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ABSTRA!

The problem of representing a class of nonlinear systems by both
left and right BIBO (bounded-input-bounded-output) coprime factors
is studied. Based on the coprime factorizations, the class of all
stabilizing controllers of a particular structure for the set of plants
under consideration is then characterized in term of a BIBO stable
map, Q. The results specialize to the Youla-Kucera parametrization in
the linear case. Results giving the various conditions for a nonlinear
feedback system to be well-posed are also presented in this paper.
KEYWORDS: Nonlinear Systems, Coprime Factorizations,
Stabilizing Controllers

1 INTRODUCTION

The coprime factorization approach as a framework for the study
of linear control problems has been extensively researched, see [1-4],
and their references. The approach has generated many useful
insights even for the case when linearity assumptions are relaxed. A
number of results for the case of classes of nonlinear, injective
systems are given in [5-7]. However the correspondence of the
nonlinear theory to linear results is incomplete. For example, only
right coprime factorizations are developed for the representation of
the class of systems under consideration, yet it appears to us that a
suitable left coprime representation should facilitate the generation of
the class of all stabilizing controllers for appropriate nonlinear plants.
In [8], an attempt is made to this effect. However, the solution relies
on the assumption that only bounded input sequences are admissable
to the control system. The assumption, though not invalidated in
many practical systems, must be relaxed to achieve a more complete
theory as in the linear case.

In this paper, we first present some background results on the
well-posedness of a nonlinear feedback system. Conditions for a
nonlinear feedback system to be well-posed are derived. We then go
on to propose a left coprime factorization in a nonlinear context.
Furthering the preliminary results of [5], [6], we show the existence
of and give a construction for the left coprime representation of a
nonlinear system without invoking the bounded input assumptions of
[8]. With both the right and left coprime representations for the
system, we are then able to characterize the class of all stabilizing
controllers (of a particular structure) for the system conveniently in
term of a BIBO stable subsystem Q. This we claim provides a more
complete theory for the nonlinear case.

A further contribution of this paper is to achieve all the various
results relaxing the requirement that the nonlinear systems be
injective to allow for those for which there does not exist a bounded
sequence and an unbounded sequence that have the same unbounded
image through G.

In Section 2, we set up the mathematical preliminaries and present
our results on well-posedness of a nonlinear feedback system. Some
known results on right coprime factorizations are also recalled. In
Section 3, we present our results on left coprime factorizations and
characterize the class of all stabilizing controllers. Conclusions are
drawn in Section 4.
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In this section, we set up a mathematical framework with a
notation that follows [5] closely. The details are developed for
discrete-time, time-invariant systems, though some of the results
carry directly over to the continuous case. We shall begin by defining
the space of input and output sequences.

Let R denote the set of extended real numbers. We denote by
So(R™) the set of all two-sided infinite sequences u={...0, 0, ug, uy,
...} where u; € R™ for all integer j. From a practical viewpoint, the
set of bounded sequences is the most interesting. We denote by

So(6™), 0< B < oo the set of sequences bounded by 6, in that liujll<®
for all j. We will also denote the set of unbounded sequences in

So(Rm) by U(m).

A system in our context is defined as a map G:So(R™) — So(RM)
transforming input sequences into output sequences. We also denote

I: S5 as the identity mapping where $ € So(RP), p>0. In
particular, in this paper, we make the following assumption on the
system.

Assumption 2.1 For the system G:So(R™) — Sg(R™) and for every
sequence ye (Im(G)NU(n)), the sequences u(D), u2), ... satisying
G@uD) = Gu®) = ... = y are either all bounded or all unbounded.
That is there does not exist a bounded sequence and an unbounded
sequence that have the same unbounded image through G. Note that
injective systems have this property, that is those having a one to one
mapping from the input space to the output space .

We will show later that this restriction is necessary to ensure that
we always have existence of left coprime factorizations for G, and
consequently to achieve the convenient characterization for the class
of all stabilizing controllers for G. Many common nonlinear systems
fall into this category including the class of linear distrete-time, time-
invariant systems.

It is claimed in [8], where results are derived for injective systems
only, that the injective assumption is not overly restrictive since the
problem of stabilizing a strictly causal non-injective system can be
transformed into the problem of stabilizing an injective system with a
slight change in the control configuration. However in [8], the
coprime factorizations derived are for the transformed injective
system and not for any original non-injective system. Further, the
class of all stabilizing controllers generated for the transformed
injective system does not necessarily translate to the entire class of
stabilizing controllers for an original non-injective system.

We now review some definitions for systems including feedback
systems.

Definition 2.1 (Causal System) A system G:So(R™) — So(R™) is

causal (strictly causal) if given any pair of input sequences, u_i’ =
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(KG) is strictly causal and (I-KG)"! exists and is causal

or (GK) is strictly causal and (I-GK)-! exists and is causal ~ (2.2)

Conversely, (I-.KG)-1, (I-GK)-! exist and are causal if the closed
loop is well-posed

Proof: We show here the well-posedness of the feedback system
under the conditions that (KG) is strictly causal and (I-KG)! is
causal. The other set of conditions, that is (GK) strictly causal and (I-

GK)-! exists and is causal, can be similarly proven by interchanging
the role of G and K.

Consider Figure 2.1a with w= 0. Simple manipulations show that
if (I-KG)-1 exists, then the maps from v to ¢ and v to y are
respectively given by (I-KG)-! and G(I-KG)-1. Consider arbitrary
sequences ve So(RM), w e So(RM) so that wj, vj = 0 for i<0. For

i=0, consider the case wo = 0. Then eg |{wg=0} that is eg given
wo=01is given as

¢o }{wo=0} = (I-KG)'I[(V)_N]

and  yol{wo=0) =GA-KGI[W) ) @3)
If wo # 0, then define an intermediate variable
Po = K[ (.lyo+wol ) 1 - KIG) 2 1 +vo @4

which can be determined by [(v) © 1 and [(w) ° ] since (KG) is

strictly causal and therefore wq does not affect yg. Thus at initial
time, the loop responses eg, yo of Figure 2.1a,b are equivalent, being

eo [{wo#0} = (IKKG)![(..0, po)], yo !{wo=0} =G[(e)_g] 2.5)

Now since (I-KG)1 is causal, eg |{wg#0}, yo |{wo#0} are uniquely
determined by input sequences wj and w3 up to i=0.

For each j >1, define pj = K[ ( ... .yo...¥j-1,(yj+w) ) 1- KI(y) 1]
+vj, yj =y;j!{w;>0) where p;j can be uniquely determined by (v)_i

and (w) _i . Then again the equivalence of Figure 2.1a,b apply for
each j and i ) ) )

ML .w?)1=aKGy ! 1 yj=Gle!] 2.6)
These variables are uniquely determined by inputs of v, w up to j.
Working recursively and for all possible pairs of sequences v and w,

we conclude that with (I-KKG)-1 causal, there exist causal maps Fe
from (v, w) to e and Fy from (v, w)toy as

Fe: (So(R™MxSp(R™) — So(R™),

Fy: (So(R™)xSgRM) — So(R™) Q2.7
Since e, y are causal responses, all other signals in the feedback
system can be causally determined. This complete the proof for the
first part of the theorem.

"Converse": The feedback loop is well-posed implies there exist
maps from (v, w) to e, (v, w) to y etc. Consider the special case

where w is set to be the zero sequence. This implies there exists a
causal map P from v to e, that is for any v

e=P[v] (2.8)
Now from Figure 2.1a and with w=0

(IKG)e=v 2.9
This implies (I-KG)P[v] = v and therefore

P = (IFKKG)'1 (2.10)

Similarly, for the case where v is set to be the zero sequence, we
have (I-GK)-! exists. This completes the proof. AAA

We next show the existence of (I-KG)-! and (I-GK)-! under the
condition often achieved by practical controllers, namely
(KG) and (GK) are strictly causal (2.11)

Lemma 2.1 Consider the closed-loop system of Figure 2.1a with
G:Sg(RM) — SoRD), K:So(RM) — So(RM) satisfying 2.11. Then ‘

(I-GK)-1, I-KG)-! exist. If in addition, the closed-loop system is
internally stable, (I-GK)"1, (I-KG)-! are BIBO stable.

Proof: (The argument follows that developed in Lemma 2, 3 of [5])
Consider the effect of v only. From Figure 2.1a, we have v=Fe,

F=I-KG, and I:So(R™) — So(R™) is an identity mapping. We shall
first prove that F is both injective and surjective. Let u ..J., , u_i be two
input sequences such that Fu _i =Fy _i . This implies
ol = i . J
[ul; - [v]j [KGu_w]j [KGv_m]j .
Now from the definition of So(RM), there exists an i such that u_ !
1+l

(2.12)

1) (one such value is i = 0). Then we have uj4] - Vi41 = KGu

KGv'*!. Now from the strict causality assumption of KG, KGu“'1

KG‘\)H'1 This implies ui41 = vi+1. Recursively, this implies u =
v L for all j. Thus F is injective. Also (I-GK)-! injective can be

similarly proven by considering the effect of w instead of v.

To prove surjecuvny, let ze So(R™) be any sequence such that
Fu=z. Let j be an integer such that z; =0 foralli < - j and define uj =0
for i <j. We have uj+1 - (KGuj41) = zj41. Now since KG is strictly
causal, KGujy1 is determined from only the inputs (U.co ...uj). Thus

“_;+l _ﬂ> 1+ (KGujy1) (2.13)
and u; +ko 1 can be computed recurswely from uj,.1. We conclude
that F is surjective. Surjectivity of (I-GK) is similarly proven. Thus
(I-KG), (I-GK) are isomorphisms and have unique inverses. Also

under internal stability, (I-KG)-!, (I-GK)-! are BIBO stable, since
they represent the maps from v to e etc in Figure 2.1a. AAA

Right Coprime Factorizations We now recall the existence and
construction of right coprime factorization for the class of discrete-
time, nonlinear, injective systems.

Lemma 2.2 [5] For a nonlinear causal injective plant G:Sg(R™) —
So(R™), internal stabilizability by an output feedback controller
K:So(R™) = So(R™M) such that (KG) is strictly causal implies the
existence of BIBO right factorizations, G=N*M*-1 with N*:S$* —
So(RM), M*:8* — So(RM),

Remarks 1. Note that N*, M* are not necessarily coprime.

2. For the remainder of the paper, the term right factorization will
denote a right factorizations with the stability, causality etc properties
of N*, M* of the lemma.

Lemma 2.3 [6] Let G:So(R™) — So(R™) be a causal, injective
system possessing right factorizations G=N*M"* -1 over the
factorization space S* where N*:S* — Sg(RM), M*:$* — So(R™)
with N*, M* not necessarily coprime. Then G also has right coprime
factorizations G=NM-! over the factorization space S with N:S —
So(RM), M:S — So(RM) coprime.

Remark The coprime factorizations here are unique up to post-
multiplication by a injective unimodular, stable system.

Lemma 24 [6] Given that G:So(R™m) — Sop(RP), causal and
injective, has a right coprime factorization G=NM-1 over the
factorization space S; N:S — Sp(RP), M:S — Sg(R™M). Then there
exist BIBO stable maps V:So(R™M) — S, U:So(RM)AIm(G) — S such
that

M-ON=LS> S 2.14)

Remark 1. Note that ¥ is constructed such that its inverse exists.
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(.11, 1), v_i = (...vj-1, Vj), equality of u_i and v_i for any j

implies the corresponding output sequences satisfy [G(u_i )]_i

Gov i3 (G i P! = (G ] P! for strict causality) -
being independent of future inputs u;, vj fori 2 j @>j).

ition 2.2 -input-bounded-output Stable) A system F
is bounded-input-bounded-output (BIBO) stable if and only if for all

0<a<oo, there exists 0<B<eo such that F:Sg(a™) — So(Bn).

Definition 2.3 (Parallel or Sum) Given two systems G1,G2:So(R™)
— So(RM) a parallel operation (sum) on the two systems
G=(G1+G2):So(RM) — So(RM) is defined pointwise for every
element in the input space, that is for ue So(R™),
Gu)=G1(u)+G2(u).

Definition 2.4 (Series or Cascade) Given two systems G1:So(RP)
- So(R™M), G2:So(R™) — So(RM), then a series operation or cascade
G=G1G2:So(RP) = So(RM) is defined for every ue S(RP) by
G(u)=G2(G1(u)) in the usual definition for composition of maps. In
forming G, G is said to premultiply G, or G1 postmultiply G,

Remark Note that for any three systems A, B, C of compatible
dimension, we have (A+B)C = AC + BC, but C(A+B) # CA +CB.

Definition 2.5 (Inverse) Given a system F:So(R™) — So(RM),
F-1:So(RM) — So(RM) exists if and only if F is both injective and
surjective (i.e. an isomorphism). If F is injective but not surjective,
then we define a set theoretic inverse by F*:S — So(R™) where S
=Im(F) < So(RM). Note FF-1 = L:So(R") - So(R"), FIF =
L:Sg(RM) — So(RM), F#F = ESp(RM) — So(R™) and FF¥ =1:5-8.

Definition 2.6 Unimodular Systems Consider a BIBO stable
system, F:So(R™) — So(RM) such that F-1:So(R1) — Sp(R™) exists.
Then F is said to be a unimodular system if and only if F-1 is BIBO
stable.

Definition 2.7 (Well-posed Feedback System) A feedback system
consisting of G:So(R™) — So(RM) and K:So(R™) — So(R™) is well-
posed if and only if for any possible external input sequences,
ve So(RM), w € So(RM), all signals in the system with inputs v, w
and output e, y are uniquely determined by causal maps. That is, the
system of Figure 2.1 is well-posed if and only if for all input
sequences v and w, the responses e and y can be causally
determined.

Remark It is obvious that as long as e and y can be causally
determined, all other remaining signals in the feedback system can be
causally determined.

jti ility) A well-posed feedback system is
said to be internally BIBO stable if and only if all signals in the
feedback system are bounded for ail bounded external input
sequences.

We can now state a second assumption used in subsequent
sections.

2 ilizability) The system G:Sp(R™) — So(R")
is stabilizable in that there exists some causal controller K such that
the feedback system is well-posed and internally BIBO stable. In set
theoretic form, a necessary condition is the existence of S < So(6™),
0<B<eo and S#D such that G[S] C So(Bn), 0<P<ee. )

We next define the following operations; parallel (sum) and series
(cascade).
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Definition 2.9 (Fractional Description) Consider G:So(R™) —°
So(RM). Then G has a right fraction description if there exist
M-1:Sg(Rm)—S, N:S—Sg(R?) for some S & So(RP), p>0 with N,
M causal, BIBO stable and G=NM-1. Also G has a left fraction
description if there exist N:Sg(RM—8, M-1:5 — So(R™), for some
§ c So(RY), ¢>0 with N, M causal, BIBO stable and G=M-1N.
Finally we shall define coprimeness of two systems. In particular,
we shall differentiate between left and right coprimeness.
Definition 2.10 (Right coprimeness) Let M:S— Sg(R™m),
N:S—8g(R") be a right fraction description for G:So(R™) — So(R™)

and let o C So(0™M) < So(RM), 0<B<ee, be the set of all 8 bounded
sequences that have bounded images through G, but unbounded

images through M-l. Let also {Mj, Ni}, M;:Sj—So(R™),
Ni:Si—So(RD) be the set of all other right fraction descriptions for G.

Similarly, let o; © Sg(6M) C So(R™) be the set of all © bounded
sequences that have bounded images through G, but unbounded
images through M;-1. Then N, M are said to be right coprime over
the factorization space Sif Vi,anaj=oa=.

Remark This definition reduces to the definition given in [6] which
is stated in a slightly modified form as follows. Two causal systems
M:S — Sg(RM), N:§ = So(RD) for some S < So(RP) such that
G=NM-1:5o(RM) — So(RM) are said to be right coprime over the

factorization space S if for every real T >0, there exists a real 6>0
such that

§* N M-1[Sp(xm)] < Sq(OP) where N[S*] = So(t?) " ImG  (2.1)

Qualitatively, it means for every unbounded input sequence w to
[II\‘IA] , at least one of the outputs is unbounded.

Definition 2.11 (Left coprimeness) Let M:Im(G)-S, N:So(Rm)—3
be a left fraction description for G:Sg(R™) — So(R™), with Im(G) C

So(RM) and let oo < U(m) < So(R™) be the set of all unbounded
sequences that have unbounded images through G, but bounded

images through N. Let also MyIm(G)—38;, Ni:So(R™)—3; be the
set of all other left fraction description for G. Similarly, let oy €
U(m) < Sg(RM) be the set of all unbounded sequences that have
unbounded images through G, but bounded images through N;.
Then N, M are said to be left coprime over the factorization space S if
Viono=ao.

Remark 1. Itis obvious that if there exist u(De So(6™), 0<B<eo
and u®e U(m) such that y = Gu(V)) = Gu(?) eU(n), then it is
necessary that v = N@u(D) = Nu2)) e So(6P) (otherwise N is not
BIBO stable). This however implies N, Mare not necessarily
coprime. Thus systems possessing such properties do not necessarily
possess left coprime factorizations. There does not appear to be any
dual to this restriction for right coprime factorization, being ruled out

by the assumption that G is a transfer function mapping from the
input sequence space to the output sequence space.

2. If o = (empty set), then it is necessary that M, N are left
coprime factorizations for G since o ™ o = &.

We next present two preliminary results. On well-posedness of a
plant G and controller K in feedback, we have the following.

Theorem 2.1  Consider a causal plant G:Sg(R™) — So(R™) and a

causal controller K:Sg(R™") — So(R™) in closed loop as in Figure
2.1a. Then the closed-loop is well-posed if either



2. Equation (2.14) can be interpreted as the governing equation of
an internally stable closed-loop system consisting of a cascade of two
compensators as depicted in Figure 2.2. Here the stable closed-loop
transfer maps are given as follows.

wtoe : YM(YM - ON)-1=UM
wtou : M(VM - ON)-1 =M
wtoy :N(VM-ON)-1=N

3. MAIN RESULTS

First we present dual results to Lemma 2.2 on left coprime
factorization representations and extend the results of Section 2 to
plants satisfying Assumption 2.1. We then conveniently characterize
the class of all stabilizing controllers in term of a BIBO stable Q.

(2.15)

Lemma 3.1 Let G:So(R™) — So(R™M) be a causal nonlinear map
satisfying Assumption 2.1, then for G there exist left BIBO coprime

factorizations given G = M-IN, N:So(R™)—T and M:So(R"—3p
and the image M if restricted to the set Im(G) C So(RM) gives 3, that
is M{Im(G)] = S.

Proof: We shall show a construction of M and N given a G that
satisfy the conditions of the lemma. Let us define the following sets

for all 8, 0<B<ee, as depicted in Figure 3.1.

'y"b = G[Sp(6M)] N U(n), the set of unbounded images of G that has
bounded preimages.

Y: = G[Se(8™m)] N So(BM), the set of bounded images of G that has
bounded preimages

'Y: = G[U(m)] N U(n), the set of unbounded images of G that has
unbounded preimages.

fl; = G[U(m)] M So(8M), the set of bounded images of G that has
unbounded preimages.

‘We have then

m@G)= 4 v vy o (3.1)
Denote

Mo = Sp(0™) \ ( fl; V] f; ) (\denotes set difference)
and My=0@m)\( f‘b v f’u) (3.2)

Consider the space of So(RP), p2n. Let 61, 67, 03, 04 be four
disjoint bounded subsets of So(RP), that is 61, 02, 03, 04 CSo(6P)
such that yl‘)' is isomorphic to 61, 'y: is isomorphic to o2, y: is
isomorphic to 63 and 1y is isomorphic to o4 (it is obvious that for
p=n, O}, 02, 03, G4 exist).

Now denote

§=(o1uouou y:)

and Sp=(Sumyuoy) 3.3)
and define four bijective mappings ¥, W2, W3, W4 such that
il 1= o1, Yol = oo Wsll 1= 03, Walnsl =04 (3.4)

We can now define the bijective mapping M:So(R")—3p as follows.

Mx = ¥ix ifxefg
Mx = ¥ax ifxefl;
Mx = W3x ifxe )
Mx = ¥4x ifxemnp

Mx =x ifxe f‘uun“ 3.5)

and for M restricted to Im(G), we have M[Im(G)] = 3. Since
bounded sequences in Sp(R?) are mapped by M into bounded
sequences in S, then M is BIBO stable.
Now N:So(RM)—T is defined as follows; for each sequence
xe So(Rm),

N = MIGx)] (3.6)
It is noted here that N is not injective if G is not injective. Again from

our construction, N is BIBO stable and M-IN = G. In the
construction, we have ensured that for every unbounded sequence in

So(R™) that has an unbounded sequence in Im(G), the corresponding
sequence in the factorization space So(RP) is unbounded. Thus the
set 0 C So(6P) (of Definition 2.11) is the empty set. Consequently

via Remark 2 following Definition 2.11, M, N are left BIBO coprime
factorization for G. AAA

Remarks This method of constructing the left BIBO coprime
factorization applies to linear systems as well, though this is not
conventionally used. This method requires the definition of more

than one function mapping for N, M with each mapping restricted to
some subspace of the whole input space, that is So(R™) for N and

So(RP) for M. In the linear system context, this would mean some of
these mappings do not give stable systems when the whole input
space is used. However, restricted to the suitable subspace, they are
then "stable”. Now in the linear system case, the superposition
principle can be applied and this has led to other methods of
constructing left coprime stable factorizations (discussed in [2]). In
the wider class of nonlinear systems where, in general, the
superposition principle cannot be applied, the methods of [2] do not
apply.

We shall now show a specific example of selecting the various
bijective mappings ¥, ‘¥, etc.

Example 1 Let G:So(R™) — So(R™) be a causal plant satisfying
Assumption 2.1 (note that G has the same number of inputs as
outputs). Let K:Sp(R™) — Sp(R™) be a causal stabilizing controller
satisfying Assumption 2.1 such that (1-KG)-1, G(I-KG)-! are BIBO
stable. Note that this is also the condition for the existence of right
fractional representation for G as in Lemma 2.2 of Section 2. Let us
define the following as in Lemma 3.1.

7: = G[So(6™M)] N U(m), the set of unbounded images of G that has
bounded preimages.

y“u = G[U(m)] N U(m), the set of unbounded images of G that has
unbounded preimages.

x = U(m) \y: < U(m), this is equivalent to (N U f‘: ) of Lemma
3.1.

B = (-KG)1[Sp(8m)], this is equivalent to (G2 U 63 U G4) of
Lemma 3.1.

Now since G is not injective, for each sequence in y';, there may be
many preimages through G in So(6™). Denote by aj, the set in
Sp(6m) that is mapped into ﬁ) by G. Let also denote for each x; in
*f’b, the preimages as ujj, j=1,2,... We define the set

ap = {uj1}, i=1,2,... 3.7

that is aip consists of all the first preimages for each x; € f‘: and the

map ®:a—ap where for each i, {ujj , j=1,2,...}€ oymap into uj;
€ ap. Note that if G is injective, then ®:0y—ap is a unity mapping,
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We now define

Sp=(ruopuxk) (3.8)
and G:ap— ¥ where Gx = G=, xe ap. The four bijective
mappings of Lemma 3.1 are then given as

¥, =3 =¥4 = (I-KG)! and ¥; = G'! (3.9)
Therefore M:So(RM)—3p is define as

Mx = I-KG)-1x if x e Sp(om) (3.10a)

Mx = Glx ifxe y‘; < U(m) (3.10b)

Mx =x if x eU(m)\yl’, (3.10c)
and N:So(RM)—3p as

Nx = M[G(x)], x € So(6™) (3.11)

From the construction, it is obvious that M is surjective. Now the
three mappings of (3.10) are individually injective. Since the

mapping in (3.10c) maps into U(m), whereas the mappings in

(3.10a) and (3.10b) map into So(6™), any possible cause of non-
injectivity must be from the non-empty intersection of the range of

these two mappings. Now suppose x1 € So(6™), x3 € U(m) has the
same image through (I-KKG) ! and G-, then

(I-KG)'Ix1 = Glxy
that is x2 = G(I-KG)-1xj < U(m) for x1 € Sp(6™) (3.12)
which contradicts the assumption that GI-KG)-! or equivalently,
G(I-KG)! is BIBO stable. Therefore M is bijective.

It is straightforward to see that M is BIBO stable. For N, we have
o1 C So(0™) maps into ap < Sp(0™) and (S(6™)\ oy ) into p
C So(6M) . Thus N is also BIBO stable. N, M BIBO coprime
follows from the Lemma 3.1. AAA

In the proof of Lemma 3.1, we show that there exists a
construction of a pair of left BIBO coprime factors for G, with a
specific construction given in the square G case. We show in the next

Lemma that given a pair BIBO factorizations for G, not necessarily
coprime, we can construct a pair of BIBO coprime factorizations for
G

Lemma 3.2 Let G:So(R™) — So(RD) satisfying Assumption 2.1 has
a left fraction factorization G=M"* -1N* where N*:So(Rm) — §* and
M*: So(RM) — $*p (with M*[Im(G)] = §*, §* < §"p) are BIBO
stable systems and $* € $*g < So(RP) for some p>0. Under this
condition, G also has a left BIBO coprime factorization where
G=F18 and N:Sg(R™) — § and M: SoR™) - § (with M[Im(G)] =

3, S §p) BIBO stable and BIBO coprime. Here Sc §gc
So(RP) is a suitable subspace.

Proof: N*, M* are not BIBO coprime if the set of all unbounded
sequences 8°C U(m) that has unbounded images through G but has
bounded images in the factorization space 3B is not "minimal" in that
there exist another left factorization representation N, M for G such
that the set 5 C U(m) satisfying the above condition is "smaller" than
5 in that & N 8* = 8 # 8*. In other words, if N*, M are not left
coprime , then this con-coprimeness is due to this set 3*. In this
proof, we shall identify all such elements in §* and construct a

bijective mapping B:S* — § where § < So(RP) and BN*), (BM*)
are BIBO stable and coprime. Let us define the following sets

3" = N*[So(R™)], Sp =M" [So(RM)]

8* =G[U(m)] n U(n), that is unbounded sequences in Im(G) whose
preimages through G are also unbounded (the Assumption 2.1 on G
excludes the case where some bounded and some unbounded
elements are both mapped by G onto an unbounded element)

= M*-1[M* [6*] n So(6P) 1, that is the subset of unbounded
elements in Im(G) whose preimage through G is unbounded and has

bounded images through M" (note that M" is bijective, otherwise the
inverse does not exist). This is the set that causes non-coprimeness.

B = 8"\, where \ denotes set difference

M = Um)\ (Im(G) N Un))

Now let &1, &2 and &3 be disjoint subsets of U(p) such that = is
isomorphic to &1 and B is isomorphic to &2 and 1y is isomorphic to
E3 (E1, &2 and &3 exist and an exampleis &1 =m, &2 =P and &3 =1y

for n=p). Since M* is an isomorphism, then there exist other
isomorphisms as follows

VM M=, YaM @) =&, YaM'Cw=Es (3.13)
Now let { = M*(8* U ny) and constructing Sp as S = [§*8\{) U
&1 U & L E3 1, we define a bijective mapping B:3*g — § as follows

Bx =W¥ix ifx e M* ()

Bx = W¥ax ifxe M* (B)

Bx =¥y if x e M* Mw

Bx=x if xeS*g\{ (3.14)

It remains to show that N=BN*:So(Rm) — Sg, M = BM* : S§o(R")
— Sp are BIBO stable and BIBO coprime.

In going from N* to N and M* to M, we only redirected the mapping
of the sets G-1[nuBuUN,] € U(m) and [tUP]  U(n) respectively
onto (&1UEaUE3) © U(p). Thus BIBO stability of N* and M* is
preserved in N and M.

Now N, M are left BIBO coprime since all unbounded sequences
that have unbounded images through G now have unbounded images
in the factorization space, thereby satisfying the definition of left

coprimeness. AAA
Remark When G, K are injective, then Lemma 3.1 and 3.2 are the
dual of Lemma 2.2 and 2.3 of Section 2. In the light of the
techniques used in the derivation here, it is clear that Lemma 2.2 and
2.3 of Section 2 can be generalized to be duals of Lemma 3.1 and

3.2; that is the injective assumption on G and K can be relaxed to
Assumption 2.1.

Theorem 3.1 (The Class of all Stabilizing ¥, U maps) Consider a
nonlinear, plant G:So(R™) — So(RM) satisfying Assumption 2.1
with right BIBO coprime factorization G=NM-! over the
factorization S where N:S — So(RM), M:S — So(R™) and left BIBO
coprime factorizations G=F-1N over the factorization space § where
N:So(R™) — §, M:So(R1) — . Let there exist Up:So(R?) = §,
Vo:S0(Rm) —» S BIBO stable such that VoM-UyN=Z is an
unimodular map in that the feedback system of Figure 2.2 with
¥=V,, U=0, is stable. Then the class of all stable maps T, ¥ such

that VM-UN=Z that forms a well-posed and stable feedback system
with G is characterized in terms of arbitrary BIBO stable, nonlinear

map Q:S - S as

T=(0+QM):SoRD) — S, V=(Vo+QN):So(R™) — S (3.15)

Proof: Since U, V stabilizes G and NM=MN, then
WM - ON = (Vo+QN)M - (U,+QM)N
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= VoM - U ,N+QNM-QNN = Z

where Z is unimodular.
To prove the converse, let U=:So(R1) — S, V=:So(RM) — S be any
BIBO stable maps satisfying YM - UN = Z where Z is unimodular.

Then (V-VYo)M = (U-Uy)N. Writing U = U,+QM where Q:5—5S isa
BIBO stable map, in turn

VYoM = (To+ QM - TN
V9o = (QM)NM-1 = QMM-IN = QN
V=Vo+QN

is of the form of (3.15) thereby completing the proof.

(3.16)

AAA

Remark The proof above is still valid for Q nonlinear, time-varying,
With Q nonlinear, time-varying, we will then generate a class of

nonlinear, time-varying maps (U, V) that stabilizes G.
4 CONCLUSIONS

The systems studied are discrete-time, time-invariant, nonlinear
and stabilizable. A key result in the paper is the proof of the existence
of a left coprime factorization representation of a class of such
systems, which includes those that are injective. This has led to the
convenient characterization of the class of all stabilizing controllers
for such systems. As expected, the results specialize to the well
known and widely used Kucera parametrizations for the linear case,
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Figure 2.1 Well-posed Closed-loop System

(1

[2]

3]

(4]

[5]

(6]

7

(8]

454

REFERENCE

Vidyasagar, M., "Control System Synthesis: A Factorization
Approach”, MIT Press Cambridge, 1985.

Tay, T.T., Moore, J.B., " Enhancement of Fixed Controllers
via Adaptive Disturbance Estimate Feedback", Proc. 8th IFAC
Symposium on Identification and System Parameter
Estimation, Beijing, Aug 1988 - to appear.

Poolla, K., Khargonekar, P., "Stabilizability and Stable-
proper Factorizations for Linear Time-varying Systems", Siam
J. Control, vol 25, no 3, May 1987.

Moore, J.B., Tay, T.T., "Adaptive Control within the Class of
Stabilizing Controllers for a Time-varying Nominal Plant", Int.
J. Contr., - to appear.

Hammer, J., "On Nonlinear Systems, Additive Feedback and
Rationality", Int. J. Contr., vol 40, no 5, Nov 1984, pp953-
969.

Hammer, J., "Nonlinear Systems, Stabilization and
Coprimeness", Int. J. Contr., vol 42, no 1, July 1985, ppl-
20

Desoer, C.A., Kabuli, M.G., "Nonlinear Plants,
Factorizations and Stable Feedback Systems", Proc 26th CDC,
Los Angeles, Dec 1987.

Hammer, J., "Fraction Representations of Nonlinear Systems:
A Simplified Approach”, Int. J. Contr., vol 46, no 2, 1987,
pp455-472.

Figure 2.2 Well-posed Two Compensators Feedback System
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