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Abstract

In linear stochm.tic system identification, when the unknown
parameters are randomly time varying and can be represented by a
\larkov model, a natural estimation algorithm to use is the Kalmm
filter In seeking an understanding of the properties of this
algorithm, existing Kalmarr falter theory yields useful results only for
the case where the noises are Gaussian with covariances precisely
known. In other cases, the stochastic and unbounded nature of the
regression vector (which is regarded as the output gain matrix in state
space terminology) precludes application of standard theory. Here
we develop asymptotic properties of the algorithm. In particular, we
establish the tracking error bounds for the unknown randomly
varying parameters.

I. Introduction

Letus first define the signal model class and estimation algorithm.
Signal model: Consider the following linear regression model

y~= $3:f3k+Vk,k>0 (1.la)

~~+1= i%k + Wk+l , E 119.112< M (1.lb)

\viLh~k viewed as time varying unknown parameters with a Markr)\
model representation. The noise sources (Wk) and (vk ] :rc

IIumally mdeperrdent and also independent themselves, with zew
memr and covariance.

E[ Wk+lWk:~] =QW2 O , EIVk+lVk~~ ] = L > 0 (1.2)

(Generalization of our theory to the case of time varying covariances
is straightforward). The measurement yk is assumed scalar, and the

regression vector $)k is stochwtic and belongs to ~k.1— the rJ-
algebra generated by (ye, yl, ...yk.1 ).

Much of the work done in stochastic system identification has
been concerned with identifying the prmmeters ek in (1.1) for the

case when ek = 60 is constant, that is, when F = I and the

covarimrces of Wkis zero. Typically, Vk is viewed m the regression

vector of an ARMAX model and least squares identification of 00 is

applied. When ek is time varying, one natural approach to use is to
model ek as m (1.lb) where ail eigenvalues of F lie in or on (he

umt circle, i.e., I Li (F) I < 1, for all i. In such cases, the natural
performance criterion is tracking error bounds.

Estimation Algorithm (Kalman filter) : Consider the
following estimation algorithm associated with (1. 1) as

(1.3a)

(1.3b)

where P. 2 0, Q >0 and R > 0 as well as 80 are deterministic
and cm be arbitmrilv chosen ( here Q and R may be regarded M a
priori est]m~tes for QW and Rv respectively, We stress that even lf
QW is singuiar, here Q must be chosen 8s nonsinguiar to achieve a
short memory algorithm. That is the ad~ptation g~in in (1.31) does
not diminish to zero.),

It is known that if the noise source ( w~ , vk ) is a Gtiussian

white noise sequence, then bk generated by (1.3) is the best

estimate for f)k, and pk is the estimation error covariance, i.e.

$k=E[8k lFk.~], pk=E[~kg~l Fk.t],

provided that Q = QW,R = R,, 6.= E[E30]and P. = E[~06~], where

~kis the estimation error

~k=ek - & (1.4)

This remarkable result was first observed by Mflyne [1] and
expanded on by various authors e.g. Astrom and Witrenmark [2],
Kitagawa and Gersch [3].

In the nongaussian case, however, the properties of ( 1.3) applied
to (1.1) have not been well studied. The reasons for this mav be
explained as follows: a). In the time varying case, drere Mno almost
sure parameter convergence. Also, the successful stochfistic

Lyapunov function technique, as well as the martingale Iimtt
approa,ch used in least squares (LS) convergence analysis
(e.g., Ljung [4], Moore. [5], Lai and Wei [6], and Chen and Guo
[7]), fail in the present case. This is so even though ( 1,3) is the
standard LS algorithm when F = I , Q = O and R = 1 Similar
observations are also made by Meyn and Caines [8]; b). The
algorithm (1.3) is a Kafman filter when Q = QWand R = Rv. It is

optirnai in a linear minimum variance sense when tpk is deterministic
(e.g. Anderson and Moore [9]) , and not stochastic as here. Thus,
the stochastic nature of the regressors precludes applicability of the
useful properties of the Kalman filter, even when QW and Rv are
precisely known; c).The existing theory for time vurylng linear
systems usuolly requires that the system output glln m:l(rlx (I.e., ~k ,
in the present case) is bounded in k (e.g. Anderson mrd Moore [10]).
This requirement turns out to be unreidistic in applying the theo,~ to
general adaptive control and identification problems. ThM is

especially so in the stochastic case, because Tk may contain the past
system inputs and outputs, and the system noise may be unbounded.
Hence, the unbounded namre of the regressors (~k] also precludes
the direct application of the standard dreory.

In this paper, we establish tracking error bounds for the case of
randomly varying parameters. The mam concern is with the
foflowing three cm.es:

(i). Parameters generated from a stable linear model, i.e., (1.1 b)

with lki(F)l < 1 , for any i;

(ii).Drifting parameters, i.e., (1.lb) with F =1 ; and

(iii). Disturbed parameters ,i.e., 8k = eo + Wk.

11. Tracking Error Bound

In the sequel, we denote &lx(A) and kmln(A) the tmtximum
and minimum eigenvaiues of i matrix A respectively, m-td

IIAII= ( ~mm(.AAT)]Ifl its norm, so thm IIAII= kmm(A) when A is
syrnmemc and nonnegative definite.



Let us first denote

Kk = Fpkqk(R + ~pkQk)”l (2.1)

and rewrme (1.3) as

ak+~ = F6k+ Kk( yk - @k) , (2.23)

pk+l = (F - Kkq~) pk (F - Kk~;)~ + KkRK~ + Q, (2.2b)

The lower bounds to the tracking error is relatively
stmightforwwd by combining (1. lb) and (2.2a), indeed, we htive

Theorem 2.1. Consider the signal model (1.1) and algorithm
(1.3), if

SUpEiiwk112+s< ~ for some E > 0, then
k

)~f Ell ~kii2 2 R (Qw), (2.3)

md

liminf L ~ llli112 2 rr (Qw), as.,
n--->- n i=l

(2.4)

where QW and& are defined by (1.2) and (1.4) respectwely.

Proof. By (1.1) and (2.2a), the error equation is

~k+l = ( F - Kk~:)~k - KkVk+ Wk+l (2.5)

Ser

fk = ( F - KkQ:)~k - KkVk

then (f~Wk+t ) is a martingale difference sequence with respect 10

the o-algebra generated by ( vi.1, wi , i s k+l ) , so the first
nssertlon (2.3) follows from (2.5) and the orthogormlity of fk and
Wk+l immediately.

Xow, by an estimation for the weighted sum of mutirrgde
difference sequences (e.g. Chen and Guo [1 1], pp. 848), we know
that

for any

~ f~wi+l = 0( ( ~ llfi112](t/2)+~ ) , as,
i=l 1 i= 1

~ > 0 Consequently, by taking m < ~ , we have

Iiminf L ~ (llf1112+ 2~Wi+t)
n--->- n i=l

= Iiminf 1; i:;lfdlz ( I + 0([ i:l Ilf,liz] n - (In))) 2 0
11--->’=

From [his inequality and (2.5) it follows that

liminf 1 ~ II Ii 112=Iimitlf i ‘~1[llfi112+ 2~Wi+~ + llWi+l112)
n--->= n i=l n--->= n i+

2 Iiminf ~ ~~ llwi+11122 tr(Qw) , as.
n--->-

which is the second assertion (2.4). Hence the proof is complete. #

The upper bounds for the tracbng error depend on the stability of
the eqwmon

r->k+l =( F- Kk@<k,k~(), (2.6)

IS can be seen from (2.5), which we will show depend on the
bounds of [pk).

A lower bound to Pk is easy to get, since from (2.2b) :

Pk~Q> (), forarry k> 1 (2.7)

However, upper bounds for (pk ] are far from obvious for gcnertil

F and (rpk] . Let us first see the role play~ by the upper bound Of
(Pk] in the stability of the equation (2.6).

Lemma 2.1. Assume that there exists a rmdom constant b
such that

SUpll pkll < b < _ , as., (2.8)
k20

Ihen for Kk defined by (2.1),

j-1
H ~( F. f(k@ IIs ~ ti-i , tt.s.,for any j > i 2 0, (2.9)

k=l

where a and ~ are defined by

llFll(a+b)btfl
a = [a3 + l\F112(a+b)~b]1/2’ (2.10)

~ = [bla]l~; a = lmln(Q). (2.11)

The proof is given in Appendix A. The precise expressions of a

and !3in (2.10) and (2.11) lead directly to the following important
observation.

Remark 2.1. If b, the upper bound of pk , is a deterministic
constant, then ~he exponential bounds claimed in (2.9) are also
deterministic.

This fact is very crucial in establishing the upper bound for the
uacking errors in terms of mathematical expectations in the sequel.

Let us now proceed to establish the upper bound for the trucking
errors by considering different parameter mcdels separately.

A. Parameters Generated from a Stable Nlodel.

In this case, lki(F)l < 1 for all i, then by (1.3b),

Pk+l < Fpk~ + Q
s F2pk.1(~)2 + FQF+ Q ~

s ~ FiQ(F~)i + Fk+lPo(F’)k+t for any k20, (2.12)
i=o

md hence

b ~ II ~ FiQ(F~)i II + SUpIIFkPr3(F~)kll, (2.13)
i=(J ~~

can serve as a frrri[e deterministic upper bound for (Pk] since POis
deterministic. This enzbles us to esublish lhe following results.

Theorem 2.2. Consider the signal model (1.1) with ILI(F)I <1,
for any i, md the estimation algorithm (1.3). Then

limsupi ~ ll~llP < (~ )P [LP(w) + llFll(b/R)lfl Lp(v)]p, (2.14)
n--->-n i=l

and

Iimsup E Ilf%llps (&)p [MP(w) + llFll(bR)’2 MP(v)]~, (2.15)
n---w

here ~n = en - #n, b, a and ~ are given by (2.13), (2.10) and
(2. 11) respectively , and p >1 is any real number such thot

Lp(v) ~ Iimsup [ \ ,~111Vi11P) l@ < M, as. (z16)
n---> =-= l–

Lp(w) ~ Iimsup ( L ~ II Wi11P)]/F’< m, 3.S.
n i=l

(2.17)
n--->-

k4P(v) ~ SUp( E IIvi 11P] l/P < @ , [2.180)
1



YIP(w) ~ SUp( E 1!wi 11P] 1/P < cu ,
1

(2.18b)

md E IIf3011P< ~

Proof. By (2.5) we have

k kk
Sk+ \ = ,~ (F-Kj~j~) 60+ ~ [ !J (F-Kj9jT) ] (-Kivi + Wi+l)

,=() i=O j=l+l

.Appiying Lermm 2. I we see rfxtt

n

IIdk+lll < ~ ak+lll ~oll + ~ ~ak-i (llK1vill + Ilwi+lll), (2.19)
i=o

[hen applying the Minkowski ineqtrrdity gives

( ~11 6_1+111P)l/P<~ll~oll ( ~ ap(k+l) )1/P+
i=() k=O

D( ~ (i~oak-illKivill)p) l@+P (k% (i~ak-i Ilwi+lll)p) 1/p. (~.~o)

now, by the Holder inequality it follows that ( l/p + l/q = 1 ) :

( i~oxk-i IIKlvi II)P = ( i~a(k-i)kl [a(k-i)/p IIKivi 11]]P

k k k
~ (i~oak”i )p/q (i~k”i IIKivi IIP)S (~P/q ~ ak-i IIKivi 11P

i=~

mrd then

=( fi@@+l i~o II Kivi 11P= (1 - a)-P ,; IIKivl 11P (2.21)
,=()

Let us now consider the upper bound for Ki . Since b is an
upper bound for llPkll, then by (2.1),

<llF11’2b/R, for any k20, (2.22)

\\,hich together with (2.16) md (2.21) yields

k
Iimsup ~ ~ ( ~ ak-1 llKlvill)P< [

“.-->@ n k=oi=o
‘lFL~b-m;l’2]P[~(v)]P, (2.23)

Similarly,

nk 1
limsup ~ ~ ( ~ ak-’ Ilwi+lll )P s (—’

n k=o i+
)P [~(w)]P (2.24)

n--->- l-a

Finally, the first result (2.14) follows from (2.20), (2.23) and
(2.24).

Let us now consider (2.15). The inequality corresponding to
(2.20) can also be derived by the Minkowski inequality and takes the
form :

( Ell%+jllp)Ilp S ~ ak+I(E II6011P)1/P +.

k k
+ B (E(i~oak-l IIKivi II)p) ‘/p + ~ (E(i~k-i IIWi+l II)P] l/P

From this, a simdar ugument m used in the proof of (2.14) le~ds to

(2.15) because !n this case the constmrts b, a and ~ ore Ill
deterministic. This completes the prcmf. #

Remark 2.2. From the proof of Theorem 2.2 we see that [he
independence assumptions made on the noise sequences (Wk ) and
(Vk) we not really used, indeed. Theorem 2.2 holds for any random
sequences (Wk) and (w) satisfying (2.16)-(2.18). In parucuhr,
wk, which appeared in the parameter model (1.1 b) may have non-
zero mean.

Remrsrk 2.3. \Ve have recently applied the property (2. 15) with

p = 4 + 6 for some 8>0, to adaptive control problems (Guo and
Meyn [ 12]), and it appears that the non-trivial stochastic adaptive
control problem considered by Meyn and Cisines [8] can be
generalized to the case where the noises are nongaussiart with
unknown covariances.

Remark 2.4. Observe that there is no excitation requirement to
achieve the bounds of the theorem. Of course, from (1.3b) and the
matrix inversion lemma,

and it is clear that the greater the excitation of tpk, the smaller is

pk+l in norm and the lower are the tracking error bounds ( a,~ are
smaller).

B. Drifling Parameters.

In this case, F = I, and similar arguments as used in (2.12) for
the boundedness proof of (Pk ] f~il. Moreover, it turns out that it is
impossible [o establish the upper bounds for pk without further

assumptions on the regressors (qk ]. To see this, let us take qk = O,
for all k 20, then by (1.3b),

pk+l = pk + Q = po + (k+l )Q --k-------~-=->-. (2.25)

Nevertheless, we have the following results.

Lemma 2.2. Consider thot there exists a strictly increasing
A

sequence of random integers ([n] with b = O,d = sup ( tn - tn.l )<00,
k

as., and random constants b >0, M < DOsuch that for my k 2 1,

kmln(k) 2 ii , as. (2.26)

and
kmax(k) / kmln(k) S M , as., (2.27)

where kmax(k) and kmln(k) denote the maximum and minimum
eigenvalues of the matrix

(2.28)

respectively. Then (pk] defined by (1.3b) with F = I, has the
following upper bound:

sup Ilpkl[S IIPoII+ R/b + [ 1 + (1+ M)d] IIQII< CO,as. (2.29)
k

The proof of this lemma is given in Appendix B. The conditions
(2.26)-(2.27) can be regarded as certain kinds of excitmions, thus,
the divergence phenomena as in (2.25) may be explained as lack of

eXCltatlorI Of (r$k)

It is interesting to compare the conditions (2.26)-(2.27) with the
starrdard persistence of excitation condition used in the analysis of
short memory adaptive control algorithms in the literature (e.g.

Anderson et al,[13]). That is, there exist constmtts O < S1 < 82<-,
and N c - such that

k+N



This implies that (~k) is a bounded sequence. Cleorly, Condition

(2.26)-(2.27) is we~ker than (2.30), and it means that Lmax(k)

and Imln(k) mav grow at the same rate, and does not necessary

mean that {qk ) is bounded. As an example, let us mke qk as a

scalar slope function : qk = c k, c * O, then, clearly (2.30) fails,

while (2.26)-(2.27) still holds because Imax(k) and Xmln(k)

coincide in this case. A related but different excitation condition to
(2.26)-(2.27) has been introduced and studied in (Chen and
Guo,[ 14]) for the atmlysis of short memory gradient algorithms

when the regressors (qk) are possibly unbounded.

Remark 2.5. Lemma 2.2 can be generalized to the case where

F # I, and a similar bound as in (2.29) is also achieved. Similar
results as in the following Theorem 2.3 are also avadable. However,
in this case, the marnx given by (2.28), which are used in defining
lm~(k) and kmm(k), will involve the matrix Fin general.

Theorem 2.3. Consider the signal model (1. 1) with F = I, and
[he estimation algorithm (1.3), consider also that the conditions in
Lemma 2.2 apply. Then

limsup i ~ l16illP S (R
n--->= n i=l

)p [f-p(w)+ (b/R)l~ Lp(v)]p (2.3 1)

Here ~k = Ok - ~k, a and ~ are defined by (2.1O) and (2.11)
with F = I wrd with the upper bound b for (Pk) given in (2.29).
Also, %(w) , f-p(v) and p >1 are defined in (2.16)-(2.17).

Proof. The proof is actually the same as that for (2.14). Note that
the result (2. 15) is also achieved in the present case provided that the
quanuty on the R.H.S. of (2.29) is deterministic. #

As an example, let us now consider the i.i.d. noise case, and

without loss of generality assume that ek is one dimensional. More

precisely, let (wk ) be i.i.d. random variables with mean zero and

variance 62 >0, Putting F = I in (1.lb) we get

n
8n = On.1 + W“= 80+ Sn, Sn = i~lWi (2.32)

Consequently, by Stmssen’s invztrkmce principle (Strassen, [15]),

n

Iimsup (
x

S2 ) / (n2 Ioglog n) = 802/ rrz, as. ,
n--->- 1

i=l

On the other hind, by a result of Donsker and Varadhmr [16,
pp.751J,

n

Iiminf (
z

S2 ) (Ioglog n)/ n2 = 02/4s as. .
n--->- i

~=1

Hence with probability 1, the averaged value of parameters

fluctuate in the intervaf

[ ( ~ + o(1)) o2n / Ioglog n, (8rr-2 + 0(1)) 02n loglog n ]

as n---> CO. Thus from this and the result (2.31) we see that the
estim~rion algorithm (1.3) can indeed perform the non-trivial task of
tmckirrg mpidly vtaryingparameters in the long run avemge sense.

Let us consider ano[her situatson.

c. Disturbed Parameters.

By disturbed pmameters we mean th~t [he parame~ers can bc
modeled by

8k=80+Wk (2.33)

with unknown 80 and noise (Wk ]. This case. 1s not a specidiz:nion
of (1.lb), but can sttll be studied by use of the theorv developed.

Theorem 2.4. Consider the signal model ( 1la) with
parameters described by (2.33), and the algorithm ( 1.3) will} F = 1.
Consider also thot conditions of lemma 2.2 apply. Then

)p [(b/a)Lp(w)+(b/fO1fl Lp(v)lp (2.34)littMUp ~ ,~lllflillp~(~
n--->- l–

where ~k=~()-ak, a = kmln(Q), and the consumts a, (3,
b, %(w) and ~(v) are all the same as those in Theorem 2.3.

Proof. \Vith ~k = go - ok
(2.5) is now changed to

~k+l = ( I - Kk~~)~k- KkVk

Note that by (A 1) in Appendix A ,

and F = I, the error equation

+ Kk9~ wk+ 1

Kk~ is bounded by

il&~ 1! < bla

Hence, a similar argument as used in the proof of (2.14) leads to the
desired result (2.34). The details are not repeated here. #

III. Conclusions

When the Kalman filter is applied to estimation of randomly
varyi,ng parameters, our results show that it has quite reasonable
rrackmg propermes ---- even in the nongaussian case when It is not an
oprim~ ftiter.

If the parameters are generated from a stable model. we have seen
that there is no restriction on lhe regressors to achieve tracking error
tmunds. The bounds obtained have application for adaptive controller
analysis.

If the parameters are drifting, as when the parameter model is
unstable, the theory of the poper shows [hot the regressors must be
suimbly exciting to achieve tracking error bounds. For the c~se 01
parameters disturbed by noise, there is again an excitation
requirement to achieve racking error bounds.

In a companion paper, the bounds studied here are applied in an
adaptive control context.

Appendix A

Proof of Lemma 2.1:

We fu-stestablish the upper bound for Kk(pi as follows ( no(e that

~k maybe unbounded),

II Kkq~ II < II F III!pkl!1!~k 112/ ( R + V;pkqk)

< II F II b Ii $lk 112/ [ ~min(Q) II~k 112], (by (2.7)),

<II FII: (Al)

Let us then denote for simplicity Fk = F - Kkq~ . An upper bound

fOrFk iS

IIFkll < II FII (l+;) (A2)

Now consider the following inequalities. By (A2), (2.2b) and the
matrix inversion Lemma,

Pi - Fk Pk-~~ Fk

Pi - ~k [ Fkpk~k + KkRK~ + Q ]-1 Fk

~ P-i - ~ [ FkpkF~ +Q 1“1Fk



= [ Pk+ f’k~ Q“lF@~”l

> [ Pk + (pk)lntl(pk)l/2~k QIFk(pk)lflll (Pk)ifl]-1

2 [ pk + IIF112(1+; )2; pk ]-1

= [ 1+ IIFI12(1+:)2:]-lP;

Consequently, by the definition (2.10) for a:

‘~ ‘k; l Fk ~ a2p~ , for any k 20.

Thus, noting (2.7) and (2.8), and repeatedly using this inequality,
we get

j.1 j.1 j.1

II k~iFk 112 S b 11(k~iFk )~ P-1 ( ~ Fk ) II
] k=l

s b a2G-i) llP-fll s ( $ a2u-i),for any j>i 20.

#

Appentfix B

Proof of Lemma 2.2.

Clearly, if ihe result holds for any deterministic sequences (~k )

and (tk) and deterministic constants b and M, then [he stochastic case
can be proved by applying the result for each sample path. So,
without lose of generality, we can assume that all the quantities
appeting in the lemma are deterministic in the following proof.

Let us first establish the upper bound for tie subsequence (Ptn+l ]

To this end, we introduce an auxiliary stochastic system

Xk+l = Xk + Qtfl Vi (.43)

Zk = q~ Xk + (R)l/2q2k (A4)

where ( q f , q ~ ] is an i.i.d. Gaussian random sequence with

zem mean and unity covariance. Assume further thxt Var(xo) = PO

and X. is independent of (TI~ , ?l~ ).

Denote !k the estimation for Xk based on (z.o,....zk ) which is
given by the Kalman filter, then it is weIl known thot (e.g. Anderson
and Moore [9] ) Pk defined by (1.3b) (or (2.2b) with F = I) can be
represented by

pk+l = ~k+Q, for any k 20. (A5)

where

~k = E(Xk - !k )(Xk - !k)~

Let us consider anolher linear estimate !* for X“ at time n = tkn
as follows

;[:= W ‘l(k) ~ QiZi
bk.1+1

;* =
‘[k “ tk

w-l(k) [

tk !k

Note that by (A3) and (A4),

VJ(k)xtk -, ~ Vizi 1

I=tk.l+i

[k

= I\(k) + l?(k) . (A6)

\Ve now proceed to estimate. the covat-kmces of 11(k) and 12(k)
as follows.

Denote

i

j=i

By summation by parts we have

%: i

[k
Q“2~j!1 = i=tk~l~~i - Si-l)Ti+l

i=tk-1+1 j=i+l

tk- 1
. z Si(Ti+l - Ti+2) + s\kTtk+l- stk.lTtk.1+2

i=tk.1+1
tk-1.

. x SIQ1/2~~
i=tk.1+1

Then by orrhogonality of (v: ) and monotonocity of (S1] :

[k-l

IIEIt(k) I~(k)ll < II Wi(k) ~ SiQSi W-t(k) II
i=tk.1+1

tk-1

s IIW-l(k)
z

(Si)lf2Sl(Si)lC W-l(k) II IIQII

i=tk.1+1

tk-1

S llWl(k) ~ S1W-l(k) II lmax(Stk ) IIQII
i=[k.1+1

tk-1
S IIW-l(k) ~ S,k W-l(k) II kmax(k) IIQH

i=tk.1+1

< (tk - rk.1) IIW-l(k)ll Lmm(k) IIQII

S d IIQIIImm(k) / lmln(k) < d M IIQII, (A7)

while for 12(k) we have

k

HE 12(k) ~(k)ll = IIW-1(k)
x

qlR~~ W-l(k)ll

i=[k.~+1

= R llW-l(k)ll < R 6-I (A8)

Thus by the otthogrudity of Ii(k) and 12(k) from (A6)---(A8) we get

IIE (Xtk - ~f*) (Xtk - ~t~)llI s R&l + dMllQ1l.

From this and the optimality of the Kafman filter

~k = E(xtk - ~tk)(xtk - !Ik)’ < E (Xrk - !;)(Xtk - ::~t

the following upper bound for Ptk+l follows by noting (A5) :

II P,k+l II S Rf~ + (l+dM)llQll ,fordl k>l.

To complete the proof, we have to estoblish the upper bound for
[Pn].

Since (tk] is a sequence of strictly increasing irslecers, t~ . ..> 09.

as k ---> CO,then for any integer n 2 tt + 1, there exls[s a Integer
k 21 such that



tk+l< II < [k+l [14]
From this and the following inequality (by(l .3b) with F = I ) :

pk+l S pk + Q ,for any k 2 0 (A9)

we obtain [15]

llPnll s llPlk+Ill + (n - rk) IIQII

S R/a + (l+dM)llQll + ( tk+l - tk) IIQII
[16]

S R/6 + [1 +d(M+l)] IIQII , n 2 tl+l, (A1O)

while for the cm.e where n < tl , by (A9),

llPnll S IIPo+ tlQll = II po + (tl- to)Qll

S IIPoII + d IIQII (All)

Finally, the desired result follows by combining (A1O) and
(Al 1). #
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