
case of L’-sensitivity balanced realizations. Certainly,
without any condition the answer is negative. To see this,
we consider the following counterexample.

Example 2: H(z) = (2l — A)™'b + d where

4= [03895 —0.0644] . _ [0.8062
“ 7 lo.o64d 09965 |° 0.0000 |*
¢ =[0.8062 0.0000]. (4.10)

[t is easily checked that the realization (A, b,c¢) is Lya-
punov balanced with {|All, = 0.9991 < 1. By implement-
ing the algorithm (2.9), we find the solution of the L>-
sensitivity minimization problem to be

1.0037 - 0.0862}

P= [—0.0862 1.0037 (4.11)

from which a sensitivity-optimizing similarity transforma-
tion is constructed as
.04
7= [0 0431

(4.12)

1.0009

—1.0009
—0.0431 )"

As a result, an L*-sensitivity optimal realization (A. b. ¢)
is obtained as follows:

= 1.0028 -0.0822
0.0822  0.5832 |’

¢ =1[-0.0347 0.8070]

P

5 _ [0.0347
0.8070 |°

(4.13)

8F /
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Fig. 2. Magnitude plots for the fuil-order model and the reduced-order
model from L--sensitivity balanced truncation.

with the L°-sensitivity Gramians
W. = W, = diag (27.7640. 4.2585).

One can observe that the spectral norm of A is greater
than 1 and the first-order model resulting from the above
described truncation procedure is unstable. It is also in-
teresting to note that the total L -sensitivities of the
origianl mixed L°/L’-sensitivity optimal realization and of
the resulting L’-sensitivity optimal one are 33.8586 and
33.6200. respectively, which shows little difference. In fact.
this could be expiained in advance by computing the
upper bound on P, as given in Proposition 3.4. which is
equal to 3.8698.

V. CONCLUSIONS

It has been shown that the solution to the L -sensitivity
minimization problem with an initial mixed L’/L'-sensi-
tivity optimal realization is of a specific form and its
eigenvaiues appear in paris of A and 1/A. A reasonably
tight bound on the solution has been given. We have
described a truncation procedure for model reduction
using an L--sensitivity balanced realization and presented
a counterexample to show that such a resuiting reduced-
order model may be unstable in contrast to that associ-
ated with Lvapunov balanced realizations in the discrete-
time case. Though it is obvious that if the norm of the
solution is less than the reciprocal of the norm of the
initial system matrix. then the stabilitv of the reduced-
order model can be guaranteed. it is not vet clear to us
whether a condition can be found. which is independent
of the solution.
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