Logic and Bayesian Networks

Part 2: Logical Encoding of Bayesian Networks
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Bayesian Network

4 Sprinkler? ™
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Bayesian Network

def
Pr(z) = HOX‘UNZGXW

4 Sprinkler? ™

"\._7_ & Pr(E, da Ea b7 a)
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Network Polynomial
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Network Polynomial
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Network Polynomial

w A B Pr(A, B)
" N )\aAbeaebp

AaAplaby .,

L LD

A B | Opua
A ©4 true  true | By, =.1

oo ol o | W

true | 6, =.3 true false | 65, =.9 =y . _ 0. .
false | 6z = .7 false true Oija =.8 a A3>\b939b|3
false false | 055 = .2 5 )\EAEQEHEr
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F = Xadobaja + NaXglaby, + NahoOab)s + Nshglaly;
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Network Polynomial

‘A ‘B A B Pr(A B)
a b Ae0.0h

A B Op|a h 0 O-
A [SH true  true ‘ Oyja ‘= 1 a b )\aAbeaebb

rue | 6, =.3 rue false | 65, =.9 =y . )
ftalse 0z =.7 ftalse true Oija =.8 a é A3>\b939b|5
false false | 055 = .2 5 b )\EAEQEHEE
f = XaXoBalbja + Aadgbab), + NaAsOabbs + Aadplaly s
fle=3) = (0)(1)0a0p,+ (0)(1)9395|3 + (1)(1)0a0pz + (1)(1)9565'5

= 950b|§ + 930&5 = PI’(E)
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Network Polynomial

f= /\a)\b)\CHaGb|aec|a + )\a)\b)\feaﬁb|39aa + ...+ )\5)\5)\?(939&5035

¥ i\‘*=\
‘\ B ,‘ L\.,,Q,/‘
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Network Polynomial as Arithmetic Circuit

f= Aa)\b)\cea(gbpeda + )\a)\b)\feaﬁb|39aa + ...+ Ag)\g)\f(ggeglgeag

AADNN S AT NA

%a Ab 6{3!5 85|a /]B ablﬁ goia /]c eqa %\a At gqa

f has exponential size, circuit may not
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Circuit Evaluation

(Ignore bottom numbers in graph)

Pr(e = ac)

1 Computation of any
/\ Pr(e) linear in
; . circuit size
A, 6, / \ 6, A,
1’ 5 5 0

Hbla Ab qﬁ %la /]B HBIE an /]c gqa ac|a /]E &qa
1 1 0 o0 1 1 .8 0o 2 2 1 38
1 1 0o 1 0 0 o 4 0 5 1 0
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Circuit Evaluation

(Ignore bottom numbers in graph)

Pr(e = ac)

1 Computation of any
/\ Pr(e) linear in
: ; circuit size
N / \ 5 Goal: compute
1t 50 5 7 compact circuits
Hbla Ab qﬁ %la /]B HBIE an /]c gqa ac|a /]E &qa
1 1 0 0 1 1 .8 0o 2 2 1 8
1 1 0 A 0 o] 0 4 o 5 1 0
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Factoring Multilinear Polynomials

f= Aa)\b)\cea(gbpeda + )\a)\b)\feaﬁb|39aa + ...+ Ag)\g)\f(ggeglgeag
Has 2" terms, each having 2n variables

Linear in every variable

Factor multilinear polynomials by compiling logic formulas
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From Polynomials to Logic Formulas

f=abc+ac+c

A=CA(AV-B)
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From Polynomials to Logic Formulas

f=abc+ac+c
A=CA(AV-B)
8 possible terms, f includes 3

8 possible models, A admits 3
» ABC (= abc)
» ABC (= ac)
» ABC (= ¢)
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From Polynomials to Logic Formulas

f=abc+ac+c
A=CA(AV-B)
8 possible terms, f includes 3

8 possible models, A admits 3
» ABC (= abc)
» ABC (= ac)
» ABC (= ¢)

Polynomial < class of logically equivalent formulas
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Encode, Compile, Decode

* Propositional theory: g Multilinear polynomial:
C*"(Av-B) Encode ac+all))c+c

l Compile
A

v T~

C £ e
/\ Decode \
/\/v\/\ - A N
B -B b 1
a 1

A -A

Smooth d-DNNF Arithmetic Circuit
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Encode, Compile, Decode

Propositional theory: s Multilinear polynomial:
C*"(Av-B) Encode ac+all))c+c

l Compile
A

Pt
/\\ C Decode +\ ¢
%
B -B b 1
a 1

A -A

Smooth d-DNNF ' Arithmetic Circuit

» What formula to write
» What form to compile to (so that it can be turned into AC)

» How to compile
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Logical Encoding

A O4

ay
as

0.1
0.9

C‘@C‘A
c1 0.1
co | 0.9
as by | 0.2 as ¢ | 0.2
as by | 0.8 as ¢ | 0.8

)‘81 )‘b1 )‘61‘981 0b1|31 ecl\al
+>‘31)‘b1 )‘62031 le\al ch|al
+...

"‘)\ag >\b2 )\Czeag abz\ag 9Q|a2

Jinbo Huang

Need a (compact) formula with
exactly 2" models

Write a set of formulas for each
CPT, take union

Each set proportional to CPT

Exploits network structure for
compactness
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Logical Encoding

Indicator variables/clauses
b Ly V sy ey Vil

> lbl V Ib2 —|Ib1 \Y —|Ib2
SRV RV

C | O
A g)f a 8-; Exactly 8 ways to instantiate these
ay ; cy ik A i
as | 0.9  as by |02 as o | 02 variables consistently
as by | 0.8 as ¢ | 0.8

f= )‘81)‘b1)‘61‘9810b1|310c1\al
+>‘31)‘b1 )‘62031 le\al ch|al
+...

"‘)\ag)\bg)\czeagabz\agacﬂa@
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Logical Encoding

A O4

ay
as

0.1
0.9

/ o4 ‘ O¢|a
ajy b1 0.1 ay c1 0.1
a; by | 0.9 a; ¢y | 0.9
as by | 0.2 ay ¢ | 0.2
as by | 0.8 as ¢ | 0.8

Aay Ay Agy ‘981 0b1 |a1 061 la
+Aa; )‘b1 Ac, 6?31 9b1 |a 9C2|31

+.
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Jinbo Huang

Parameter variables/clauses
> Iy <> Pay 1y, < Py,

> /31 A Ib1 — Pb1|al
lay N lby, < Phyja
/32 A Ibl > Pb1|32
/32 AN Ib2 — 'Db2|a2
> Iy AN, < Pe
Iy A, & PC2|31
Iy Aoy <5 P,
Iy ANle, & P.

1a1

1a2

2|a2

Each instantiation of /s forces
unique instantiation of Ps

Hence exactly 8 models
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Zero Parameters

> oy N, < Phya,

» Any model sets P, ,, to true iff it sets /, and
l,, to true

> Op,|a, = 0: Models setting Py, to true map to
terms that evaluate to 0

» Might as well remove them: =/, V =,

> Variable Py, ,, also removed
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One Parameters

> Loy Ay, < Py,

> Op,ja, = 1: Removing 0y, from polynomial
never affects its value

» Might as well not have Py, (and not have
above clause) in encoding
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Equal Parameters

> Loy N, < Py,
/a2 VAN /C2 <> PC2|32

> Oc)ay = 0c,a, = -8: Might as well merge P,

and P,,, into one variable

1]a1

s (L, AV (I, A L) < Py
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Effect of New Encoding
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Encode, Compile, Decode

* Propositional theory: g Multilinear polynomial:
C*"(Av-B) Encode ac+all))c+c

l Compile
A

\/ T~

Pt
' /\\ C Decode +\ ¢
%
B -B b 1
a 1

A -A

Smooth d-DNNF Arithmetic Circuit

» What formula to write /
» What form to compile to (so that it can be turned into AC)

» How to compile
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Target Form for Compilation

Would like to turn compiled formula (Boolean circuit) directly to
arithmetic circuit

L
e
=K T +
I"I"PPE |—||—|PP . N

> V to +, A to %, negative literals to 1
> Iy t0 Ax, Pyju to Oy
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Target Form for Compilation

Would like to turn compiled formula (Boolean circuit) directly to
arithmetic circuit

L
e
=K T +
I"I"PPE |—||—|PP . N

» Boolean circuit must satisfy certain properties
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Target Form for Compilation

Would like to turn compiled formula (Boolean circuit) directly to
arithmetic circuit

L
[
/ /" \\ +
I"I"PPE _|I_|PPE . N

» Boolean circuit must satisfy certain properties

» Smoothness, determinism, decomposability
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Negation Normal Form (NNF)

Negation only in leaves, other nodes AND/OR

/r
K T and
or or or/\nr

and an an and and and and and

-A B -B A -D D -C
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Smoothness and Determinism

Children of OR over same variables, and logically inconsistent

or

/\
/and\ and
or or or/\or
and an an and and and and and

- bl = ]
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Smoothness and Determinism

Children of OR over same variables, and logically inconsistent

or
/\
/and\ and
or or or/\or
and an an and and and and and

- bl = ]

A1 encodes fi, As encodes f>
= A1V As encodes f; +
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Decomposability

Children of AND over disjoint sets of variables

%and//or\a d
ormor o/ U\or

and an and and and and and and

-A B -B A C -D D -C
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Decomposability

Children of AND over disjoint sets of variables

and//or\a

d
7N N
or or 0 or

and an and and and and and and
-A B -B A C -D D -C
A; = {AB, AB}
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Decomposability

Children of AND over disjoint sets of variables

%and//or\a d
ormor o/ U\or

and an and and and and and and

-A B -B A C -D D -C

A1 = {AB, AB} encodes b + a

Jinbo Huang Logical Encoding of Bayesian Networks 18/ 24



Decomposability

Children of AND over disjoint sets of variables

% or
/\
and and
w / “\
or or 1] or
and an and and and and and and
-A B -B A C -D D -C

A1 = {AB, AB} encodes b+ a, Ay = {CD, CD} encodes cd + 1
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Decomposability

Children of AND over disjoint sets of variables
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-A B -B A C -D D -C

A1 = {AB, AB} encodes b+ a, Ay = {CD, CD} encodes cd + 1,
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Decomposability

Children of AND over disjoint sets of variables
Q or
and/\a

d
7N N
or or 0 or

and an and and and and and and

-

-A B -B A C -D

A1 = {AB, AB} encodes b+ a, Ay = {CD, CD} encodes cd + 1,
A1 A D, = {AB, AB} x {CD,CD} =

{ABCD,ABCD,ABCD,AB CD}
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Decomposability

Children of AND over disjoint sets of variables

% or
/\
and and
w / “\
or or 1] or
and an and and and and and and
-A B -B A C -D D -C

A1 = {AB, AB} encodes b+ a, Ay = {CD, CD} encodes cd + 1,
A1 A D = {AB, AB} x {CD,CD} =

{ABCD,ABC D,ABCD,AB CD} encodes
bed + b+ acd + a
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Decomposability

Children of AND over disjoint sets of variables

% or
/\
and and
w / u\
or or 1] or
and an and and and and and and
-A B -B A C -D D -C

A1 = {AB, AB} encodes b+ a, Ay = {CD, CD} encodes cd + 1,
A1 A D = {AB, AB} x {CD,CD} =

{ABCD,ABC D,ABCD,AB CD} encodes
bed + b+ acd +a= (b+ a)(cd + 1)
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Decomposability

Children of AND over disjoint sets of variables

% or
/\
and and
w / '\
or or 1] or
and an and and and and and and
-A B -B A C -D D -C

A1 encodes fi, N> encodes f>
= A1 A Qs encodes f1 X f»
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Encode, Compile, Decode

* Propositional theory: g Multilinear polynomial:
C*"(Av-B) Encode ac+all))c+c

l Compile
A

\/ T~

Pt
' /\\ C Decode +\ ¢
%
B -B b 1
a 1

A -A

Smooth d-DNNF Arithmetic Circuit

» What formula to write /
» What form to compile to (so that it can be turned into AC) /

» How to compile
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Partial Derivatives

Pr(e=ac) =1

A
+

e / \ o i
1 5 5 0
%(“‘\ /\&.4

1
1
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Partial Derivatives

Pr(e=ac) =1

1
1

N

e / \ o i
1 5 5 0
%(“‘\ /\&‘.4

A
+

d;p A q}iﬁ aﬁla AE abﬁ gc\a A an ac|a /]6 ac

1 1 0 (0] 1 1 .8 0O 2 2 1 8

1 1 0o 1 0 0 0 4 o 5 1 0
Jinbo Huang

Logical Encoding of Bayesian Networks

f is linear in every
variable

si(e) = .4

f will increase by .4 if \;
changes from 0 to 1 (e
changes from ac to ¢)

Pr(c)=.1+.4=25
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Partial Derivatives

Pr(e = aE) =.1 g—)i(e) = Pr(xje — X)

A
+

A Flipping variable: X € e

% Adding literal: x,x & e
A =

Pr(e): x € e

1 5
1

- ga / ; : E
.5 .5 0
%(“‘\ /\&‘ 4

b N\

cla

Pr(ac)=2L = 4

Pr(abc) = 5L = 1

*
é*
*
®
o
*

ol
[N

bl g
S
olo
£o
slo SO
Ed
ol D
=
ol
op gD
v SO
ol S
ol

o N
MNo N
)

A
1
1
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Partial Derivatives

Pr(e = ac) = .1 Oquril=(e) = Pr(x.u.e)

A
+

A Gives family marginals

: . Pr(x,u,e) Vxu
1 5 S5 0
2 + + + + 0 4
— XN S

1
1
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Evaluation and Differentiation

A, 6, : Az
[5T0l[0T4]
AT+ +[110] [215]+ +[B810]

XN

[IT1l* [0Jo* =+[0[a]*[21]0] [0]5]* [0]0]* =[2]5]*[8]0]

AN

. Ao G G A5 G A 6, 8, A 6,
0]

b c|a
[1T.1] [0To][0oT.1] [1T0] [8l0] |2|0|I2|5| Islol
[1T0] [0T4] [1T1]
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Evaluation and Differentiation

» Bottom-up pass evaluates circuit, computes
Pr(e)

» Top-down pass computes all partial derivatives

» Linear in circuit size
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v

Network polynomials and arithmetic circuits

v

Bayesian networks encoded as logic formulas

v

Target form for compiling logic formulas

Differentiation of arithmetic circuits

v
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