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,U(I,))WK1 ,I;l fOr the final statewhere r{) is the notation used for tile illit,ial state .
,V(tl). ‘1’hevario~ls matrices (l)ossik~lyf~~ll(~tiollsof time) satisfythc (wl~diti(lns:

(.+1) F.6’.lt.S:~~~df~:ire finite valued on Ito.tl]. and without 10ss of
geller:~litJ-.J=.4’.1 t=; tlld(J=(J=( J’. AIso R>oon [to,tl].

Here .Y> 2“[.Y> )-) meansthat (X-lr) is l)ositive[lloll-lle~htive] definite.
It has beel~ show-n. Kalman ( 1960) and .4thans find E’alh (1966). that swjficknt

comlit ions for t l~eexistcn(e of a well -Mined solution to tl~e minimization of the
Iwrf(mnan(e index (2) are that (.41) be satisfied. Q–)SR-lLS’20 011 [t,)./l],
and .-l> 0. ‘1’hrsllffieient coll(litioilsgivellill this Imperare far more general.
IIoreover, for tile (:[se when (A I) is satisfied it is shown that a covariance
(wndition given Lelow is a nmssmy condition for a ~velldgtined problem solution.
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The various developments in this paper to some extent parallel those of
Anderson (1967), where the time invariant case (F, G, Q. R, S constant) is
solved when Q = A = 0, F is asymptotically stable, (R/2 – ql) + S’(.s1 – F)–l C is
positive real for some positive q, and [F, G] is completely controllable.

A number of system theory results are now reviewed.
The response of system (1) to a control signal ZL may be written as:

J

t
x(t)= @(t,topo+ @(t,A)G(A)U(A)a. (3)

to

where @(t, /.) is the state transition matrix given from tile equation:

; @(t, to)= fw(t, /.). (4}

@(to, /.) = 1,,. (5)

If the output of(1) is given by:

$J= i]’z + ,!u. (6)

where y is an m vector, and the initial state oft he system is zero, then the impulse
response w(t, T) relating u to y is given by:

W(t,7) = ,~(t)ti(t– 7) + ~’(t)@ (t, T)~(T)l(t – T) (7)

where 8(t) is the Dirac delta function, and l(t) is the unit step function at time /.
Of interest in the next section is the matrix:

R(t, T)= W(t.T)+ W’(T, /). (8)

h particular R(t, T) will be a covariance matrix if the following condition is
satisfied for all u, TO and 7’1:

Y’,

N

7’,
u’(t)R((, 7)zL(7)dt dT> (). (!))

u r,, ‘1’,)

If (9) holds only for TO and T1 contained within an interval [tO.tl], we shall say
that R(t, T) k a covariance on [t,,.tl ]. where to and tl are not necessarily restricted
to being finite.

2. Finite time qnadratic minimization

In this section a number of preliminary results are first developed. !I’hese
will enable the stating of necessary and sufficient conditions guaranteeing the
existence of a solution to the finite time minimization problem.

An expansion of the (x’Qz) term of the index (2) using a matrix P defined
through the linear differential equation :

–p=PF+F’P+Q. (10)

P(tl) = A ,

is as follows (noting that (A 1) implies

J“ (x’@t) dt = – X’PZ “

to to

that P= P’) :

J
+ 2 ‘1 (.r’Pi - z’PF.u) dt.

to

(11)

(12)
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An application of (1) and (11) gives the result:

This means that if we define H and J (see (6)) as:

H= S+PQ; tJ=R/2, (14)

the index (2) may be written as:

v($(). IL, tl, to) = .Uo’f’(to)zo +

/

“ (U’RZI+ WHU) dt (15)
to

and for the case ZO= O (using (6)):

J
t’((), U, t,, to)= “ (7/U+ u’y)dt. (16}

t“
Since for the case XO= O:

J

t
!/(t) = ?fl(t, T)U(T) d7, (17)

to

and for -r> t, w(t, T)= 0, a rearrangement of ( 16) may be made as follows:

H
7, cr.

V(O>u, t~, to)= U’(t) [W(t,T)+ ?li(T, t) ]u(T) dt(iT, (18}
—-,. 7.,

where u(t) is zero outside the time interval [./., fl ]. Application of (8) and (9)
gives the important property that if:

(A 2) R(f, T) k a covariance on [to, t,], where

~(t,T) = R(t)ti(t – T) + H’(t)@ (f, T)~(T) I (t – T) + fl’(t)@’(T, t) H(T)] (T – t) ( 1~)

(see also (14), (10) and (I 1) for values of H) then:

T’(o, u, tl, tO)>0 for and u. (20)

Under the assumption that there exists a control U* minimizing (2), we can
simply establish an upper bound on the minimum performance index

J’*(q), U*> 4, to).

Since u- o is a legitimate control, ( 15) gives the result that:

F’(XO,0, tl,to) = x“’ l’(q))z~ (21)

and therefore we have immediately:

V*(2-0,u* , t~,Q s %’flto)%) (.22)

and an upper bound is established.
To establish a lower bound on V*(XO,U*, tl, to) is not so straightforward:

Lemma. For the system ( 1) with performance index (2) and the condition
(A 1) satisfied (except that R need not be positive definite on [to,h], Suficient
conditions for the existence of a lower bound on Vx (YO,U*, k h) (assuming

2K2



46s J. B. Jfoow wndh’, l). O. .-indPr.wIl

existence of U*) are eithe~’ (i) that a selection of F, (7, ,S, Q and R cm be
made in a finite interval [tO– 7’., tO]such that :

(A 3) It(t, ~) is a invariance on [t. – T,,, t, ]

:Llld

(A 4) [1, G] is completely controllable at tOin the sense that for any state Z.
at to, a control u,. and time To may be found taking the system from the zero
state at time /0– 7’,, to the state :ro at time t,,:
0/ (ii)( and (ii) irnl)lies (i)) that :

(A 5) R(/. T) - ql,(8(t - 7) is af:ovariance on [lo, tl] forsome l)ositivc constnllt T].

1’IY)L$ ‘1’l~cassum})tio]] that, a selcction of 1’, ~, Q, ,S and R can be made i11
LLiinite interval [1{}—7’(,.to] such that (A 3) Nncl(.44) are sat istied yields that,
l’((). u,.. t,,.(,,– 7’,,) is finite: use of (20) approlwiatelj. modified yields that
i’(o,ZLi.t;, t; – ~(,j is nomiwgative. A further al)l)lication
reslllt that if tllc control u,, (+l:islllllillg this exists) is apl)licc
[t,,.f,] t’hell :

[“(0. /L(,.t{,./,1– 7’,))+ J’*(!r,,. M,*.ffl.t,,) 2 ~).

The result establishing a Iotrer bound for 1“X(.lO.M,:,.~l./(,) is

T- < I((:ro. t,))s 1‘*(lo. u,;. tl. f(,).

of (X)) gives tile
in tl~e time range

(23)

1111s:

(A)

lvhcre ~{ is — 1‘(fj. //(,. /(,. /(,—‘Tt}) :md dc’])~llds 011J,, (bW:IUSC Mc dCLK’IIdS011.I’(l).

and 011t,).

TO codplete the proof. it will be SIIOV’11that if (.+ 5) is satisfied, a selection
may be made of 7’() itself. :md thc mat rices F. CJ.(~. ,S and // over [tO– 7’().t{,] so

thnt(.+3)and (A 4) arc satisfied. First choose 1’. G’,nnd ‘7’0such that (A 4) holds ;
if desired, F and n ea~~be (wnstant and Y’(,arbitrarily small. Then seleet Q
arbitrarily nnd 1$’SU(41}that iI in ( L4) is zero. J?inallj- select R to be pl ~vhere p
is a positive constant,. slwcitied below. Then for arbitrarily u:

t*

f~

-t,,,
?{’(t) I<(t, T)tL(T)(& d

t,,– T“ to-Y’,,

‘J
tl v, v,

?L1’(t)ul(t)dt+ !( ?L2’(t)l{(t, T)?(2(T) d7 df

t,, T,, to . to

at, .1

+ 2L2’(()/]’(t)@(t,T,))dtI @(to,T)~(T)?t, (T) (/T. (?~)
d t,, ((,– T’,)

wllme ZL1 is u restricted to tl~~’interval [t. – ~’~.t,,],M2is u restricted to the interval
[tO,tl]. Application of tile [’;tll(:l~y--Sclltv:trz ine(pmlit} +~lld condition (.4 3)
no~r gives the ineqm~lity:

[J
to

1 [Jt(,-y”yfo’T)G’(T)[[’dt 12 ‘o

11’

x U1’ZL1 dr
1}

(26)
r

f,, – ‘1’()
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and evidently there exists a choice of p such that the right -hand side of (26) is
non-negative irrespective of IL(.). To see this, observe that, with ZI identified
wit h

[~

“to

1

12

U1’ULd
to T,,

and Zz identified with

[J,”’’’’’(’tl’”
tl~e right side of (2(;) is of the form :

~vhere q and y arc fixed constants, J’ariat,ion of u corms] ml~ds to variation of
ZI and Zz, and the choice of p is made so that, the quadratic form (27) is non-
negative for all zl and zz. Note tl~at if q ]~ere zero, this could ]lot be done.

l\”e conclude that the co~-ariallce rwlldition (A 5) iml)[ies illat matri(w LY

and R on Ito — 7’,), 1’0] can bc foui)d for a~~} choice of Q. F and f; 01] I/,]—7’{,. t,,]
SUC1lthat, the eovarian(e condition (A 3) is satisiied. 310rm)ver. sir)(e al! F :111(1
G scl(’ction {)n ]fO– 7’(), (()] can madilj 1)(+made SLICIIthat (.3 4) is satis+ie:l, tllell

with (A 5) satisfie(l the ~~l)l)li(’i~tio~lof tile first l)~wtof the tmmf of lemma I gives
tl~~>lo}~cr bound for V*(./(}, wo.tl. to) as ill(24).

The Al)lwndix considers extensions of tl~e lemma to bc used ill Anderso]l and
Moore ( I967) for the Iimitillg (Lawswllcn t(,a])lnwlcllw – X alldlor /1 al)lM’O:t(’lleS

+ z.

.% remarked earlier, commonl)’ tllc miuimizatiou OF(2) is considered l~itl~
Q – ,Y&Lb” TIoI1-llegat)ive definite. LJnder this condition. it is not difficult to
S11OJVthat (A 5) holds : tl~en ill this (LaseI1Oexplicit assumption of coml)lete
{wl~trollability is required in order to obtain ol)tima] lx’rforma~~ce ir~dex I)(lunds.

\Ve no~,vret lwn to t l~e rnaillstrcarn oft 11(>develf}l)mel~t.
b~nder condition (A I). al)l)l ication of H:~miltolli:trl-,Ja(c)l~i theor)r, Kalman

( L960) and Athans and E’alb ( 1966). gives a I{iccat i different ial c({l~at,ion tl~at,
may he used to give the minimum value of tIlc index (2). or cq(li valent,ly ( 15)
if the Riccdi quat io~t dution e,rists cLnd is WPII d<fi~Id. Since the term
.Uo’f’(t(}),roin ( 15) is comstallt for Iixed t(,, it is lwrmissible to seek to minimize
just the irltegral on t I]c right, side of the C(luation. Denoti]lg bj- VXthe minimum
of this integral. tile associated Hamiltorl-tJ acobi equation is :

(28a)

r*(J;. t,)=o for ail J, (28b)

where H* is the unique minimum value (with respect to u) of the function:

H(x>p, t,IL) = tL’hh.L + 2r’Hu +p’F.c + P’f%l (29)

(p being the adjoint variable), found by selecting an appropriate control

U*(~~.P) 0‘ ~’le Cent’rol % ~~hich minimizes (~~) is @’en bJ”:

‘(”=-R-l(G’:+’{’X) (30)
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andtheminirnized Hamiltonian is thus:

H*(.u,p, t) = – &i~R-l~’p – J“HR--lH’x +#(F – G&lH’)x. (31)

It is readily checked that (28) has a solution ~* (z, t) = z’lI(t, tl)x, which gives
the minimum performance index (2) as:

~’.+.(~”,W*,tp f~) = ./’”’In (tII,‘1) + P(tI))]20, (32)

if n (t, fl) is the solution of the Riccati differential equation:

– fi = H(F - GR-lH’) + (1” –HR-%”)~ – ~GR-lG’Kl – HR-’H’, (33 a)

Il(tl, t,)=0. (331))

The theory of Kalman ( 1960) and Athans and I?alb ( 1966). also ~“iekis the result
that the optimal control (30) may be found by replacing p by the gradient of
~*(x, t). Thus one has, always assuming the existence of 11(t, t,),

U*= –R-l[G’fl (t, tl)+ W]z (34)

The existence result is as follows:

Theorem. Consider the system ( I) and assume that (A I) holds. Sutlicient
conditions for the solution of the matrix Riccati equation (33) to exist on
Lto,t,]are that ~ither (A 5) holds or that selections of To, P’. G’. R. Q and ,$’
may be made on [t. – T’O,to] such that (A 3) and (A 4) hold. A necessary
condition is that (A 2) holds.

Proof. Note first that the sutficieucy conditions in the above hypot hwis
are identical to those required for the lemma to hold, except that, for the theorem
it is required that, R > t) on [to. tl ]. Proof of the theorem proceeds by assuming
that (33) does not have a well-defined solution and then reasoning as in Kalman
(1960) follows. In brief, differential equation theory wa~ be used to sho~i- that
the solution is well defined in the neighborhood of fl. But if the solution is not,
expendable an arbitrary distance to the left, then for some T1 in the range Ito, ~1]

but not in the ueighbourhood of tl,some .ro and some positive c. as c~(),

V*(~o, u*, L 71+ c)++ m or – co (see (33)). This contradicts either (22) or
the lemma: thus the sufficient conditions for the lemma to hold, together w-ith
the requirements that R >0 on (to. tl], are shown to be sufficient conditions for
,(33) to exist on [t,,,t,].

Condition (.4 2) is a necessary condition, since if it is not satisfied (8). (9) and
(18) may be used to show that there is some ti for which V(O, u. t,, to) is negat ive,
and this is in contradiction to the result that if the Riccati eqn. (33) has a well -
defined solution. the minimum index V* (0, U*, /1, to) from (32) is zero.

The results given may be summarized in the following control law.

Control law. (Solution to the (state regulator’ problem.) Given the linear,
finite dimensional system (1) and performance index (2) where (A 1) is
satistied, then a necessary condition for a minimizing control law w* given
from the Riccati theory to exist and be well defined is that (A 2) be satisfied
(see also (19), (4), (5), (14), (10) and (1 l)).
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The sufficient conditions are that either (A 5) be satisfied or for some
2“0, that F, G, Q, R and L~ matrices can be selected 011110 – ~0, L] SUCIIthat

(A 3) and (A 4) are satisfied.
The control law u* is given by (34) and the minimum index is given by

(32) where II(t, t,) is the solution of the Riccati differential eqn. (33).

Existence results for (33) with a different boundary condition may be found
Appendix 2

Concluding remarks
‘l%e intro-duction of necessary and sufficient, conditions for the solution of

finite time quadratic minimization problems has considerably extended the
range of such problems for which it is known that well-defined solutions exist.
A control law has been given for the simplest problem usually referred to as the
state regulator problem, but, extensions to the tracking l)roblern and the case
when the systems are stochastic arc immediate.

In the companion paper, iufinite time l)roblems are considered for the case
A = Q = [) based on the results of this l)al)er. The infinite time results appear to
have application in time-varying sl)ectral fact orization problems and generalized
Popov stability problems.

Appendix 1

An extension of the lemma of $2 is now stated with proof. The extended
lemma has application in the com~xmion pal)er which extends the control law
to the cases when the time interval [tO,tl] is infinite.

Lemma (Infinite Tim~). Consider the system ( 1) ~vitl~ the I)erformance
index Jrritten as :

J
l’(.l”(,.u, t], to)= ‘“ (tL’Ru + Lr’llti) at, (35)

to

where F. G, R and H are finite values on [tO,tl ] and without IOSSof gen~’rality
B = R’. For three cases when If,).tl] is an infinite time interval, sufficient

t t) (assuming existence of U*) to beconditions are given for V* (x,), ?6*, 1, ,,

bounded indel~endently of tl as follows:

— m < K(x,). to) < I’*(XO,U*, t~if,)) < () (3fi)

and independently of t{)and tl as follows :

– co < K(,l;o) < J’:k(.ro.U*. fl, t“) s (). (37)

For convenience we label four conditions:

(B l) R(t,T) is a covariance
(B 2) R(t, -r)– qI,lS(t– T) is a covarianm for some l)ositive constant q.
(B 3) F is asymptotically stable: F and H are boundedt.
(B 4) [F, G] is uniformly completely controllable, Silverman and .lnderson
( i968); E’, R, R and H are bounded.

(~me 1: Interval [/., m]. Equation (36) is satisfied in the limit for arbitrarily
large tl if either (i)a selection of F, 0’. R and H call be made in a finite interval

~ For the case ~vlleu the interval of interest, is bounded on the right (but possibly
not on the left), ‘ F is asymptotically stable and bounded ‘ should be interpreted as
meaning ‘ F is bounded, and the transition matrix @(t, T) is bounded b,v a quantity
of the form al exp [ —al(t—7)] for some positive constants al, flz ‘.
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[t. – TO, to] such that (A 4) is satisfied and (B t) is satisfied on [t.– To.cc)or

(ii) (and (ii) implies (i)) that (B 2) and (B 3) are both satisfied on Ito. CC).
(’(we 2: llltel’val ( – m, tl]. Equation (37) is satisfied for arbitrarily negative
to if either (i) (B 1) and (B 4) or (ii) (B 2) and (B 13)are satisfied on ( – X. tlj.
Case 3: interval ( – m, cc). Equation (37) is satisfied for arbitrarily negati ve
to al~d arbitrarily positive t, if eith<r (i) (B 1) and (B 4) or (ii) (B 2) and (B 3)
arc satisfied on ( — co, x).

Proof . Wit h UCa control taking the zero state at /()– T,, to state ,/,, at time

1>the bound K(.uoitO)or K(iuo) is precisely – I’(o, u,, to,to– 7’(,). T1lc existent’e
of uc can follow by (A 4), ill which case A“ is not necessarily indel)endent of to. or by
(B 4 ) whel~ /{ is indel)endent of f,), (The uniform complete colltrollabilit~ of
[F, G’] ensures, see Silverman tLnd Andcrsoll ( 19fi8), that T,, and the boulld
of UCof the $2 lemma are independent oft{). and this. togct l~erwit IIthe bounded-
ness of l’, G, R al~d 1/ el~sures that 1’((), UC,i’O,to– To) or – 1{(,~,))is illdcpcl~dellt

of to,) Part (i) of each of tile three cases is then established.
To check I)art (ii). \re shall S1lON-that selections of 7’(), p aIId a (wmpletcly

controllable lmir IF, (7] ol~ [/0 —T,), t,}] can bc made (ill~iel)elld(’lltl} of /{, i]) cases
2 and 3) so that R(t, T) is a (invariance on Ito– ‘7’0.tl] or [t. – To. w]. The lwo -
ceduw of the mai 1~lemma is followed. while wc note from eqn. (26) that in
eqn. (27), tllc constant y is :

[J
t,, 12

1u
12y= ~@(t,),7)0(7)~VT “:,Er(t)m(t,to):,Wt1 (Wu)t,,–‘1’,) 1(1

for case 2 or

[f

41 12 J

1u 1
12

y= II qto. T) Gf(7) :, ‘flT H’(/)@(t. to) II Vt (381))

to- ‘r~ h

for cases 1 and 3. The first integral can be made independent of t,, l)>-choosing
fixed T,), F and C. In all castw, the serolld integral exists and is bounded

.) ‘Llld :3becaus(. of t Ile boul~dedness of ff (.) tlnd theindf’penclentl!j of toill cases - ‘
exponential asyrnpt otir stabilit~ of 1’. following from tIle bol~ndedness and
asyml)t ot ic Si abilit J of F. Call ~ tllr resulting hound 011y : it follo]vs that tllc
right side of (?(i) is bounded below b:. :

and thus p can be chosen to ensure tl~e noD -negat i~it ~-of t IIis c)xlmssion for all
Z1.22. Because q and $ are indclwndcnt of to.p is also.

The matrix Ii is of course taken as zero on the interval If,,– 7’.. t{)l. It
follows that K(ir,,), or – 1‘(O. u,,. t,,.t(,– To) is

f

t( I

–P Z1(.’7[V (it.

l,, -T(,
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