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Abstract: A discrete time, partially observed control problem is discussed by explic-
itly constructing a reference probability under which the observations are independent. Us-
ing the unnormalized conditional probabilities as information states the problem is treated
in separated form. Dynamic programming and minimum principle results are obtained.

1. Introduction.

Much effort has been expended on discussing the optimal control of partially observed
diffusions in continuous time, but the results are still not entirely satisfactory. Discrete time
control problems are treated in the books of Kumar and Varaiya [5] and Caines [1]. In this
paper we discuss the discrete time, partially observed control problem using the reference
probability. This idea is described in references (3] and [4]; the reference probability is
constructed explicitly, and the role of the dynamics in the separated problem is clarified.
The unnormalized conditional probabilities, which describe the state of the process given
the observations, play the role of ‘information states’, and the control problem can be

re-cast as a fully observed optimal control problem. A dynamic programming result and
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minimum principle are obtained, in terms of separated controls, and an adjoint process is
described. Finally, when some of the parameters of the model are unknown it is shown

how the methods extend to dual control problems.

2. Dynamics.

We shall consider a finite time horizon control problem and, for simplicity, we suppose
noise is additive in the state and observation processes. All processes are defined initially
on a probability space (2, F, P).

The state process {zx}, k =0,1,..., M, take values in R? and has dynamics

Th41 = Fk(wk,uk)+wk+1. (2.1)

We suppose the initial density mo(z) of = is known.

The observation process {yx}, k =0,1,..., M takes values in R™ and has dynamics

Ye+1 = Hi(zk) + bry1- (2.2)

We suppose yo = 0 € R™. For 0 < k < M write y* = {yo,y1,--.,¥x}. {Gi} is the
complete filtration generated by z and y. {Yx} is the complete filtraton generated by y.

The noise in the state process is a sequencen{wk}, 1 € k £ M, of independent R?
valued random variables having densities 1.

The noise in the observation process is a sequence {b;}, 1 < k < M, of independent
R™ valued random variables having positive densities ¢, ¢x(b) > 0 for all b € R™. The
parameter uj in (2.1) represents the control variable, and takes values in a set U C RP.
At time k, uj is Yy measurable, that is, u is a function of y*. For 0 < k < M write U (k)

for the set of such control functions and
Uk,k+ ) =U(k)VU(k+1)U---UU(k + ).

For v € U(0,M — 1), z* will denote the trajectory (zo,z},z%,...,2%) determined by
(2.1).



3. Unnormalized Densities.
We review the recurrence relation for the unnormalized conditional density of the state
given the observations. For details see [3] and [4].
Suppose we have an equivalent probability measure P on (Q, Gps) such that under P:
1) {yk} is a sequence of independent random variables having positive densities ¢y,
2) for any u € U(0,M — 1), z},, € R satisfies the dynamics
Tk = Fr(ek,ue) +wi, ke ZT,
where wy is a sequence of independent random variables having densities ;.

Suppose u € U(0, M —1). Define 7} = ¢¢(ye—He—1(z}_,))/be(ye) and K; = H;;l Y-

Then a probability P* can be defined by setting the restriction of % to Gar equal to

Ay It is under P* that the state and observation processes have the form (2.1) and (2.2).

Suppose @, is any G-adapted process. Then a version of Bayes’ theorem states that

E*[@n | Yu] = E[A,@n | Yal/E[A, | V). (3.1)
Write g%(z) for the unnormalized conditional density such that
EAI(zy € d2) | Ya] = g(2)dz.

The equation (3.1) indicates why we consider ¢j(z), because the normalized conditional

density p%(z) is then given by:

pie) = a2/ [ -an(ede,

and for any Borel test function f

E*[f(z2) | Y] = /R H(p(e)d

Now for u € U(0, M — 1) and any Borel test function f consider

Blf(e2)En | 32 = [ | Fedaae)de = (F)g3() (32)
= E[f(Fa-1(zh_1,tn-1) + Wn)An_16n(Un — Ho1(z5_1)) | Val/bn(yn)
= ¢n(yn)_1—E[/1;d f(Fa-1(zpoy,un—1) + w)‘/’n(w)dthrl;—l $n(yn — Ha—1(zn_1)) | yn]
= Gn(yn) ™ //f(F ~1(§s un—1) + W)Pn(W)dn(yn — Hn-1(£))gn_1 (§)dwdé.
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Substituting 2 = Fn—1(€,un—-1) + w thisis

= aln) ™ [ [ 160000z = Facs(€sun1))bnltn = Hoa( Ot 2Oz (39
The equality of (3.2) and (3.3) holds for all Borel test functions f, so we have the following

recurrence relation for g;:

THEOREM 3.1.
7a(2) = ¢n(¥n) ™" /1; nz = Faca (6 %nm1))bn(un = Huma ()ah 1 (. (34)

REMARKS 3.2 This equation describes the observable dynamics of a separated prob-
lem. ¢g(-) is an “information state” in the sense of Kumar and Varaiya [5]. That is, if we
know ¢%_,(+), y™ and un—1, equation (3.4) enables us to determine gj(-).

The initial information state go is just 7o, the (normalized) density of zo. Note that,
even if Ty is a unit mass at a particular zo, ¢*(2) = é1(y1) " ¥1(z — Fo(zo,uo))d1(y1 —

Hy(zy)), and the consequent terms ¢¥,q3,... follow from equation (3.4).

4. Cost.
Suppose, given =, and u € U(0, M —1), the cost function associated with the problem

is of the form
M-1

C(zo,u) = Z ck(zh,ur) + cm(zyy)-

k=0
Then the expected cost, if control u is used and the density of zo is mo(:), is

Vo(mo,u) = E'[C(;:o,u)].

This can be expressed
M-1
Va(mo,w) = E[Rpr (Y erlat, u) +em(aly))]

k=0
-1
= Y ER;cr(zt, ur)] + E[Ayrem(zhy)]
k=0
- M-1

- (er(zur), 2(2)) + (en(2), aie ()

" k=0

H
il

M-1

B3 fen(e, ) a8() + fena(2) a5()) | 9]

k=0

i
s5]



where, for example, we write
(er(zruh () = [ en(zruat(2)ds
VR

= E[Agcr(zt, ur) | Ve).

REMARKS 4.1. We have seen the information state at time k belongs to the set S of
positive measures ¢(-) on R?. Note the probability measures are a subset of S.

S is an infinite dimensional space. A metric can be defined on S using the L! norm,

so that for ¢!(-),¢*() € S

de' )= Ie' =2l = [ 16) - Pl
Any ¢ € S can be normalized to give a probability measure 7(q) = ¢(-)/||q|-

Consider the process starting from some intermediate time k, 0 < k < M, from some

state ¢(-) € S. Then, for v € U(k,M — 1)

ahp1(2) = drt1(yr+1) ™" /Rd PYr+1(z — Fe(€,ur))dr1(yrs1 — Hr(€))g(€)dE. (4.1)

The remaining information states ¢;(-), k +1 < n < M, are similarly obtained from (3.4).
The expected cost accumulated, starting from state ¢(-) € S and using control u €
U(k,M —1) is, therefore

M-1
Vi, w) =B Y (esz,u3),a(2)) + (em(2), a3 () | ax = |- (4.2)

j=k

REMARKS 4.2. The problem is now in a separated form. The filtering recursively
determines the unnormalized, conditional probabilities which are the information states,
g3 (+). These evolve according to the dynamics (3.4), and the cost is expressed in terms of
these information states.

DEFINITION 4.3. A control u € U(0, M — 1) is said to be separated if u; depends on
y¥ only through the information state g¥(-). Write Ug(0, M — 1) for the set of separated
controls.

DEFINITION 4.4. For 0 < k < M —1 the cost process is defined by:

Vik,g= N\ Wlgw).
u€U(k,M—1)
Here Vi(g,u) is given by (4.2). Also, set V(M,q) = (cp(2),q(2)). We now establish the

dynamic programming identity.



THEOREM 4.5. For0<k<M —1landq€e S

V(k, )= N\ Ellcr(z,ur),q(2)) + V(k + 1,q841) | @& = g). (4.3)
u€U(k)

Proof.

Vik,)= A W@uw= A A Vi(g,u)

wEU(k,M~1) w€U(k) veU(k+1,M —1)

= A A EE[auee)

w€U(k) vEU(k+1,M ~1)

M-1
+ 3 (ei(z ) g3 ) + (en(2), aha(2)) | Vo] ax = g

j=k+1

= A {E[<ck(z,uk),q(z)) | gx = q]

u€U(k)
+ A EF A:S (ei(2,7),43(2) + (ena(2), a3 () | Vews | o = ] }-
veU(k+1,M—-1) j=k+1

Using the Lattice property for the controls, (see Lemma 16.14 of [2]), the inner minimiza-

tion and first expectation can be interchanged, so this is

= A {EllaGuw) ) la=d .

v€U(k)
. M-
+E[ /\ [ Z {cj(2,4), 5 (2)) + {enm(2), a3 (2)) |yk+1]Qk =Q}
veEUK+1,M~1)  j=k+
/\ [(ex(zur),q(2)) + V(R +1,¢k41) | g = g,
€U(k

and the result follows.
COROLLARY 4.6. Write Ug(k,M — 1) for the set of separated controls on {k,k + 1,...,

M —1}. Thenforqe S

V)= A Vew= A Viguw.

w€U(k,M—1) w€Ug (k,M-1)



Proof. The proof will use backward induction in k. Clearly V(M,q) = Vum(q) =
(em(z),q(2)) and the result holds for k = M. Suppose the result is true for k + 1, k + 2,
..., M. Then from Theorem 4.5

Vik,q) = /\ -E[(ck(z’uk)’q(z)) +V(k+ 1’q;c‘+1) I qk = Q]-
"G_Q(F)

It is clear that a minimizing ug, (or a sequence of minimizing uj), depend only on the

information state g = g. Therefore,

Vb= A ElaGud)+ A\ Vel le=d
w€U (k) vEU 4 (k+1,M—1)

= A Vigw. (44)

w€U g (k,M~1)

THEOREM 4.7. Suppose u* is a separated control such that, for each q € S, u}(q) achieves

the minimum in (4.3). Then Vi(q,u*) = V(k, q), and u* is an optimal control.

Proof. We shall again prove the result by backward induction in k. Clearly

Vm(g,u*) = (em(2), ¢(2))
=V(M,q).

Suppose the result holds for k + 1,k +2,..., M. i‘hen
Vk(q’ U'Z) = EKCk(ZaU*)’Q(z)) + Vk+1(q;c‘;-1’U*) l gk = Q]

=El(ck(z,u*),a(2)) + V(E +1,¢%51) | ¢k = d]

= V(k, q).
Now for any other u € U(0, M — 1)
Vk(Q)u*) = V(k,q) S Vk(Q;“))

and, in particular, V(g,u*) < Vy(q,u), so u* is optimal.
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5. The Adjoint Process.
Consider any control u € U(0, M — 1). We shall suppose for simplicity of notation
that the cost is purely terminal at the final time M, so

C(zo,u) = cm(zyy)-
Then

V(mo,u) = Elep(zy)]
= E[{cm(2), aj(2))]-

THEOREM 5.1. There is a process k}(z, y*), adapted to Y, such that for0 < k< M
El{en(2),a34(2)) | Vil = (k}(2,9%), 0k (2)).-

Further, k} evolves in reverse time so that
ki (6, yF) = /}2‘/;2 K2 1(2, Y5, Uk 1) Brtr (Y1 — Hi(O))¥rr1(z — Fr(€,ur))dzdypss.

Proof. Again we use backward induction. Define «%,(z,y™) = cp(2) so

El(es(=),034(2) | Y] = {em(2),a34(2)
= (32,5, g (2). :
Suppose &, (z,y***) has been defined. Then
(a2 ™), gtn(@) = [ (e e ()
and
E[(kp1(2:0"), aha(2)) | Vi)
=[] st e s e — H©)

X Pr+1(z = Fr(€,ur)) gk (€)Pr+1(Yr+1)dzd€dyr4a

= (K} (&%), 4k (6))



where

sE(& %) = f / Kp 1 (25 Ykt 1)1 (a1 — Hi(€)¥rs1(z — Fe(€, ur))dzdygy1.
R¢ JRm

REMARKS 5.2. Note in particular

V(Wo, u) = E[(CM(z), Q}‘M(z))]
= E[(k5(&,%0), mo(£))]
= E[(s}(&,y%), a2 (€))]-

6. Parameter Estimation and Dual Control.
Suppose we have a situation where the model contains unknown parameters 6*, 6%, 63,
., which we also wish to estimate. That is, suppose the state dynamics and observation

processes are of the form:
Tky1 = Fk(zk,ulﬁela 027) + wi
Y1 = Hi(ep, ®) + b, 0< k< M.

Here 6 takes values in some measure space (0, 8%, \Y), with A\* a probability measure.

©F could be a (subset of a) Euclidean space.

For example, see [4], a simple case would be (one dimensional) linear dynamics and

observations of the form

Tr41 = 0z + 0%up + wi

Ykt1 = 8%z + by.

The analysis of the previous sections goes through, taking the 6* to be additional state
variables. The unnormalized conditional density g%(z, A', A2, A%) is defined by

ERLI(z? € dz)I(6" € dAN)I(6% € dAD)I(6° € dA®) | Yu] = ¢%(z, AL, A2, A%)dzdA1dA2dA,

and the recursive equations (3.4) and dynamic programming results are exactly as before.
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7. Conclusion.

A discrete time, partially observed control problem is discussed in separated form.
Under a reference probability, which is explicitly constructed, the dynamics are given by
recursive equations for the unnormalized, conditional probabilities. Dynamic programming
and minimum principle results are obtained, and the extension to dual control, parameter

estimation problems indicated.
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