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Abstract

In this paper, we consider a general class of

constrained K” optimization problems and show that these
problems can be approximated by a sequence of smooth
optimization problems. Thus, each of the approximate
problems is readily solvable by standard optimization
software packages such as those available in the NAG library
or IMSL Library. The proposed approach  via smooth
optimization is simple in terms of mathematical content,
easy to implement, and is computationally efficient.

1. Introduction and Background

A method of linear multivariable control system design

which is of current interest is H™ optimal control [1,2].
The simplest class of such problems known as one-block
problems can be formulated as follows:

min_ u'l‘u +T QT |, - (lfl)

Here T“ € R, the class of rational proper transfer
P

b ©
function matrices, and RH™ denotes the class of such which
are stable. Also, for continuous time transfer functions
X(s),

Jx], = max o, [X()] s, = max o[X(w)]
i,w w

- (max 3(X*(@)X(w)])'?, (1.2)
w

where LA denotes the ith singular value, ¢ the maximum

singular value, A the maximum eigenvalue and the superscript
* denotes the conjugate transpose.

Elegant optimization techniques for (1.1) are available
[1-4]. Also,these apply with modifications to the two-block
and four-block problems which are formulated as in (1.1) but
with Q constrained as [Q, 0], [QI 0], or the Q block

diagram (QI,O), respectively.

In this paper, we are concerned with the optimization
task where additional constraints are included in the
optimization. These additional constraints may be in such a
way that the controllers are of a fixed structure, perhaps
conveniently parametrized in terms of a parameter vector.
Also, they may be functional constraints involving singular
values representing, for example, robustness requirements.
Such problems cannot be solved by using the elegant
techniques of [1-4]. It is well known that with these
additional constraints, more complicated nonlinear
programming techniques must be employed, and local minima
are obtained rather than global minima.

In [5], a computational technique is developed for
solving singular value inequalities over a continuum of
frequencies. The case when two or more singular values are
identical on an interval is excluded by assumption. In [6],
an optimization problem is considered, where a
differentiable cost functional is to be minimized subject to
three kinds of constraints including singular valued
inequalities over a continuum of frequencies. An improved
algorithm which overcomes the difficulties caused by
singular vector computations is then proposed in
[6] .Mathematically, these two papers are highly complex.
Furthermore, they cannot make use of standard optimization
software packages such as are available in the NAG or IMSL
library.

The key contribution of [7] is to give a simple yet
efficient approach for solving functional inequality
constrained optimization problems. The approach involves a
new constraint transcription together with a local smoothing
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technique. On this basis, a sequence of  approximate
optimization problems can be constructed. Each of Fhese
approximate problems can be viewed as a conventional
optimization problem. The approach is very simple and can
make use of existing optimization software packages, yet is
guaranteed to converge. From numerical studies on simple
problems, the computational effort appears to be
considerably less than using the nonsmooth approach of
[8,9]. Our purpose in this paper is to demonstrate that
under reasonable assumptions, constrained H control
problems and optimizations involving singular va%ue
constraints, such as in [5, 6], can be tackled using
existing smooth optimization software packages. This is
achieved by noting that the objective functional (1.2) can
be approximated by

c * 1/72p
{ J' GIX (@)X (@) ])? dw } ,
0

(1.3)

Joixcw) 1}

p.lo,c] -

with an appropriate positive integer p and positive constant
c, while the techniques of [7] can be trivially extended to
handle the functional constraints. The extensions allow
infinite intervals for the frequency range of the
constraint, and certain nonsmoothnessin the constraint

functions.

2. Stabilizing Controller Theory

Consider the feedback control schemes of Figure 2.1.In
Figure 2.1(a), there is a nominal plant with transfer
function matrix P € R and controller K € R . It is known

that the control loop is well posed and the controller K is
stabilizing for G = Pzz if and only if

-1
[é ﬂ 2.1

exists and belongs to RH”. The theory for the class of all
stabilizing controllers of (2] allows the parametrization of
all stabilizing controllers K for G as a linear fractional

map K(Q) in terms of arbitrary Q € RH” (see Fig. 2.1(b)).
The matrix J € R (non unique) is readily calculated from G
P

and any stabilizing proper controller Ko for G. From P, J of
Fig. 2.1(b), a T€ R can be constructed allowing Fig.
P

2.1(b) to be re-organized as in Fig. 2.1(c). A key property,
namely I;z ~ 0, ensures that closed transfer functions are

affine in Q. The stabilization theory tells us that
(K stabilizes P} e {Q stabilizes T}. (2.2)

Now, again referring to Fig. 2.1, let us denote the
transfer function matrix from the disturbance w to the
disturbance response e as W. Since this transfer function is
K or Q dependent we also use the notation W(K) or W(Q) as

appropriate. A standard formulation of the H™ optimization
task is:

min HW(K)NW . (2.3)
stabilizing K
for P

The equivalent task, under (2.2) and the relationships

T, = 0, WK -WQ) = T, + T,QT, (2.4)
is the derivative task (1.1), for which elegant solutions
exist. It turns out that with P having McMillan degree n,
the optimal Q leads, via the linear fractional map K(Q), to
a controller of degree n-1 [10].

In practice, the controller class may be specified with
more restrictions than merely that K is stabilizing for P.
Let us consider the case when the structure of K is
specified in terms of parameters x € E with E a compact




subset of RZ. It may be that the parametrization is on Q and
thereby on K as K(x) = K[Q(x)]. Also, in practice»there may
be frequency domain constraints on the closed-loop system
behavior other than mere stability. They may involve

functional constraints on singular values. Thesemotivate for
s : o i :
us the following class of constrained H  optimization

problems.

Constrained H Optimization Problem

Constrained & ~p -~ -  ——— —r

min |W(x)nm R

X € E

W(x) € RF H (2.5a)

subject to the constraints

(2.5b)

i) hj(x) <0, j=1,2,.

(ii) max ¢ (x,w) =0, = 1,....M; (2.5¢)
wea ’
£

where 0 = (0,«), and hj:Rt > R, ¢3:R xR -+ R. Notice that
frequency domain constraints such as stability constraints,
robustness constraints, or frequency response constraints
can be handled by (2.5c). These constraints can involve
singular values in multivariable problems such as are
studied in [4].

For convenience, let the constrained W optimization
problem (2.5) be referred to as the problem (P).

3. Reformulation as a Smooth Optimization Problem

We reformulate the constrained H° optimization problem
as a smooth optimization problem, in two steps.

In Step 1, we make a smooth approximation to the
objective function using the Lp norm. In Step 2, the

functional constraints are approximated by conventional
constraints using the technique similar to that given in
(7]. To begin, let us assume that the following conditions
are satisfied.

(1) W(x,s) is strictly proper (zero for s = o) with no
poles on the jw-axis;

(2) w(x,s) for ecach x has distinct singular values for
almost all s = jw with no jw-axis poles;

(3) W(x,s) is continuously differentiable with respect to X
for almost all s = jw.

Smooth Approximation of the Objective Function

Consider the objective function given by (2.5a). By
(1.2), it may be written as:
172

min  [WCO|, = min  max {A(x,@))} (3.1)
x € 8 xXe€Ewz20

where A(x,w) denotes the maximum eigenvalue of

W (k0 (x,0) -

Lemma 3.1. Under assumption (1), there exists a x'E Z and an
o€ (0,«) such that

min max {A(x,w)} = X(x',w') <o .
x€Ewz0

Proof. By assumption (1), it follows that for each x € E

max {A(x,@))
wz=0

is attained at some finite w. Let (xi) be a sequence in E
such that
.y - -
f1 - max (A(x,w)}) —m f = min max (A(x,w)}. (3.2)
wz0 Xx€EEw20
Since = is compact, (xi) has a convergent subsequence,
denoted again by the original sequence, which converges,

say, to x‘ € E. By the above, there exists some o € (0,=)
such that
(A0 = max (Ax,0)). (3.3)
w=0

Since for all i = 1,2,... and for all w = 0,
At ,w) s £
it follows that for all i = 1,2,...
i(x‘,w.) =< ft'
Therefore, by virtue of the continuity of the function f,
Ax,0) = lim £ = E.
190
This, in turn, implies the conclusion of the Lemma.
Lemma 3.2. Under assumptions (1) and (2), there exists
positive constants x and ¢ such that

* 2
tr(W (x,)W(x,w)} < &/w (3.4)

for all w > ¢ and x € E.
Proof.Let w {(x,w) be the (i,j) entry of the ¢ X 4 matrix
ITOOo% - i3
W(x,w). Then
%
tr{W (x,w)W(x,w)}
2 5
- i i[w (x,0)| (3.9)
i)
is1 =1
remembering that for each x and w the w (x,w) are complex
1
numbers.
Choose arbitrary i and j with 1 < i<qand 1 =j = q.

By assumption (1) it follows that

n n-1
as + a s + e + as + a
n n-1 1 0

bs” +b s
m o-1

w“(x,w) - (3.6)

+ ese +bs+bh
1 0

where s=jw, for some appropriate n, m and coefficients

{a)® and (b )" withm=zntl, b » 0 and b = 0. Here,
i i=0 i 3=0 m [

the coefficients (a_}éo and (b_)mn are functions of x.
i i= 33
Hence

n-1 2
+ eer tas+a
1 0

|
o (x,0)|F = = n G
H +-~-+bls+b‘z

[}
Now,

n 2
|as® + +es +as +a
n 1 o
2 2 22 2
< 2(aw"+...+alu +a). (3.8)

n
Since = is a compact set, there exists positive constants

a, k=0,1,...,0, such that ai <a for all x € E. Let

a = max (ak).
0 Xk S n

A

Then, for w = 1 and all x € E
lansn 4+ see + as + aolz = 2a(n+1)u2n. 3.9
Consider m an even integer. Then

2
[b s + =e +bs+b |’ = [(-1)’“’wa“‘+--- -bw2+b]
m 1 o m 2 o

2
+ [(-1)("'-2”Z b lw"-l +oeee - baw:’ + blw]
-

[\
o
€

Zml_bm'zw-2+.‘. A(l)m/z‘_)_o —mz
) : 5 ¢

m m

v

Now, b = 0 and so there exists constants g > 0 and ﬂe > 0,

¢=0,1,...,m-1, such that, for all x € =,
fb | =5
and
by
5 < ﬂl , ¢=0,1,...,m1. (3.10)




B = max (By) . (3.11)
[

[ -4 < -1

Then, from the above,
o 2
]bns +see 4 bs+ bo'

> ﬁzwzm[l Bt s w“)]
w

> ﬂzwz"'[l - ﬁ],

w?
for all x € E, provided w > 2. The inequality (3.12)
also be shown to hold for m an odd integer.

max{2,2(28)"/?). Then, for all x € = and

(3.12)

can

Now choose w =

all v = w, we have

o 2 ﬂzwzm 3
lbms + eee 4 bxs + b°| > 5 (3.13)
Combining (3.7), (3.9) and (3.13) gives
2 4a(n+l) 4a(n+l)
b ol s e = T (3.14)
B w B w

for all x € £ and all w 2 o.
The constants a, f and @ all depend on the values of i

and j. However, if we define

o = max {a}, (3.15a)
i,3
g" = min () (3.15b)
i,J
and
¢ = max (w} (3.15¢)
i.3
then, from (3.5) and (3.14),
2 -
oW (x,0)W(x,w)) < %l—) (3.16)
(B ) w

for all x € Z and all w > &.This proves the Lemma.

Theorem 3.1. Under assumptions (1) and (2), there exists a c¢

€ (0,o), independent of x € E, such that
max (A(x,0)} = max (A(x,w)) (3.17)
w20 0<w=c
for each x € =.
Proof. Clearly,
- *
A(x,0) < tr{W (x,0)W(x,w)}.
By Lemma 3.1 and assumption (2), we note that
min  max (A(x,w)} = A(x,0’) > 0.
XEZw=20
Let
Ax",0) = a. (3.18)

Hence, by Lemma 3.2, there exist positive constants a and ¢
such that
2

Ax,w) < &/
for all w > ¢ and x € Z. With c defined by
¢ = max (c,vK/a } (3.19)
we then have
ix,0) < a (3.20)
for all w > ¢ and x € E. Combining (3.18) and (3.20) we

obtain the conclusion of the theorem.
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Following from Theorem 3.1 we now consider the problem:

1/2p
c
min ";(x,w)u = min {I (i(x,w))p du} (3.21a)
p.10,c)

x x 0
subject to the constraints

(i) X € E ; (3.21b)
(ii) hj(x) =0, j=1,2, NG (3.21c)
(iii) max ¢ (x,w) < 0, J=1,....M; (3.214d)

wen’
where p is a positive integer and ¢ is a positive constant,
both to be defined later.
For brevity, let ¥ be the subset of = such that the

constraints (3.21b), (3.21c¢) and (3.21d) are satisfied. With
this abbreviation, the problem (3.21) may be re-stated as:
Find a parameter vector x € ¥ such that the objective
function (3.21a) is minimized over ¥.
This re-stated problem will be
problem (Pp).

referred to as the

Theorem 3.2, Let assumptions (1) and (2) be satisfied and
let the constant ¢ in the problem

(3.19). Define

(P ) be defined as in
P

m = min ¢ (x),
x e ¥
where
c 1/2p
é (x) = {f (X(x,0))° dw} . (3.22)
® 0
Furthermore, for each positive integer p, let x* € ¥ be such

that n; - ¢p(xp). Then, there exists a subsequence (p(i) : i

= 1,2...) of the sequence {p:

(i) xP®

(ii) x" is an optimal parameter of the problem
(P); and

(iii) LI Ym, as i > w,

P~ 1,2...) such that

.
? X, as i ) «;

where m = min ¢(x)

x €¥F
with

max A(x,w) = i(x,w)

w=0

$(x) =

max
0<w=x<ec

Proof. By Theorem 3.1, we have

max A(x,w) = max A(x,w)
w2z 0<wsc
for any x € ¥, Now, we note that ¢ (x) + ¢(x), as p P
P
for each x € ¥, where ¥ is a compact subset of R . Thus, by
Dini’s theorem, we have ¢ (x) 4 ¢(x), as P 4 = uniformly
P
with respect to x € . Furthermore, for all x € % and for
all positive integers p, ¢ (x) < $(x).
P
For each p, let x° € % be such that
min 4 (x) = ¢ (x).
xe¥ P P
Then, ¢p(xp) < ¢(x) for all x € ¥ and for all positive

integers p. Therefore, ¢ (x*) < m.
P

Next, we recall that ¥ is compact. Thus, there exists a

subsequence {p(i) i=1,2,...) of the sequence {p : p =
1,2,...), such that
lim xP4) o "

i

with x" € ¥. This implies conclusion (i) of the Theorem.
We shall establish conclusions (ii) and (iii) together.

Recall that x" € %. Thus,

#(x") = m.
Furthermore, it is clear that
(1) . .
¢pm(xp Py s 4(x"), as i o e,
Hence,




(xp“)

lim ¢
1
190 pi)

. p(i)
lim x < m.
¢pm( )

Thus we obtain

lim ¢ () = ¢(x") = m.
L)
19w
This, in turn, implies conclusions (ii) and (iii). Hence,
the proof is complete.
Let
c
(3.23)

£(x) = I {Ax,0))® dw .
® 0
fP(x) can then be considered as the objective function for

the optimization problem (Pp). The function A(x,w) is a

non-differentiable function of
non-differentiability corresponding
eigenvalues coming together. This has
development of specialised non-smooth
algorithms for mimimizing functions of
assumption (2), it follows that the

W(x,0)W(x,w)
values of .

of x with the points
to two or more
often lead to the

optimization
this type. By
eigenvalues of

are distinct except possibly at discrete

Therefore, the functions fp(x) are

This means that
used to minimize

differentiable functions for all x € E.
standard optimization software can be
t (x). The gradient of f (x) is given by

P 13

(3.24)

x

c - .
VE = pJ (A(x,0))P "V A(x,0) dw
P 0 x

where

v i

x

-k % -
= 2 Real [ v W wa v ] (3.25)

with v being the right singular vector corresponding to the

maximum singular value o of W(x,w).

For the non-generic case when assumption (2)
hold, it appears that subgradient optimization
must be employed as in generalizing (5] to [6].
cases are of mathematical interest and for
possible ill-conditioning when singular values
over a frequency range, and will be the subject
paper.

fails to
techniques
Nongeneric
coping with
are close
of another

Approximation of Functional Constraints

Consider the functional constraints (3.21d). Clearly,
they are equivalent to

6, = fn g @ = 0, § =1k
where

gJ<X.w) - mx(éj(x,w).ov,

and Q = (0,»). Since GJ(x) is non-smooth in x, standard

routines would have difficulty coping with these
constraints. However, by using the smoothing technique
suggested in [7], we define
B, (%)
0 if ¢J(x,w) < -¢ ,
= {0 + ) be i€ |¢,x0)| <,
¢j(X,U) if éd(x,w) =€,
and
GLG(X) - Iﬂ gL‘(x,w) dw . (3.26)

Notice that

lim 53,s(x’“) - gj(x,w), lim Gj,((x) - GJ(x)A

€30 €
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such that the

Let ’e . be the subset of E constraints

(3.21b) and (3.21c) together with the constraint

GLE(x)s T (3.27)

With these definitions, a further approximation to the
approximate problem (Pr) can be defined as:

Find a parameter vector x € ¥ such that the objective
function (3.21a) is minimized over ?E .

For each ¢ > 0 and 7 > 0, let the corresponding

approximate problem be denoted by (P P 1).
p.€,

In (7],
satisfied:

it is assumed that the following conditions are

(A) € is a compact interval in R;

(B) ¢j(x,w) is continuously differentiable in x and w for

all j.In applying the techniques of [7)
solution to the constrained H

to achieve a
optimization task, it is

important to note that the proofs of [7] can be
trivially generalized to allow a relaxation of
conditions (A) and (B) as:
(C) I gj ((x,w) dw exists for all x for each j;
a o .
3¢ (x,0)
(D) ——%5444—15 piecewise continuous in w € O for each x and

N
(E) ¢j(x,w) is continuously differentiable with respectto x

for almost all w and all j.

Under the constraint conditions (A) and (B), it is
proposed in [7] that approximate problems parametrized in
terms of ¢, r, be solved for decreasing ¢, 7 until a
suitable approximation to the optimal x is found. The
following theorem shows that the key theoretical result in
[7) remains valid under the relaxed constraint conditions
(C) to (E).

Theorem 3.2. Consider the problem (P ) for a particular
—_—— P
positive integer p. Then, under the relaxed constraint

conditions (C) to (E), an arbitrarily close approximation to

the optimal x® for the problem (Pp) is achieved by solving
the approximate problem (Pp ¢ r) for ¢, r suitably small.

Moreover, for each ¢ > 0, the approximate solution satisfies
the constraints Gj e(x) < r for r > O suitably small. [

There exists a r(¢) > 0 such that for all 0 < r < 7(e) the

approximate solution is feasible.]

Proof. See relevant parts of [7].

Remarks.

(i) For each p, typically 3 or &4 approximate problems
(PpE 1) have to be solved to achieve an "optimal” x®

for the corresponding problem (P )
P
(ii) If ¢ (x,w) represents singular values, then it is known
J
that ¢J(x,w) is not continuously differentiable in x

and w when multiple singular values occur, so that the

constraint condition (B) can fail.
Lemma 3.3. Let ¢ (xX,w) represent singular values. Then, The
D J

relaxed constraint conditions (C) to (E) hold if and only if
assumptions (1), (2) and (3) are satisfied.

Proof. It is straightforward to show that (C) « (1), (D) o
(2), and {(D) and (E)} = {(2) and (3)}.
For the nongeneric case when (E) fails, as for the

function fp(x) defined in (3.23), it appears that subgradient

based optimization techniques must be employed as in

generalizing [5) to [6].

Derivatives of the integrals G_e(x) with respect to x
3.

are obtained by making use of (3.25).




4. Computational Aspects and an Example

Consider initially problem (P) in which

there are no
funcFional constraints. As described in the previous
section, we choose a sequence of positive integers P and
solve approximate problems (P ) which are:
P
. 1/2p
min Jo(x,0)| = min ¢ (x) =~ {min f (x)
x p,{0,c] P P
x x
(4.1)
with fp(x) defined by (3.23) as
c
- 5 ]
fp(x> J.o (A(x,w)}* dw . (4.2)
The point at which each minimum is attained will be denoted

P s
by x° and so the minimum value of the corresponding

objective function will be ¢p(xp). The solution procedure
for problem (P) consists of the following steps.
(I)

Choose a positive integer p(1) (a suggested value is
P(l) = 5) and a value of c. Set i = 1.

(II) Use a standard optimization algorithm to

solve the

problem (Pp“)) and obtain xP“}. For each value of x

the objective function f (x) and its derivative with
respect to x can be calczlated as follows:

[0,¢c]
in(x,w) can be obtained

(i) Use a complex singular value decomposition
to obtain the singular values and right singular
vectors of W(x,w).

(ii)

(iii) Calculate in(x,w) from equation (3.25).

(a) For each w e the value of i(x,w)

as follows:

and

Calculate A(x,w) = (&(x,w)){

(b) Use numerical integration to calculate f (x) and
P
fop(x) from (3.23) and (3.24).

(III) Choose a value of p(itl) > p(i) and use x**’ as the
initial point in the next optimization. Set i = i+l
and go to step (II).

Remarks

(1) If a complex singular valued decomposition is not

available then form U*(x,u)w(x,w) and compute its

Ax,w). The eigenvectors of

right singular vectors of W(x,w).

eigenvalues to obtain

W*(X.w)w(x.w) are then the
For
does

large.
this

to be very

(ii) In practice c does not have
although

example, ¢ = 10 will usually suffice,
depend on the particular problem.

(iii) Typically, only 3 or 4 different values of p will be
required. For example, {p(i)} = {5,20,100} will usually give
a good result. It is a relatively simple task to compute the

that is, ¢(xp), and

w-norm for a particular value of xF,
corresponding p-norm,

compare it with the value of the
é (xp). By Theorem 3.2, the value of ¢p(xp), and hence
P

¢(xp), converges to the solution of problem (P) as p » =.

(iv) For larger values of p, the integrand in (4.2) will
need to be scaled so as to avoid numerical overflow. One
means of accomplishing this is to scale the integrand by the

square of ¢(xp), where x? is the previous solution point, so
then

c
pei-1)
¢p(:)(X) - ) [0 [

- 1/2
Ax,w) !

P
pCi-1) z] i
($(x )

(4.3)

where ¢(xpw’) is set to 1. The integrand in (4.3) now has a
maximum of approximately 1 and so overflow is avoided. A
check on the size of the integrand must be kept, however, to
avoid underflow.

In the several examples we have tried the
described computational procedure works extremely well.
Admittedly we have yet to solve any particularly complicated
problems, but we do not anticipate any severe difficulties.

previously
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Example. As a simple application of the procedure we

consider the 2x2 transfer function matrix

1 1
(s+2)? 2s%-s+1 1 %
Wix,s) = +
. 1 1 (s+1)?| x x,
Sz_s+1 (s+l)z

(6.4)

where s = jw and x € = c R*. The singular values of W are
shown in Fig. 4.1(a) for the case x = 0. The =-norm of W was
then minimized without any functional constraints using the
sequential quadratic programming software NLPQL [12]. The
starting value of x was chosen to be the zero vector. The
results are summarised in Table 4.1 for p taking on the
values 5, 20, 100, and 200. Fig. 4.1(b) shows the resulting
singular values of W for the optimal value of «x

corresponding to p = 200.
The functional constraint
S(x,0) < 0.8 (4.5)

where 9(x,w) is the minimum singular value of W, was then

for all w € Q,

introduced and the problem re-solved using the same
software. The resulting optimal value of the w-norm of v,
corresponding to p = 200, was 1.86 compared to 1.41 for the
unconstrained case. The corresponding singular values of W
are shown in Fig. 4.2.
5. Acknowledgements

The authors wish to thank Dr. B.D. Craven for his help
in the formulation and proof of Theorem 3.2 and Dr.
D.J.Clements for his many helpful comments.
6. References
1. Francis, B.A., A Course in H® Control Theory, Springer

Verlag, 1987

2. Glover, K., All Optimal Hankel-norm Appgoximacions of
Linear Multi- variable Systems and Their L -error Bounds,
International Journal of Control, Vol. 39, pp.1115-1193,
1984

3. Doyle, J.C., Glover, K., Khargonekar, P., andm Francis,
B., State-Space Solutuions to Standard H? and H Control
Problems, IEEE American Control Conference, Atlanta, June
1988.

4. Limebeer, D.J.N., Kasenally, L.M., and Safonov,
Characterization of All Solutions to the Four
General Distance Problem, submitted for publication.

5. Polak, E., and Wardi, Y., Nondifferentiable Optimization
Algorithm for Designing Control Systems Having Singular

M.G., A
Block

Value Inequalities, Automatica, Vol. 18, pp.267-283,
1982.
6. Polak, E., and Mayne, D. Q., On the Solution of Singular

Value Inequalities Over a Continuum of Frequencies, IEEE
Trans. Automat. Control, Vol. AC-26, pp.690-695, 1981,

7. Jennings, L.S. and Teo, K.L., & Computational Algorithm
for Functional Inequality Constrained Optimization
Problems, to appear in Automatica, 1989.

8. Polak, E., and Mayne, D.Q., an Algorithm for Optimization
Problems with Functional Inequality Constraints, IEEE
Trans. Automat. Contr., Vol. AC-21, pp.184-193, 1976.

9. Schittkowski, K, NLPQL: A FORTRAN Subroutine for Solving
Constrained Nonlinear Programming Problems, Operations
Research Annals, Vol. 5, pp.485-500, 1985.

_—
13 x? ¢, [ 40Py

5| -0.257 | 0.185 | 0.165 | -2.00 | 1.299 1.446
20 | -0.253 | 0.292 | -0.05 | -1.97 | 1.359 1.418
100 | -0.259 | 0.349 | -0.05 | -1.99 | 1.396 1.413
200 | -0.259 | 0.355 | -0.05 | -1.99 | 1.403 1.413

Table 4.1. Values of the p-norm and the «w-norm for the example.
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Figure 2.1 Stabilizing Controller Schemes.
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Figure 4.1 Singular values of w(x,s) for

(@ x = (0, 0, 0, 0);
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Figure 4.2 Singular values of W(x,s) for the constrained case:

x = (-0.130, 0.309, 0.0135, -3.as)%




