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Abstract: This paper proposes Extended Least Squares (ELS) schemes for ARMAX mode] identifica-
tion of continuous-time systems. The schemes have a relaxed Strictly Positive Real (8PR) condition
for global convergence. The relaxed SPR scheme is achieved by introducing overparametrisation
and prefiltering but without introducing ill-conditioning. The schemes presented are the first such
proposed for continuous-time systems. The concepts developed here carry through to output-error,

fast-sampled continuous-time systems and associated discrete-time ELS algorithms. We also state

conditions for the persistence of excitation (P-E.) of the regression vectors in the proposed ELS
schemes to assure strong consistency and obtain convergence rates.
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1 Introduction

There are two widely used classes of récursive identification sche-
mes for linear stochastic systems. These are the Recursive Pre-
diction Error (RPE) and the Extended Least Squares (ELS)
methods. The RPE schemes require projection into a stability
domain for convergence, and although attractive in open-loop
stable system identification, cannot be used confidently in adap-
tive control. ‘The ELS schemes require a Strictly Positive Real
(SPR) condition on a filtered colored noise model for their con-
vergence, The construction of the filter to achieve the SPR con-
dition is in general more difficult than projection into a stability
domain for open-loop identification, and so perhaps renders the
ELS approach less attractive to use than RPE methods in this
situation. However, for adaptive control, the ELS approach is
the only approach known with guaranteed convergence results.
(See [1] for discrete-time and [2], [3] for continnous-time resulis).

An obstacle towards guaranteeing convergence of an ELS
scheme is selecting a filter to satisfy the SPR. condition: In
the usual discrete-time ARMAX model notation where the noise
model is characterized in lerms of 2 polynomial C {of degree =),
a filter with transfer function W—2 must be chosen such that

%’. - %is Strictly Positive Ieal (SPR).

In discrete time, it is often the case that the prefilter z " W (2} =
1 ig chosen, and consequently the SPR condition is satisfied only
when the noise is ‘near’ white. When thefe are deterministic
disturbances such as constant biases, ramps and sinusoids, then
inevitably 2°C~*(z) — 1/2 cannot be SPR, even where noige
disturbances are white.

In continuous time, the SPR condition is even more restric-

tive than in the correponding discrete-time case.
Taking 5" W(s) = 1, to correspond to the discrete time exam-
ple zbove, means that the SPR condition cannot be satisfied with
any 5% C(s) other than a constant greater than 1 /2. Of course,
in this case W{s) is not asymptotically stable and is apriori not
a reasonable prefilter to nse. It turns out that selecting W is
only straightforward if C is known and otherwise is a formidable
task, : ‘

Several modifications of the ELS algorithm bave been pro-
posed to relax the SPR condition {see [13], [4] and the refer-
ences therein for discrete-time results), In {4], the SPR con-
dition is side stepped by transforming the discrete-time AR-
MAX model intc an equivalent and unique overparametrised
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form. Then T '(z1) & »n C~Y(z) is expanded in the form
Flz )+ P gz 6_1(2‘ 1} for suitably large delay D so that
the relevant condition that F{z~1)T " {#71)~1/2 be SPR is sat-
isfied. A problem with this approach is that if the zeros of C(z)
lie in a region offset from the center of the unit’ circle in the
z-plane, then D js a large number and an unrealistically large
number of parameters have to be estimated. The value of D is
inevitably large, for example, in fast sampled continuous-thne
systems [5] where the zeros of C(z) lie close to z = 1 in the unit.
circle. Likewise in systems with a 'deterministic’ disturbance
such as a constant or ramp bias, or sinuscidal disturbance,

This paper proposes ELS schemes with a relaxed SPR. con-
dition for ARMAX model identification of continuous time sys-
tems. The relaxed SPR scheme is acheived by introducing over-
parametrization and prefiltering but without introducing ill con-
ditioning. The techniques developed in this paper have been ex-
tended to discrete-time systems where the zeros of C(2) liein a
region offset from the centre of the unit 2-circle [12], for exam-
ple, in fast sampled output error (OE) continuous-time systems
[5] where the zeros of C(z) are close to the unit circle. It is
shown in [12] that instead of expanding € in the delay operator
which is the existing approach [4]. using more suitable opera-
tors yield significantly Jower order regression vectors with fewer
parameters to be estimated. One motivation to develop results
for eontinuous-time schemes is their relevance for discrete-time
schemes derived from fast-sampled continuous-time schemes. It
is importaat to establish that no insurmountable problems arise
should the sampling rate increase.

This paper is organised as follows: In Sec.2 we first present
the class of signal models of interest and then propose novel
expansions and factorizations for C-1, In Sec.3 we describe the
continuous-time transformed ELS scheme and study its relaxed
SPR. property. Also the convergence properties of the algorithm
and a scheme for recovering the parameters are discussed. Some
conclusions are drawn in Sec.4.

2 Signal Model and Factorization of -1 ()

Signal Model )
We work with 2 continuous-time version of the ARMAX

model:
A(p) y(t) = B(p) u(t) + C(p) e(t)
AP) ="+ ap" + ot an, Blp)=byp™t +oee 4 b,




Cpy=p"+ap" + - ten (2.1)

Here p denotes the differentiation operator, u(?) and y(t) are
the input and output signals respectively, (1) is a disturbance
modelled here formally as ‘white' noise. A more rigorous signal
model than one driven by ‘white’ noise can be formulated using
Ito equations is given below as

dp(t) = Ag(t) dt + Bu(t) dt + K dv(s)
d5(t) = C $(t) dt + do(t)

‘where v(t) is & Wiener process. The measurable physical output
of (2.1) is

70 = & f;é Wr)dr =+ j: iA a5y, A>0  (22)

Notice that using (), avoids problems associated with the fact
that since the degree of C(p) is equal to that of A(p), y(t) in
(2.1) includes a ‘white’ noise component. The actual structure
of A, B, K and C are not important at this stage.

Factorization for Continuous-time Models

Here we develop factorizations for continuous-time models.
Corresponding discrete-time factorizations are derived in [12].
The following key lemuma proposes an expansion of C~1(p) which
will be exploited subsequently.

Lemma 2.1: With C{p) defined in {2.1), assume C~2(p} to
be asymptotically stable. Then in Laplace transform notation,
for some real converging sequence ry and any 2 > 0,

- "

1 1 =, s—ayF
@~ Grar Z"*,(m) Reaz 0 (29)

k=0
Proof: Consider the bilinear transformation

sta z+1
= = §= . 2.6
2 s~a 's az—l (2.6)

Setting P(z) = c-t (a-ﬂ'—) then P(z) is analytic outside the
_ unit circle since (2.6) maps the left half plane into. the unit disk.
Furthermore, P(z) has precisely n zeros at z = 1. This is because
the n zeros of C~1(s) at s = oo map precisely to the n zeros of
P(2) at z = 1. Hence for some real converging sequence px,

“P(z)={(1-2z"1)" Zpkz"k 21> 1. (2.7)
k=0

Substituting back z = (s + ¢)/(s — @) now proves the lemma.
Remark: The expansion (2.5)'is closely related to Laguerre
function representations; see [5] for details.

Corollary 2.1: The transfer function C~*(s) in Lemma 2.1
can be uniquely factorized as

1 _F(s) + G(s) H(s)
C(s) I(5) T L5 Cs)
= L{s)= F(s)C(s)+ G(s) H(s) (2.8q)

where H(s) = (s — e}V, L(s) = (s + @)V, F(s) is of degree
N — n, and G(s) is of degree n — 1, i,

F(8) = fnte b fosV T, G(s) = gn14+ - +g0s™ " (2.8b)
Furthermore, given any € > 0, 3N 2> = such that

G(s) H{s)
L) C(s) oo —

where for any fanction f, || £(3)||eo E sup,, | f(8Ye=sw-
Proof: From Lemma 2.1

o -—l—j\fr (s—a ,
Cl) ~ Grar i “+_) *
1 o a—a\*
Gror kﬂ?_z“ﬂ: (——8_}_&) ; Re(s)>0.

(2.9“)
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The first term on the right hand side equals F(s) L-1(a). The
second term can be made arbitracily small by choosing N suf-
ficiently farge. It equals H{s)L~1(s) times a strictly proper
transfer function; this strictly proper transfer function has its
poles at the zeros of C(s). -

Remark I: The choice of  has a significant effect on the size
of N that satisfies (2. 8) and (2 8). Let z;,i=1,. ,n denote the

‘ - ) Hence
to obtain a fast convergence rate in the geries expansion, the
value of —a should be chosen close to the 2eros of Cs). Also note
that choosing a too large or small results in a slow convergence
rate. We give a comprehenswe design rule for selecting N and a
in Sec.3.

Remark 2: From Remark 1 it follows that a large vaiue of ¥
must be chosen if the zeros of C(s) are scattered. This can be
circumvented if C'~1{s) iz expanded around several a’s, i.e., use

L(s) = }_T_[(a +a)), iN,— =N

=1 =1

H(s)= H(s—a;)“" EM. N-n+1
i=1 i=1
in (2.8).
Remark 3: Since F(s) Is in general not monic, we shall in the
sequel work with the monic polynomial
= & F(8)
F(s) = —=.
©=%
Note that by equating the coefficients of the s" terms in (2:88);
wehave fo+g0=1.
Ta the rest of this paper we shall implicitly assume & > 0.

(210),

3 Continuous-time ELS scheme with Re-
laxed SPR'condition

In this section we first achieve a transformed ELS scheme and
then interpret its associated SPR condition. We state conditions
for the P.E, of the regression vectors-and determine the conves-
gence rates of the scheme. Finolly, we show that 2 companion
Least Squates scheme can be used to recover the original param-
eters.

Time domain equations
et us consider a filtering operation on (2.1) in terms of the
expornentially stable filter

i F(s)
W)~ I(e)’ @3

According to the Corollary 2.1, (3.1} is a good approximation of
C~(s) provided N is large enough. However, because F{(s) is
unknown we do not use (3.1) in the actual implementation of the
estimation scheme. Applying the filter (3.1} with the normalized
T(s) defined in (2.10) replacing F(s), (2.1} becomes

Alp) i((g y(t) = B(p) igg (f)+C'_(p)_f83 &)

or equivalently, using (2.8),
N Ap} yon(t) = p~ B(p) uzn(t) + Joe(t)

~5~ LB (p) en(t) + e(t). 3.2)
under the following definitions
yon(t) = o I-1p) v(®), winl(t) = ¥ L7 (p)ul(t); enl®) =
7t H(p) L(p) e(t)

Ap) = A(p)F(p), Blp) = B F(2); Clp)=G®)/fo

where G(p) = Fo_1 + -+ + a8 85
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We now estimate the coefficients of A(p), H(p) and G(p) as

(p), B(p) and &(p) using ELS. To formulate the ELS scheme,
let us consider the more precisely defined stochastic Ito form

state equations [2]. Witk €{t) S eq(t) — eft), consider 3.2)
reformulated as

dz(t) = Ax(t)dt — es dyl(t) + enyr urn(t) di

—ean+1de(t) — eanyqdu(t)
AN () = 0% 2(2) dt + do(2), 2(0) =0 (3.4a)

where ef = (0...010...0) with the 1 in the i** position, Trnl?)
is defined similar to (2.2) and

2(t) = (450 - - o) w0 ...xfee)

- T
) —ef0)...~ ™0
iy = (@...ax b .. on 7P '?n-l)r (3.45)

where yf)(8) = £ o530 (r) dr, o0 & £ yon(r) drand wll (e

and egv)(t) are defined likewise. Also, »(2) is defined in the Ito
formulation of (2.1} and -

A= blockdiag(En, Ex,E), Ei=| © O (349
La 0

Note that the componexits of z(¢) are measurable.

Transformed ELS scheme .
Consider the ELS estimation of nv(2).

di(t) = AF(t) dt — e, dyZh(8) + envqr uzn() de
—earvy1 dEt) — ean g di(t)
d3(t) 2 dgon(t) - () 2(0) dt, din(t) = Ba() di(a),

4Pt = 2(t)aT(t)dt, 4P, = — B, #(2) 5()T Bodt, Py > 0, (3.5)
switably initialized with £(0), dy(0) and some P, > 0. The
state estimate £(¢) above is defined by (3.4b) with e)(2), el)(2)
replaced by &0X(t), &f)(t). Also &(2) & -t H(p) L-Y(p) &(2),
&) £ éu(t) - o(t) and B = f1a(r) 2T(r) drt B,

It can be shown [2] that a sufficient condition for the ELS
scheme to converge is that ‘

L(s) i
m - 5 is SPR
or equivalentiy
G()H(s) _

L( 8) — %

< 1{Strictly Bound Real (SBR) condition).
= (3.6)

Overparametrization Selection to satisfy SPR condiiion
Fromm Corollary 2.1 we know that

G(s) H(s)
L(s) C8} Il

can be made arbitrarily smalt by choosing N large enough. By
restricting the zeros of C'(s) to lie inside a given a priori compact
set, it is possible to specify N and & such that (3.6) is satisfied
for all C(s) whose zeros lie inside the set. In this subsection we
specify N, a and the compact set. )

* We first seek a relationship between the unique factorization
(2.8) and the unique factorization in 4]

= F(271) + 4~ (N-nt2) —-—._ggz'l) (8.7a)

1
Ty (=)

where €(271) and F(z*1) are monic polynomiale of degree n -
&2d (N — n) respectively and §(277) is a polynomial of degree
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{rn—1),ie.,
Nen R n—-1 o
F) =143 627 Gz =Y.y (3.76).
=1 =0

The motivation is to achieve # continuous-time version of the
discrete-time result in [4] namely: )
Lemma 3.1: Consider any polynomial

" n
U(z"l) = EE,- 2=t = H(l -z z"i)
=0 =1 .

with € = 1 such that fz| < R < 1 forall i. Consider also for any
N, a polynomial pair (F(2~1},5(>~")) with degrees N — n and
n — 1 respectively, defined uniquely by the factorization (3.7).
Then there exisis Ny(R) such that for all ¥ > No(R}), G(2-) is
SBR.

Proof: See [4). .

To lead into & continuous-time version of Lemma, 3.1., we in-
troduce the following lemma.

Lemma 3.2: The facterizations (3.7) and (2.8) are equiv-
alent under the bilinear transformation {2.6) and the following
definitions of 7', F and § in terms of C,F and & or vice versa:

Cls) _ Mzﬁ (.‘ﬂ) , G(_.s) =(s+a)ig (3_'”‘1)

Cla) ~ (2a)", s+a sta
F(s)= %% (s+a)nF (: = :) » (380)
) ooy < EoE P o (241,
o) = S s (o5).
Fz )= E"(—;;%f——“(,‘(a)r'(a:f:). (3.88)

Proof: We first show that (3.7) transforms to (2.8) under
(2.6) and (3.8). Multiplying (3.7) by {1~ 1) we have

%}% = (=2 F( ) 4 (1 7Y o~ (W-nh2) —%&-——:3

Substituting (3.8b) and (2.6) leads to

C@) _ oy FO) +(s_a)N-'~+1 Gs)  Cla)

C(s) (s+a)F " \3ta {s+a)1 C(s)
which yields (2.8).

The converse holds likewise, .

Remark I: By its definition in (3.8), T(z~1) is a monic poly-
nomial because C(s) is monic. Also from (3.8a), with 7; and §;
defined in (3.7b), simple manipulations yield .

2a)t . )
fo= '(G—(‘;)T(H-ﬁl +ootinen)i g0 = Yokt g (3.92)

flemark 2: Note that under (2.6) and (3.8),
2~ W=nt1) G(5~1) transforms to G(s) H(s) L~1(s). So

G(s) B(s)
L(s)

.= Ig(z_l)i!z]=1- (3'96)
ejw

Morcover, since stability is preserved under the bilinear ‘trans-
formation,
g0 _ 1 G(8)H(s) g0 = G(z™) '
- = =/ GBR —_ . F
2 hIE - = % SBR {3:9¢)

]



We now present the continvous-time version of Lemma 3.1.
Lewma 2.3: Consider a polynomial C(s) = TIals — siks
s; < 0 such that, its zeros lie in a circle with centre zg =

i+R2) . : '
—a %i’-ﬁ’} and radius

e (3.10a)

or equivalently such that,

|si—xol < r, R<1 Vi (3.105)

Consider also that for any &, the polynomials F(s}, G(s) and
H{s) are uniquely defined as in (2.8). Then there exists No(r)}
such that for all N > Ng(r),

5| , |1 GOAE)
fol "1fo L(s)
and the SBR condition (3.6) is satisfied.

Proof: Using (2.6) with » defined in (3.10) and = defined in
Lemma 3:1, straight-forward manipulations yield

<1 {3.11)

(1+RrY)

.< . —
] <R<l & 3.+a(1_R2)

Since (3.6) is hmplied by (3.11), we shall look for upper bounds
on [gof Jo} and

G(S)H(S)! )
folL{sy "7

I1. is proved in [4] that

_G(="1)
1 = I fﬂ l]zlr—*l'

n—1 7
_ N +a) n O
o < 3 il < R ARG 4y 2 )
and thus }G(z7")|jsg=1 < S(N). Also, it is easily shown that
f(A') is monotonic decreasing il

R(14a)=1

>
Nz 1-R

(3.122)

Also, a minimum bound for | fol can be obtained as follows: If N
is chosen sufficiently large so that f{ V) < 1, then since fo+go =
© L 1fol > 1 fIN). So

%, |9
fo foo =

Hence for any N, if 2 f(N}/(1— fIN}) < 1,le,

2f(N)
1- f(N)

+

1
3 RN-nH1 %"—)'(1 +R"<1 (3.126)

and {3.12a) holds then the SBR condition (3.6) is satisfied. Note
that No(r} can be defined as the smallest value of N for which
(3.12) holds. .

Persistence of Excitation of z(f}

We require the regression vector z({t) and its estimate (1)
in (3.4) and (3.5) to be suitably exciting to assure strong con-
sistency of the identification scheme and therefore its robustness
to unmodelled dynamics [11].

Lemma 3.4: A necessary and sufficient condition for z(t)
in {3.4b) associated with signal model (3.4a) to be controllable
from inputs u{t), v(f) is that

A{8)K(s), B(s)K{s)and C(s)are coprime (3.13)
where
E(s) & H(s)— (s + )"+ (3.14)

(A(s), B(s), C(s) are defined in (2.1) and H(s) in (2.8).)
Proof: See [12]. o

Convergence of modified continuous-time ELS scheme

Standard techniques [8] apply to achieve convergence prop-
erties of the transformed ELS scheme. We summarize as the
following lemma.
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 Theorem 3.1: ¥or signal model (3.4) and ELS estimation
scheme {3.5), if N is chosen sufficiently large so that the SBR
condition (3.6) is satisfied then ag t ~+ 00

_Aa 2 IOgAmux 13:_1
lléw — B0l = 0 (#—Aminﬂ_, ) as (15)
[l(I? = Olog Amax P2} 228 (3.156)

Moreover, with #{t), v(f) suitably exciting i.e.,

10¢ Aoz Pt

1i: = 5. 3.16
Lim - 0 as (3.16)
ther as t — oo,
. —1
|18 — v =0 M{—— a.s. (3.15¢)
Aml'ﬂ Pg
We(®)I? = O(10g Aoz ) 2.5- (3.15d)

Furthermore let AK, BK, € are coprime (i.e., z(f} is reachable
from u(f), v(t) (Lemma 3.4)) and C(s) be strictly minimwm
phase. Then as ¢ -+ oo for stable signal models (and therefore
no finite escape time for z(t) and Amaz Fr T < O(t) with u(t),
o{t) suitably exciting (3.16), :

N — On ()P = O(t™ logt) 2.
Proof: The results (3.15a) to (3.15d) are impliditly estab-

lished in [8]. Although the signal mode! in (8] has different in-
terpretations for 8y, z(t) than here {namely a specialization of

the model used here when N = 2, a = 0), the proofs are invati--

ant of such interpretations as long as the subsystem with input

%) &(t) and output 6F i:(i): 16%(2) 2(r) is strictly passive.
S B A = N

(2(2) 2 2(2) — £(£) and Fn(t) = v — On(2))-

Least Squares Parameter Recovery

The state space [to representation of (2.1) prefiltered by the
exponentially stable filter L~1(s) is

dp(t) =To(t)dt — &1 fivﬂ(t) + ent1 2Ln(t) 4t + e2ans deg)(t)

B (t) = oT() 8t + def (), w(0)=10 (3.17a)
where €T is defined in (3.4). Also

o(t) = (~o0). -~ v )0 - 2

eg)(t) ees eg‘)(t))T
O (1)
Lz}

where yra(#) = p™ L~1{(p) y(t), etc. The superscripts in {3.17a,b)
are defined in (3.4b), and

0=(a1...0n bro. Bpe1...c)T, fNR) =" (3.178)

0

So far we have proved that consistent estimates of parame-
ters of the transformed signal model (3.4) can be cbtained under
the relaxed SBR condition (3.6) and P.E. condition (3.16). Iden-
tification of the original signal model parameters 8 can also be
accomplished tnder the same conditions if the following Least
Squares (LS) algorithm operating in parallel to the ELS algo-
rithm is utilized:

db(t) = Peg(t) (dpa(t) - () 7(1) dt)

T = block diag (Exy Ex En), Fn = [ o 0 ] . (317¢)
n—1

P, = U; B(r)Fr )T dr +?;‘] = Fs0 (1180
where - _
PO=(—y(0). ..~ 2@ uf20) ... ) .- i(’ )"
: 3.1

8b)
and 8(t) are the parameter estimates of 6.
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Remark: Tt may be thought that dgy,.(¢) — ¥T({)8dt in
{3.17a) should be the differential of a Wiener process for the
L.8. scheme to converge. However, as shown in [2}, this is not
the case as long as L~1{p) is exponentially stable aad deli)(t)
(= dv(t), see (2.1)) in the differential of a Wiener process. o

Note that the noise terms eg)(t) are obtained from the ELS
scheme. Thus the scheme {3.18), despite its similarity to (3.5),
has an almost standard least squares form. The only nonstan-
dard feature of the proposed scheme is that the Tegression vector
(3.18b) differs from the frue one where eg;)(t) would be present
ingtead of ég(t). We now prove that as long as the ELS scheme
converges, this discrepancy is asymptotically negligible, ie. it
does not affect either the consistency or the asymptotic rate of
convergence of the LS scheme.

Theorem &.2: Consider the least square scheme (3.18) with
signal model (2,1} and (3.17) under the relaxed SBR, condition
(3.8), where o{(t) is obtained from thie ELS scheme (3.5). Then

a5t — oo,
-1
e -0t =0 (“;g?‘-ﬁ‘—“if—;) 2.5, (3.19)
Am:‘n P:
Moreover, under (3.18) with P: defined in (3.5, as ¢ - oo
) —1
li6 - 60N = 0 (1—"5"-”%..) zs. (320
Awu'ra t

Furthermore for suitably rich bounded variance inputs wuz (1),
v£(t), then as ¢ — oo, Uminf Apis B71 /2 and for stable models
with bounded inputs,

He— 4l = 00 logt) as. {3.21)
Proof: Considering (3.17)and (3.18) define

Bty =0~ 8(2), 3(1) £ or) ~ 3(2)
Then ‘ .
dB{t) = —dd(2) = P, (¢) (dgp.it) - 6)" (1) dr)
= [-P:5(2) () 8t + del(1) — ()" (1) dt)]
P o ds (3.22)

The term enclosed in square brackets in {3.22)is the least squares
parameter error associated with the modal dy, (%) = B(1)T @ d1+

deg)(t), 50 that by known resulis {8] (in fact an appropriate
specialization of Theorem 3.3),

P, )@ (1) 0.t + dor(t) — 67(2) (e) )| |2

-1
=0 (lg.g_f\m“_spt_) (3.23)

o1

Am:’n P, t

The second iterm in (3.22) is bounded as follows: Using the
Schwartz inequality

—_— T __ T
i [ P st @ouie < [ Popra 167 ora
(3.24)
It is established in {8, Lemma 3.1, Theorem 3.1] that for con-
stants ky and kp,

j; [1E()II* de < ky jo 167 (2) @(0)[2 dt + ks = Oflog trPY)
where P is defined in (3.5). Thus
fu " 1167 ()1 dt = Otog trF°1). (3.25)
Also,
[iPira = [ PEa P = < P (2.06)
where the last equality follows from differentiating P, Fl=1

with respect to time and wsing (3.18a). Therefore with (3.25)
aad (3.26) substituted in (3.24),
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I f Pol(t) §(1)T 0 dt|[* = O((log tr £7*) (2r )

log Aoz £i1
€ fmaz ey - (027)
Ams’n Pi

But, recalling the definitions of #(t) in (3.4b) and (1) in (3.18),

= 0(

Amaz B = Oty jo‘a“:('r) ()7 dr)

¢ -1
= 0r [ )BT dr) = O0mas i)

beczuse L—1(s)} and H(s) L~1(s) in z(£) are stable transfer func-
tions. The desired result (3.18) then follows from (3.23) and
(3.27). Also, under (3.16), we have [8] :

log Amar P:_I _ log Anaz P;l
( Amin 71 )T 0 Amin B2 ~+ 0, a3t~ 00

thus establishing (3.20). The same arguments [8] used to prove
Theorem 3.3, establish (3.21).

4 Conclusions

The strengih of ELS schemes is that they hold out hope for
global convergence in stochastic adaptive control, at least in the
constant parameter case with no unmodelled dynamics. Also
under persistence of excitation, they hold out hope of local sta-
bility in the presence of nnmodelled dynamics. The achilles heel
of such schemes is the SPR convergence condition. This paper
has addressed this lssue for continuous-time schemes, building on
earlier work for discrete-time schemes. We have achieved a re-
alistic trade off between increasing algorithmic complexity and
avoiding drift or bias and guaranteeing convergence. It could
be claimed that in adapfive control, parameter convergence and
thus persistence of excitation is not strictly necessary to guar-
antee convergence to the optimal control. However, as is now
well known, the spectre of the lack of robustness to unmodelled
dynamics then looms large.
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