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Abstract: A discrete time, partially observed control problem is discussed by explic-

itly constructing a reference probability y under which the observations are independent. Us-

ing the unnorrnalized conditional probabilities as information states the problem is treated

in separated form. Dynamic programming and minimum principle results are obtained.

1. Introduction.

Much effort has been expended on discussing the optimal control of partially observed

diffusions in continuous time, but the results are still not entirely satisfactory. Discrete time

control problems are treated in the books of Kumar and Varaiya [5] and Caines [1]. In this

paper we discuss the discrete time, partially observed control problem using the reference

probability. This idea is described in references [3] and [4]; the reference probability is

constructed explicitly, and the role of the dynamics in the separated problem is clarified.

The unnorrnalized conditional probabilities, which describe the state of the process given

the observations, play the role of ‘information states’, and the control problem can be

re-cast as a fully observed optimal cent rol problem. A dynamic programming result and

1



minimum principle are obtained, in terms of separated controls, and an adjoint process is

described. Fh-mlly, when some of the parameters of the model are unknown it is shown

how the methods extend to dual control problems.

2. Dynamics.

We shall consider a finite time horizon control problem and, for simplicity, we suppose

noise is additive in the state and obserwtion processes. All processes are defined initially

on a probability y space (Q, 7, P).

The state process {x~}, k = 0,1,..., &f, take values in l?~ and has dynamics

z~+l = qz~,uk) + w~+l. (2.1)

We suppose the initial density TO(z) of x is known.

The observation process {y~}, k = 0,1,..., M takes values in IW and has dynamics

!Jk+l = ~k(~k) + bk+~. (2.2)

We suppose yO = O C Rm. For O < k s M write y~ = {yO, yl,.. .,yk}. {Gk} is the

complete filtration generated by z and y. {~k } is the complete fi.ltraton generated by y.

The noise in the state process is a sequence {w~ }, 1 < k ~ M, of independent Rd—

valued random variables having densities @k.

The noise in the observation process is a sequence {~k }, 1< k ~ M, of independent

I?m valued random variables having positive densities ~k, #k(b) >0 for all 13c Rm. The

parameter ‘Uk in (2.1) represents the control variable, and takes values in a set U c RJ’.

At time k, Uk is ~~ measurable, that is, uk is a function of y ‘. For O < k < M write u(k)

for the set of such control functions and

?Y(k, k+l)=tJ(k) u~(k+l)udW(k+l).

For u E Cl(O, &f – 1), z“ will denote the trajectory (zo, z;, x;, . . . . xfi) determined by

(2.1).
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3. Unnormalized Densities.

We review the recurrence relation for the unnormalized conditional density of the state

given the observations. For details see [3] and [4].

1)

2)

Suppose we have an equivalent probability measure ~ on (0, GM) such that under ~:

{y~} is a sequence of independent random variables having positive densities ~~,

for any u E Cl(O, M – 1), z~+l G l?~ satisfies the dynamics

~i+l = ~k(~;>w) + ~k) k e Z+,

where w~ is a sequence of independent random variables’ having densities ~~.

Suppose u ~ U(O, M– 1). Define ~~ = ~~(y~ –Ht-l(Z~_l))/#/(Y~) ~d I: = ~~=1 T;.

dp” to G’~ equal toThen a probability P“ cm be defined by setting the restriction of ~

~~. It is under P“ that the state and observation processes have the form (2.1) and (2.2).

Suppose @e is any G-adapted process. Then a version of Bayes’ theorem states that

—— ——
-??”[@. [ Y.] = ~[&% I Yn]/-E[& I Yn]. (3.1)

Write q;(z) for the unnormalized conditional density such that

~[~:I(z; e dZ) [ Yn] = q;(z)dz.

The equation (3. 1) indicates why we consider q:(z), because

density p;(z) is then given by:

%(z) = !#(z)/
1

~,-& (t)dL

and for any Borel test function ~

~“[f(~;) [ YTJ =
1

f(z)p:(z)dz.
Rd

the normalized conditional

Now for u E L7(0, M – 1) and any Borel test function j consider

/
z[f(%)~: I Y7J = R, f(z)q;(z)~z = (Jwjiw)) (3.2)

= E[f(Fn-l(z:_l, %-l) + WJclh(wl – ~Tz-l(~;-l)) I Ylll/4n(wa)

= &wq/Rd f(~n-1(%-1, %-l) + ofL(@~@hwh – ~Tz-l(&l)) I Y.]

= @n(yn)-l ~ / f(~n-1(<, ~n-1) + W)+n(w)+n(yn – ~n-l(f))q~-l(f)d~dt.
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Substituting z = Fn_l((, u._l) +W this is

= My.)-’
JJ

f(z)+n(z – Fn_,(lf, un_~))@n(yn – Hn._~(lf))q;_l( od(dz. (3.3)

The equality of (3.2) and (3.3) holds for all Borel test functions ~, so we have the following

recurrence relation for cf~:

THEOREM 3.1.

q:(z) = &l(Yn)-l
/

R, $.(Z – ~n-l((, %l-l))+n(Yfl – ~n-l(o)fx-l(w(. (3.4)

REMARKS 3.2 This equation describes the observable dynamics of a separated prob-

lem. q;(.) is an “information state “ in the sense of Kumar and Varaiya [5]. That is, if we

know q~-l(”), y“ and u~-1, equation (3.4) enables us to determine q~(.).

The initial information state q. is just TO, the (normalized) density of Z.. Note that,

even if To is a unit mass at a particular Zo, qf(Z) = #l(yI)-l@l(Z – Fo(Zo, Uo))#l(Yl –

Ho (co)), and the consequent terms q;, q:,... follow from equation (3.4).

4. cost.

Suppose, given Z. and u c U(O, M – 1), the cost function associated with the problem

is of the form
M-1

C(zo, u) = ~ ck(z~, uk) + C&f(zfi).
k=O

Then the expected cost, if control u is used and the density of zo is X.(“), is

Vo(m),u) = J?qc(z),u)].

This can be expressed

vo(7ro,u) = ~[&,f(”jl~k(~:,u~) + cM(zfi))]
k=o

= #jj.k(Z,uk),~:(z)) + (ciw(z), ~MZ))]
k=O

= ~[m[”~l(ck(z,uk), @)) + (cadz), q&(z)) I w]]
k=o
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where, for example, we write

(c~(z, u~), q;(z)) = / c~(z, u~)q:(z)dz
Rd

——

= 13[A;c@:, u~) I ~~].

REMARKS4.1. We have seen the information state at time k belongs to the set S of

positive measures q(.) on Rd. Note the

S is an inihite dimensional space.

so that for ql(.), q2(.) c S

@,!12) = llgl –

Any q G S can be normalized to give a

Consider the process starting from

probability measures are a subset of S,

A metric can be defined on S using the L1 norm,

qz II=
I Rd k%) – q2(z)&

probability measure r(q) = q(”)/llqll.

some intermediate time k, O s k s M, from some

state q(.) 6 S. Then, for u c CJ(k, M – 1)

d+l(’4 = 4k+l(Yk+l)–1
/

~d A+l(Z - R(C, ‘w)) fh+l(!h+l - ~k(t))q(t)d. (4.1)

The remaining information states q:(.), k + 1< n < M, are similarly obtained from (3.4).

The expected cost accumulated, starting from state q(.) c S and using control u E

t7(k, M – 1) is, therefore

Vk(q,u) = E

M–1

~ (%(%%),! Z;(2)) + (Cdz),df(z)) [ qk = $
j=k

(4.2)

REMARKS4.2. The problem is now in a separated form. The faltering recursively

determines the unnormalized, conditional probabilities which are the information states,

qi(”). These evolve according to the dynamics (3.4), ~d the cost is expressed in terms of

these information states.

DEFINITION 4.3. A control u G U(O, M – 1) is said to be separated if u~ depends on

y~ only through the information state q:(.). Write &(O, M – 1) for the set of separated

controls.

DEFINITION 4.4. For O < k < M – 1 the cost process is defined by:

V(k, q) = A Vk(q,U).
uw(k,lvz-1)

Here V~(q, u) is given by (4.2). Also, set V(M, q) = (cM(z), q(z)). We now establish the

dynamic programming identity.
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THEOREM4.5. For O~k<M–landq~S

V(k, q) = A ~[(c@,’W),q( z)) + V(k + W+I) I q~ = q]. (4.3)
Uw(k)

Proof.

V(k,q)= A vk(q,u)= A A vk(q,U)
ttc~(k,M-1) uc~(k) uW(k+l, M-1)

A A [[
——= E E (ck(z, ~k), q(z))

uW(k) uW(k+l,M-1)

M-1

11+~ (Cj(z,‘j),q;(z))+(CM(Z), q&(z)) I ~k+l qk = q

j=k+l

= A {q(ck(w),m) I q, = q]

u~~(k)

M–1

+ A [[ 1 1}0m~ ~ (cj(z,~j),q~(z))+(cM(~),q~(z)) I ~k+l qk = q

vGL7(k+l,M-1) j=k+l

Using the Lattice property for the controls, (see Lemma 16.14 of [2]), the inner minimiza-

tion and first expectation can be interchanged, so this is

= A {q(c,(vw),q(z)) I q~= (d —
I@.J(k)

M–1

+E[ A [E j=~+l(cj(z~vj)! !?~(z)) + (CM(Z), qti(z))

vE~(k+l,M-1)

= A ~[(ck(z,uk),q(z)) +v(~+l,q:+~) I f?k ‘!7],

Ueg(k)

Yk+dq’‘q}

and the result follows.

COROLLARY4.6. Wiite &(k, M – 1) for the set of separated controls on {k, k + 1,...,

M– 1}, Then forq c S

V(k, q) = A vk(q,u)= A vk((l,U).

uE~(k, M–1) uE~~(k,M–1)
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,.

Proof. The proof will use backward induction in k. Clearly V(M, q) = V~(q) =

(c~(.z), g(z)) and the result holds fork= M. Suppose the result is true fork+ 1, k +2,

. . . , M. Then from Theorem 4.5

It is clear that a minimizing uk, (or a sequence of minimizing uk), depend only on the

information state ~k = q. Therefore,

V(k, q) = A ~[(ck(z, uk), q(z)) + A Vk+l(q:+l, ~) I flk = ~1
uW~(k) vc~~(k+l, iw-1)

= A vk(q,U). (4.4)

uW~(k, M-1)

THEOREM4.7. Suppose u* is a separated control such that, for each q G S, u~(g) achieves

the m“nirnurn in (4.3,). Then Vk(q, u*) = V(k, q), and u* is an opti.mzd control.

Proof. We shall again prove the result by backward induction in k. Clearly

v~(q,u*)= (CM(Z), q(z))

= V(f’bf,q).

Suppose the result holds for k +1, k + 2,..., Al. ~hen

vk(~, U;) = E[(ck(z,u*),@)) + vk+l(q;;l, u”) I qk = q]

= ~[(ck(z, u”), q(z)) + v(k + l,q;;l) I qk = q]

= V(k, q).

Now for any other u c Q(O, M – 1)

Vk(q, U*) = V(k, q) < Vk(q, U),

and, in particular, Vi(q, u*) < VO(q, u), so u* is optimal.
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5. The Adjoint Process.

Consider any control u E U(O, ill – 1). We shall suppose for simplicity of notation

that the cost is purely terminal at the final time ikf, so

C(q,u)= cjl/f(zfi).

Then

v(7ro,u) =E[c&f(zfi)]

=7?[(CM(Z), (&(z)}].

THEOREM5.1. There is a process K:(z, yk), adapted to ~~, such that for O s k s M

E[(cl,f(z),q;(z)) I y~] = (/+(z, ?J~),q:(z)).

firther, Kg evolves in reverse time so that

H‘$:(f) !/9 = R* ~m ~:+1(% !4! Vk+l)+k+l(w+l – ~do)lh+l(z – W(, w))~zh+l.

Proof. Again we use backward induction. Define ~fi(z, y~) = CM(Z) so

7q(cJ/f(z), (&(z)) ] y&f] = (c&f(z), C&(z)}

= (KW>Y”M4(4).

‘+1 has been defined. ThenSuppose ~~+1(~, V )

(%+1(% Yk+l), q:+,(z))= 1 (~;+l z> Y‘+’)q;+,(z)dz
Rd

and

q(K;+l(% Yk+l), !l;+l(z)) I J’k]

= HI f%+l(%Yk, !h+l)dk+l(3u+l) -lh+l(Yk+l – ~k(())
Rd Rd Em

x +k+l(z – R(f, ~k))q;(c)dk+l(vk+ l)~z~(~yk+l



!. %- .“

where

II
K;((, vk) = ~d ~m ~i+l(wk! Yk+l)4k+l(Yk+l – ~k(o)h+l(z - R(t, %))~z~yk+l.

REMARKS5.2. Note in particular

V(7T(J,u) = E[(c&f(z), (&(z))]

=7q(/c:((, yo),7ro(())]

= m+xt,Yk)> !7:(0)1.

6. Parameter Estimation and Dual Control.

Suppose we have a situation where the model contains unknown parameters 61,82,83,

. . . , which we also wish to estimate. That is, suppose the state dynamics and observation

processes are of the form:

Yk+l = ~@%,e3)+h, O < k s M.

Here (i$ takes values in some measure space (@i, /?i, Ai), with Ai a probability y measure.

@i could be a (subset of a) Euclidean space.
—

For example, see [4], a simple case would be (one dimensional) linear dynamics and

observations of the form

The analysis of the previous sections goes through, taking the (li to be additional state

variables. The unnormalized conditional density q: (z, Al, A2, A3) is defined by

and the recursive equations (3.4) and dynamic programming results are exactly as before.
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7. Conclusion.

A discrete time, partially observed control problem is discussed in separated form.

Under a reference probability, which inexplicitly constructed, the dynamics are given by

recursive equations for the unnormalized, conditional probabilities. Dynamic programming

and minimum principle results are obtained, and the extension to dual control, parameter

estimation problems indicated.
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