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Abstract

In linear stochastic system identification, when the unknown
parameters are randomly time varying and can be represented by a
Markov model, a natural estimation algorithm to use is the Kalman
filter. In seeking an understanding of the properties of this
algorithm, existing Kalman filter theory yields useful results only for
the case where the noises are Gaussian with covariances precisely
known. In other cases, the stochastic and unbounded nature of the
regression vector (which is regarded as the output gain matrix in state
space terminology) precludes application of standard theory. Here
we develop asymptotic properties of the algorithm. In particular, we
establish the tracking error bounds for the unknown randomly
varying parameters.

I. Introduction

Let us first define the signal model class and estimation algorithm.
Signal model: Consider the following linear regression model

(1.1a)
(1.1b)

Vk = (p1"(9k+vk k=0
Ox+1 = FOc + Wie1, ENIB M2 < o
with By viewed as time varying unknown parameters with a Markov
model representation. The noise sources {wg) and {vy} are
mutually independent and also independent themselves, with zero
mean and covariance.
E[ wkt1w, 511 =Qw2 0,E[viieiv 311 = Ry > 0
(Generalization of our theory to the case of time varying covariances
is straightforward). The measurement yy is assumed scalar, and the

regression vector @ is stochastic and belongs to Fx.]— the o-
algebra generated by {yo, y1, ...yk-1}-
Much of the work done in stochastic system identification has

been concerned with identifying the parameters 8 in (1.1) for the
case when 0k = 0O¢ is constant, that is, when F = I and the
covariances of wy is zero. Typically, @k is viewed as the regression
vector of an ARMAX model and least squares identification of 8 is
applied. When B is time varying, one natural approach to use is to
model Ok as in (1.1b) where all eigenvalues of F lie in or on the
unit circle, ie., | Aj(F) ! < 1, for alli. In such cases, the natural
performance criterion is tracking error bounds.

Estimation Algorithm (Kalman filter) : Consider the
following estimation algorithm associated with (1.1) as

(1.2)

Biyi= b+ —DKOk (e L
1= FO + == P (yk - ¢f6w (1.3a)
FProx@IPkF®
Pk+1=FPkFT'&+Q, (1.3b)
R+(ping(pk

where P, 20, Q>0 and R >0 as well as 60 are deterministic
and can be arbitrarily chosen (here Q and R may be regarded as a
priori estimates for Qw and Ry respectively. We stress that even if
Qw is singular, here Q must be chosen as nonsingular to achieve a
short memory algorithm. That is the adaptation gain in (1.3a) does
not diminish to zero.).
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It is known that if the noise source { w§ , vk } is a Gaussian

. . A .
white noise sequence, then 6k generated by (1.3) is the best
estimate for Oy, and Py is the estimation error covariance, i.e.

ék=E[ek|Fk~1]»Pk=E[§k§i|Fk-1]s

provided that Q = Qy, R = Ry, 8= E[6,] and P, = E[éoé‘g 1, where
§kis the estimation error:

Br=0x - Bk (1.4)

This remarkable result was first observed by Mayne [1] and
expanded on by various authors e.g. Astrom and Wittenmark [2],
Kitagawa and Gersch [3].

In the nongaussian case, however, the properties of (1.3) applied
to (1.1) have not been well studied. The reasons for this may be
explained as follows: a). In the time varying case, there is no almost
sure parameter convergence. Also, the successful stochastic

Lyapunov function technique, as well as the martingale limit
approach used in least squares (LS) convergence analysis
(e.g.,Ljung [4], Moore [5], Lai and Wei [6], and Chen and Guo
[7]), fail in the present case. This is so even though (1.3) is the
standard LS algorithm when F=1I, Q=0 and R=1. Similar
observations are also made by Meyn and Caines [8]; b). The
algorithm (1.3) is a Kalman filter when Q =Qwand R=Ry.Itis
optimal in a linear minimum variance sense when @k is deterministic
(e.g. Anderson and Moore [9]) , and not stochastic as here. Thus,
the stochastic nature of the regressors precludes applicability of the
useful properties of the Kalman filter, even when Qy and Ry are
precisely known; c).The existing theory for time varying linear
systems usually requires that the system output gain matrix (i.e., Pk,
in the present case) is bounded in k (e.g. Anderson and Moore [10]).
This requirement turns out to be unrealistic in applying the theory to
general adaptive control and identification problems. This is
especially so in the stochastic case, because @k may contain the past
system inputs and outputs, and the system noise may be unbounded.
Hence, the unbounded nature of the regressors {@k} also precludes
the direct application of the standard theory.

In this paper, we establish tracking error bounds for the case of
randomly varying parameters. The main concern is with the
following three cases:

(i). Parameters generated from a stable linear model, i.e., (1.1b)
with A(F)l <1, for any i;
(ii).Drifting parameters, i.e., (1.1b) with F=I; and

(iii). Disturbed parameters ,i.e., Ok =00 + wg .
II.  Tracking Error Bound
In the sequel, we denote Apax(A) and Anpin(A) the maximum

and minimum eigenvalues of a matrix A respectively, and

HAK = { Amax(AAT)} Y2its norm, so that Al = Apax(A) when A is
symmetric and nonnegative definite.

1514



Let us first denote
Kk = FPegk(R + 9fPkoi)! @1
and rewrite (1.3) as
B = FBic+ Kic (v - (Pﬁék) , (2.22)
Pk+1 = (F - Kx¢f) Pk (F - Kx@D)* + KxRKE + Q, (2.2b)

The lower bounds to the tracking error is relatively
straightforward by combining (1.1b) and (2.2a), indeed, we have

Theorem 2.1. Consider the signal model (1.1) and algorithm
(1.3), if

SEP Ellwgl2*€ < oo for some € > 0, then

il?f El 82 > tr (Qu). (2.3)
and
12 -
liminf = ¥ 1012 > tr(Qw), ass., (2.4)
n--->o0 0 i1

where Q,, and 6 are defined by (1.2) and (1.4) respectively.
Proof, By (1.1) and (2.2a), the error equation is

Bie1 = (F - KoD)Bk - Kivk + Wice1 2.5
Set

fic = (F - KggDBi - Kievi
then {ffwi.1 } is a martingale difference sequence with respect to

the o-algebra generated by { vi-1, wi, i < k+1}, so the first
assertion (2.3) follows from (2.5) and the orthogonality of fi and
wk+] immediately.

Now, by an estimation for the weighted sum of martingale
difference sequences (e.g. Chen and Guo [11], pp. 848), we know
that

n n
4):,1f1iwi+1 =0( { .Zl N2 J U2y | as.
i= i=

forany n > 0 . Consequently, by taking N < %— , we have

liminf - }: (12 + 26Fwiy1)
n--->eo M iz

= liminf

n
= Ifl2 {1+ O( I5I21n-A2)) > 0
liminf - 151‘ (1+ O 3 1 )

From this inequality and (2.5) it follows that

n-1
hmmf = Z It B;12 = Im'nnf 2 [Hf,ll2+2ffw,+1 + liwiy 12}

n--->o0 n--->c0 N 20
.. 1
> liminf = llwipli2 2 tr , a.s.
S, n iEO i+1 (Qw)

which is the second assertion (2.4). Hence the proof is complete. #

The upper bounds for the tracking error depend on the stability of
the equation

Eke1 = (F-Kig) &k k 20, (2.6)

as can be seen from (2.5), which we will show depend on the
bounds of {Pg}.
A lower bound to Py is easy to get, since from (2.2b) :

Pk 2Q >0, forany k21. Q.7)
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However, upper bounds for {Pg} are far from obvious for general

F and {¢k} . Let us first see the role played by the upper bound of
{Px} in the stability of the equation (2.6).

Lemma 2.1. Assume that there exists a random constant b
such that
s;lp IPkll€£b<eo, as, (2.8)
then for Kk defined by (2.1),
Il H(F Kk I <Baii.as.forany j>i2 0, (2.9)
where oand § are defined by
____lIFll(a+b)b1/2
"~ [a3 + lIFlI2(a+b)2b] 1/’ (2.10)
B = [ba]Y2, a= Ann@Q. (2.11)

The proof is given in Appendix A. The precise expressions of o

and B in (2.10) and (2.11) lead directly to the following important
observation.

Remark 2.1. If b, the upper bound of Px , is a deterministic
constant, then the exponential bounds claimed in (2.9) are also
deterministic.

This fact is very-crucial in establishing the upper bound for the
tracking errors in terms of mathematical expectations in the sequel.

Let us now proceed to establish the upper bound for the tracking
errors by considering different parameter models separately.

A. Parameters Generated from a Stable Model.
In this case, IAj(F)l < 1 for all i, then by (1.3b),

Pyl £ FPFT+Q
. < FPg(F*)? + FQF'+ Q <
< ‘20 FIQ(FT)i + F&+1Po(Ftyk+L for any k 20, (2.12)
&
and hence
b A 20 FQ(EVill + sup I ERPEDKI,  (2.13)

can serve as a finite deterministic upper bound for {Pg} since Pg is
deterministic. This enables us to establish the following results.

Theorem 2.2. Consider the signal model (1.1) with IA(F)l <1,
for any i, and the estimation algorithm (1.3). Then

hmsup— Z IIO P < (l)P [Lp(w) + IR (b/R)1/2 LyMIp, (2.14)
n--->00f i=1
and

limsup E 6P < (L)P [Mp(w) + IFlI(b/R)1/2 Mp)IP, (2.15)
n--->c0

here 8, =6, - é\n, b, o and B are given by (2.13), (2.10) and
(2.11) respectively , and p > 1 is any real number such that

L2 dmsp (L zu Vilp J1P < o, as. (2.16)
N--->o00

Lp(w)= limsup [H ZII willP }1/P < o0, a5, (2.17)
n--->o0 i=1

M2 sup (BN IP}P < w0 (2.182)
1



Mpw) 2 sup (ElwilP}IP < oo, (2.18b)
1

and E [165lIP < oo,
Proof. By (2.5) we have

~ k - k k
%) = F-K:p:®) 0, + F-K:0:® Kivi + Wis1)
k+1 jl;{) (F-Kjoi") B0 i§O [j=I1!¢-§ i@i% 1 CKivi + wisl

Applying Lemma 2.1 we see that
n
0 81l < B ok+1H Boll + B Zak-i (IKvill + llwigglh), (2.19)
i=0
then applying the Minkowski inequality gives

n_ - n
( 211 6j41IP )Y < Bl Bl ( ¥ aptk+l))l/p 4
i=0 k=0

2 (3 akRIDP)UP4B (3 (3 ok thwiaglhP) VP, (2.20)
B{E::O (EZ)Q ivi k>=:0 i§)a Wi+l
now, by the Holder inequality it follows that (1/p +1/q = 1):
k k
(.z ok I Kyvi )P = { .2 atk-/a [ak-D/p i Kvi 1] JP
<( zak-l P14 ( zoak i) Kjvi ||P)s(———)p/q z ok-i | Kiv; lIP
1= 1-¢

and then

): (): ok-i |l Kjvi 1P < (-I-—)p/q z z ok-i || K;v; IIP

-0

i=0 k=i

n n
< e+ Y KK IP=(1-0)P T IKwi P (2.21)
1-o i=0 i=0

Let us now consider the upper bound for Kj . Since b is an

upper bound for lIPkll , then by (2.1),

PEPEOK TPk
It Kill2 < IIFIi2 k <IFI2b ———(p“—z
R + ¢TPigr)? (R + P

<IIFI2b/R, forany k>0, 2.22)

which together with (2.16) and (2.21) yields

limsup ‘k2<2ak-' iewiop < [ R prs o, 223)
n--->c0 M k=0
Similarly,

hmsup = Z( ): okt liw;, )P<( (2.24)

n--->e0 Mk=0
Finally, the first result (2.14) follows from (2.20), (2.23) and
(2.24).

Let us now consider (2.15). The inequality corresponding to

(2.20) can also be derived by the Minkowski inequality and takes the
form :

)p (Lp(w)IP

(EllBis1lIP)Vp < B ok+1E 11 Bplip ) 1P +

k k
+B [E('Eocxk‘i I Kyvi 1P} P + B {E(.Eoock'i Il wig I1)P) VP
1= 1=l

From this, a similar argument as used in the proof of (2.14) leads to

(2.15) because in this case the constants b, o and B are all
deterministic. This completes the proof. #

Remark 2.2.  From the proof of Theorem 2.2 we see that the
independence assumptions made on the noise sequences {wg} and
{vk} are not really used, indeed, Theorem 2.2 holds for any random
sequences {wg} and {vy} satisfying (2.16)-(2.18). In particular,
wk , which appeared in the parameter model (1.1b) may have non-
ZEro mean.

Remark 2.3. We have recently applied the property (2.15) with

p=4+3 forsome &> 0, to adaptive control problems (Guo and
Meyn [12]), and it appears that the non-trivial stochastic adaptive
control problem considered by Meyn and Caines [8] can be
generalized to the case where the noises are nongaussian with
unknown covariances.

Remark 2.4.  Observe that there is no excitation requirement to
achieve the bounds of the theorem. Of course, from (1.3b) and the
matrix inversion lemma,

Pl = F[POT +RIGIITFT + Q

and it is clear that the greater the excitation of @, the smaller is

Pg41 in norm and the lower are the tracking error bounds ( o, are
smaller).

B. Drifting Parameters.

In this case, F =1, and similar arguments as used in (2.12) for k
the boundedness proof of {Py} fail. Moreover, it turns out that it is
impossible to establish the upper bounds for Py without further

assumptions on the regressors {¢x}. To see this, let us take @x =0,
for allk >0, then by (1.3b),

Pre1=Px+ Q = Pp + (k+1)Q TETSw” (2.25)

Nevertheless, we have the following results.

Lemma 2.2. Consider that there exists a strictly increasing

sequence of random integers {tp} with to=0,d 4 skup (tp - tn.1 )<oo,

a.s., and random constants & > 0, M < e such that for any k 2 1,

Amink) =2 8, as. (2.26)
and
kmax(k) / Amin(k) <M,as,

where Amax(k) and Amjn(k) denote the maximum and minimum
eigenvalues of the matrix

1
z 9ip}

i=tg.1+1

respectively. Then {Pg} defined by (1.3b) with F =1, has the
following upper bound:

sléxp IIPll S IPoll + R/3 + [ 1 + (1+ M)d] HQIl <o, a.s.

(2.27)

(2.28)

(2.29)

The proof of this lemma is given in Appendix B. The conditions
(2.26)-(2.27) can be regarded as certain kinds of excitations, thus,
the divergence phenomena as in (2.25) may be explained as lack of

excitation of {¢k} .
It is interesting to compare the conditions (2.26)-(2.27) with the

standard persistence of excitation condition used in the analysis of
short memory adaptive control algorithms in the literature (e.g.

Anderson et al,[13]). That is, there exist constants 0 < §; £ §3< oo,
and N < e such that

k+N

8il < prf < 81, forany k20.
i=k

(2.30)
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This implies that {@k) is a bounded sequence. Clearly, Condition
(2.26)-(2.27) is weaker than (2.30), and it means that  Amax(k)
and Apin(k) may grow at the same rate, and does not necessarily
mean that {@k) is bounded. As an example, let us take @k as a
scalar slope function: ¢x = ck, ¢ #0, then, clearly (2.30) fails,

while (2.26)-(2.27) still holds because Amax(k) and Apin(k)
coincide in this case. A related but different excitation condition to
(2.26)-(2.27) has been introduced and studied in (Chen and
Guo,[14]) for the analysis of short memory gradient algorithms

when the regressors {@x} are possibly unbounded.
Remark 2.5. Lemma 2.2 can be generalized to the case where

F #1, and a similar bound as in (2.29) is also achieved. Similar
results as in the following Theorem 2.3 are also available. However,
in this case, the matrix given by (2.28), which are used in defining

Amin(k) and Amax(k), will involve the matrix F in general.

Theorem 2.3,  Consider the signal model (1.1) with F = I, and
the estimation algorithm (1.3), consider also that the conditions in
Lemma 2.2 apply. Then

; L 2 s < Bop 12 P (231
limsup 7+ 3180 < G50 [Lyw) + BRIV LR (2.31)

Here 5k = 0Ok - ék, o and B are defined by (2.10) and (2.11)
with F = I and with the upper bound b for {Px} given in (2.29).
Also, Lp(w) , Lp(v) and p > 1 are defined in (2.16)-(2.17).

Proof. The proof is actually the same as that for (2.14). Note that
the result (2.15) is also achieved in the present case provided that the
quantity on the R.H.S. of (2.29) is deterministic. #

As an example, let us now consider the i.i.d. noise case, and
without loss of generality assume that Oy is one dimensional. More

precisely, let {wg} be i.i.d. random variables with mean zero and
variance 62 > 0. Putting F = in (1.1b) we get

n
On = Op.1 + wn= 60+ Sy, Sp = ,lei (2.32)
i=

Consequently, by Strassen's invariance principle (Strassen, [15]),
n

limsup (z $2)/(n2loglog n) = 86%/ 12 a.s. ,
e~

On the other hand, by a result of Donsker and Varadhan [16,

pp.751],

n
liminf (Z 52i ) (loglogn) /n2=06%/4> as. .
e 1

Hence with probability 1, the averaged value of parameters
1 - 1 -
= AY = 2 I
ni=Zl(e.) 7 (Y8, n> e
i=1

fluctuate in the interval
[(§ +o(1)) 6 /loglogn, (872+o(1)) o loglogn]

as n---> oo, Thus from this and the result (2.31) we see that the
estimation algorithm (1.3) can indeed perform the non-trivial task of
tracking rapidly varying parameters in the long run average sense.

Let us consider another situation.
C. Disturbed Parameters.

By disturbed parameters we mean that the parameters can be
modeled by

1517

Ok = 0+ wk (2.33)
with unknown 8¢ and noise {wy }. This case, is not a specialization
of (1.1b), but can still be studied by use of the theory developed.

Theorem 2.4. Consider the signal model (1.1a) with
parameters described by (2.33), and the algorithm (1.3) with F=1.
Consider also that conditions of lemma 2.2 apply. Then

n ~
limsup %iglne iupgl%)p [(b/a)Lp(w)+BR)V2ZLy(v)]P  (2.34)

N--->00

where Ok = g - ék , a=2Amin(Q), and the constants «, B,
b, Lp(w) and Lyp(v) are all the same as those in Theorem 2.3.

Proof. With @& = 0 - ék and F =1, the error equation
(2.5) is now changed to

Br+1=(1- Ki0DBk - Kyv + Kxf wi+1
Note that by (A1) in Appendix A , Kkgf is bounded by
IIKk(pf( I < b/a

Hence, a similar argument as used in the proof of (2.14) leads to the
desired result (2.34). The details are not repeated here. #

1. Conclusions

When the Kalman filter is applied to estimation of randomly
varying parameters, our results show that it has quite reasonable
tracking properties ---- even in the nongaussian case when it is not an
optimal filter.

If the parameters are generated from a stable model, we have seen
that there is no restriction on the regressors to achieve tracking error
bounds. The bounds obtained have application for adaptive controller
analysis.

If the parameters are drifting, as when the parameter model is
unstable, the theory of the paper shows that the regressors must be
suitably exciting to achieve tracking error bounds. For the case of
parameters disturbed by noise, there is again an excitation
requirement to achieve tracking error bounds.

In a companion paper, the bounds studied here are applied in an
adaptive control context.

Appendix A
Proof of Lemma 2.1:

We first establish the upper bound for Kk(pl‘é as follows ( note that

@k may be unbounded),
I Kk(pf( < WFIIPIT g 12 / (R+(pl1équok)
S UENbU @ 12/ [Amin(Q) Nk 121, (by 2.7)),
b
< ILFI ry (AD)

Let us then denote for simplicity Fy =F - Kkgof( . An upper bound
for Fy is

Il < IFI(1+2) (A2)

Now consider the following inequalities. By (A2), (2.2b) and the
matrix inversion Lemma,
-1 _ -1
Py - B Py B

= P'kl K [ RPuFf + K(RKE +Q -1 Fx

"7k
z Pl-F [ FPkFf +Q 1 Fy



]

[ Px + PyF} QTFcPyl!
[ Pk + (PV2(PV2F] Q1Fi(Pi)2 (P12 11

v

v

[ Pg + IFI2(1 +§—’)2§ Py 1-1

b,b
2 2y221-1pi1
[ 1+ HEN (1+a) 2 ] Pk
Consequently, by the definition (2.10) for o :

Ff Pkil Fx < a2 P'lé s for any k2 0.

Thus, noting (2.7) and (2.8), and repeatedly using this inequality,
we get

R oo g
B TIFcI? < bl [IF)* P4 ( TTF) Il
k=i k=i J k=
< b 20D IIP'illI < (%) a2U-Dfor any j>i20.
#
Appendix B
Proof of Lemma 2.2.
Clearly, if the result holds for any deterministic sequences {@k}

and {tx} and deterministic constants & and M, then the stochastic case
can be proved by applying the result for each sample path. So,
without lose of generality, we can assume that all the quantities
appearing in the lemma are deterministic in the following proof.

Let us first establish the upper bound for the subsequence {P1n+1}
To this end, we introduce an auxiliary stochastic system

Xkl = Xc + QU2n] (A3)

= ¢fxx + ®2nE (A%)

where {'r]llg , ni } is an i.i.d. Gaussian random sequence with
zero mean and unity covariance. Assume further that var(xo) = Po
and xois independent of {n}’ ,ni }.

Denote % the estimation for xx based on {zo, ...,zk} Which is
given by the Kalman filter, then it is well known that (e.g. Anderson
and Moore [9] ) Pk defined by (1.3b) (or (2.2b) with F =I) can be
represented by

Pgs1=2k+Q, forany k 20. (AS)
where
T = E(xk - % (k- T

. . . A .
Let us consider another linear estimate x;"l for xp attime n=tx

as follows
tk tk
fr=wito X g, WO £ ) 99
1=t 1+ i=ty.1+1
Note that by (A3) and (A4),
i
Xy - KL= W) [ Wk, 'iztE-ﬂ(PiZi}
tk '3 tk
=W (Y 90 D.QUL - Y ei(R)Vn? )
i=g g+l j=itl i=tg.q+1
= Liik) + L. (A6)
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We now proceed to estimate the covariances of Ij(k) and Ip(k)
as follows.

Denote

i
A A
SiT D et .Sy, = 0.
=141
'3
A
T 2 D QY Ty
j=
By summation by parts we have
tk '3 -
Zwo} ZQ“an}l = X(Si-
=g+l jeitl i=tg.1+1
ty-1
3 Si(Tir1 - Tisd) + STt - Sy T 1+2

i=tg.1+1
-1

> st

i=t1+1

|
(=]

Si-DTi+1’

I

Then by orthogonality of ['q% } and monotonocity of {S;} :

k-1

IERMII < IW1ER Y SQ8i w1l
i=tg1+1
-1
TW10 Y SHUSiSHV2 W) Q!

i=tg.1+1

IA

k-1

I'W-1(k) . z Si W-lgk)y Il kmax(Stk) Qi
1=tg. 1+

k-1

> Sy WK I Amax(k) QI
i=tg-1+1
< (- t-1) I WM Amax(k) QI

< d QI Amax(kK) / Amin(k) <d M IIQII, (A7)
while for Ip(k) we have

IA

N

Il W-1gk)

%
IIE Ix(k) Il = 1 W-1(k) Z PiR¢? w-1gll
i=t.1+1

=R IW-1lklI < R&I. (A8)

Thus by the orthognality of Ij(k) and In(k) from (A6)---(A8). we get
N A

II'E (xtk - x;l"() (xtk - xt?t" < R&1+  dMIQIL
From this and the optimality of the Kalman filter

_ A Iy

Ty =Blxy - R )0y - R F<SE G, - ;’;‘;{)(xtk - ,e;;)r

the following upper bound for P‘k‘” follows by noting (A5).:

Pyl < R/ + (1+dM)IIQl forall k>1.
'{I‘S c}omplcte the proof, we have to establish the upper bound for
n}.

Since {tx} is a sequence of strictly increasing integers, ti ---> oo,
as k ---> oo, then for any integer n >1tj + 1, there exists a integer
k 21 such that



e+l £ n < tgy1 [14] H. F. Chen and L. Guo, "Adaptive Control via Consistent
Int. J. Control

From this and the following inequality (by(1.3b) with F=1): Ii\;tilnn‘z;;iolr\lI for Deterministic Systems”,
Peyi < Py +Q,for any k = 0 (A9) ,Vol. 45, No. 6, pp2183-2202, 1987.
we obtain [15] V. Strassen, "An Invariance Principle for the Law of Iterated

L Z. Wahrsch, Gebiete .
WPl < [Pyl + (n-50lQ ogarithm, 3, pp 211-226, 1964.

[16] M. D. Donsker and S. R. S. Varadhan, "On Laws of the

< RAB + (1+dM)IQH + (tie1 - ) IQ Iterated Logarithm for Local Times"
< RS + [1+dM+D]IQI, n>ty+1, (A10) Math 30, pp 707-753, 1977.
while for the case where n<ty, by (A9),
Pyl € P+ Q= P+ (t1- t)Ql
< Pt + d QI (Al11)
(Aflsmlly, the desired result follows by combining (A10) and
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