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Bayesian Network

Pr(z)
def
=

∏
θx|u∼z θx |u

Pr(e, d , c , b, a)
= θe|c θd |b,c θc|a θb|a θa
= (.1)(.9)(.2)(.2)(.6)
= .0216

Pr(e) = Pr(e, d , c , b, a)
+ Pr(e, d , c , b, a)
+ . . .

+ Pr(e, d , c , b, a)

Jinbo Huang Logical Encoding of Bayesian Networks 2/ 24



Bayesian Network

Pr(z)
def
=

∏
θx|u∼z θx |u

Pr(e, d , c , b, a)
= θe|c θd |b,c θc|a θb|a θa
= (.1)(.9)(.2)(.2)(.6)
= .0216

Pr(e) =

Pr(e, d , c , b, a)
+ Pr(e, d , c , b, a)
+ . . .

+ Pr(e, d , c , b, a)

Jinbo Huang Logical Encoding of Bayesian Networks 2/ 24



Bayesian Network

Pr(z)
def
=

∏
θx|u∼z θx |u

Pr(e, d , c , b, a)
= θe|c θd |b,c θc|a θb|a θa
= (.1)(.9)(.2)(.2)(.6)
= .0216

Pr(e) = Pr(e, d , c , b, a)
+ Pr(e, d , c , b, a)
+ . . .

+ Pr(e, d , c , b, a)

Jinbo Huang Logical Encoding of Bayesian Networks 2/ 24



Network Polynomial

A B Pr(A,B)

a b θaθb|a
a b θaθb|a
a b θaθb|a
a b θaθb|a
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a b λaλbθaθb|a

f = λaλbθaθb|a + λaλbθaθb|a + λaλbθaθb|a + λaλbθaθb|a

f (e = a) = (0)(1)θaθb|a + (0)(1)θaθb|a + (1)(1)θaθb|a + (1)(1)θaθb|a

= θaθb|a + θaθb|a = Pr(e)
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Network Polynomial

f = λaλbλcθaθb|aθc|a + λaλbλcθaθb|aθc|a + . . .+ λaλbλcθaθb|aθc|a

f has exponential size, circuit may not
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Network Polynomial as Arithmetic Circuit

f = λaλbλcθaθb|aθc|a + λaλbλcθaθb|aθc|a + . . .+ λaλbλcθaθb|aθc|a

+

+ +

*** *

* *

+ +

*** *

aλ aλaθ aθ

bλ cλ cλbλab|θ ab|θ
ab |θ ab|θ

ac|θ ac|θ ac|θ ac|θ

f has exponential size, circuit may not
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Circuit Evaluation

(Ignore bottom numbers in graph)

+

+ +

*** *

* *

+ +

*** *

aλ aλaθ aθ

bλ cλ cλbλab|θ ab|θ ab|θ ab|θ
ac|θ ac|θ ac|θ ac|θ

1 .5 .5 0

1

.1

1 0 0 1 1 .8 0 .2 .2 1 .8
.1 .1 0 .1 0 0 0 .4 0 .5 .1 0

.1 .2 0 .4

Pr(e = ac)

Computation of any
Pr(e) linear in
circuit size

Goal: compute
compact circuits
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Factoring Multilinear Polynomials

f = λaλbλcθaθb|aθc|a + λaλbλcθaθb|aθc|a + . . .+ λaλbλcθaθb|aθc|a

Has 2n terms, each having 2n variables

Linear in every variable

Factor multilinear polynomials by compiling logic formulas
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From Polynomials to Logic Formulas

f = abc + ac + c

∆ = C ∧ (A ∨ ¬B)

8 possible terms, f includes 3

8 possible models, ∆ admits 3

I AB C (⇒ abc)

I AB C (⇒ ac)

I AB C (⇒ c)

Polynomial ⇔ class of logically equivalent formulas
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Encode, Compile, Decode

I What formula to write

I What form to compile to (so that it can be turned into AC)

I How to compile
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Logical Encoding

f = λa1λb1λc1θa1θb1|a1θc1|a1
+λa1λb1λc2θa1θb1|a1θc2|a1
+ . . .
+λa2λb2λc2θa2θb2|a2θc2|a2

Need a (compact) formula with
exactly 2n models

Write a set of formulas for each
CPT, take union

Each set proportional to CPT

Exploits network structure for
compactness

Jinbo Huang Logical Encoding of Bayesian Networks 9/ 24



Logical Encoding

f = λa1λb1λc1θa1θb1|a1θc1|a1
+λa1λb1λc2θa1θb1|a1θc2|a1
+ . . .
+λa2λb2λc2θa2θb2|a2θc2|a2

Indicator variables/clauses
I Ia1 ∨ Ia2 ¬Ia1 ∨ ¬Ia2
I Ib1 ∨ Ib2 ¬Ib1 ∨ ¬Ib2
I Ic1 ∨ Ic2 ¬Ic1 ∨ ¬Ic2

Exactly 8 ways to instantiate these
variables consistently
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Logical Encoding

f = λa1λb1λc1θa1θb1|a1θc1|a1
+λa1λb1λc2θa1θb1|a1θc2|a1
+ . . .
+λa2λb2λc2θa2θb2|a2θc2|a2

Parameter variables/clauses
I Ia1 ↔ Pa1 Ia2 ↔ Pa2

I Ia1 ∧ Ib1 ↔ Pb1|a1
Ia1 ∧ Ib2 ↔ Pb2|a1
Ia2 ∧ Ib1 ↔ Pb1|a2
Ia2 ∧ Ib2 ↔ Pb2|a2

I Ia1 ∧ Ic1 ↔ Pc1|a1
Ia1 ∧ Ic2 ↔ Pc2|a1
Ia2 ∧ Ic1 ↔ Pc1|a2
Ia2 ∧ Ic2 ↔ Pc2|a2

Each instantiation of I s forces
unique instantiation of Ps

Hence exactly 8 models
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Zero Parameters

I Ia1 ∧ Ib2 ↔ Pb2|a1

I Any model sets Pb2|a1 to true iff it sets Ia1 and
Ia2 to true

I θb2|a1 = 0: Models setting Pb2|a1 to true map to
terms that evaluate to 0

I Might as well remove them: ¬Ia1 ∨ ¬Ib2

I Variable Pb2|a1 also removed
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One Parameters

I Ia1 ∧ Ib1 ↔ Pb1|a1

I θb1|a1 = 1: Removing θb1|a1 from polynomial
never affects its value

I Might as well not have Pb1|a1 (and not have
above clause) in encoding
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Equal Parameters

I Ia1 ∧ Ic1 ↔ Pc1|a1
Ia2 ∧ Ic2 ↔ Pc2|a2

I θc1|a1 = θc2|a2 = .8: Might as well merge Pc1|a1
and Pc2|a2 into one variable

I (Ia1 ∧ Ic1) ∨ (Ia2 ∧ Ic2)↔ P1
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Effect of New Encoding

+

+ +

*** *

* *

+ +

*** *

aλ aλaθ aθ

bλ cλ cλbλab|θ ab|θ
ab |θ ab|θ

ac|θ ac|θ ac|θ ac|θ

5.

2.8.

*
+

aλ aλbλ bλ

cλ cλ

*

* ** *

+ +

*
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Encode, Compile, Decode

I What formula to write
√

I What form to compile to (so that it can be turned into AC)

I How to compile
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Target Form for Compilation

Would like to turn compiled formula (Boolean circuit) directly to
arithmetic circuit

abP | bI bI¬ abP | abP | bI¬ bI abP |

abP |¬ abP |¬abP |¬abP |¬

aI aI¬ aPaP¬ aI aI¬ aPaP¬

∧ ∧

∨ ∨

∨

∧ ∧ ∧ ∧

∧ ∧ ∧ ∧

ab|θ bλ ab |θ ab|θ
bλ ab |θ

aλ aθ aλ aθ
* *

+ +

+

* * * *

I ∨ to +, ∧ to ∗, negative literals to 1

I Ix to λx , Px |u to θx |u
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Target Form for Compilation

Would like to turn compiled formula (Boolean circuit) directly to
arithmetic circuit

abP | bI bI¬ abP | abP | bI¬ bI abP |

abP |¬ abP |¬abP |¬abP |¬

aI aI¬ aPaP¬ aI aI¬ aPaP¬

∧ ∧

∨ ∨

∨

∧ ∧ ∧ ∧

∧ ∧ ∧ ∧

ab|θ bλ ab |θ ab|θ
bλ ab |θ

aλ aθ aλ aθ
* *

+ +

+

* * * *

I Boolean circuit must satisfy certain properties

I Smoothness, determinism, decomposability
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Negation Normal Form (NNF)

Negation only in leaves, other nodes AND/OR

Jinbo Huang Logical Encoding of Bayesian Networks 16/ 24



Smoothness and Determinism

Children of OR over same variables, and logically inconsistent

∆1 encodes f1, ∆2 encodes f2
⇒ ∆1 ∨∆2 encodes f1 + f2
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Decomposability

Children of AND over disjoint sets of variables

∆1 ≡ {AB,AB} encodes b + a, ∆2 ≡ {CD,CD} encodes cd + 1,
∆1 ∧∆2 ≡ {AB,AB} × {CD,CD} =
{ABCD,ABC D,ABCD,AB CD} encodes
bcd + b + acd + a = (b + a)(cd + 1)
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Decomposability

Children of AND over disjoint sets of variables

∆1 encodes f1, ∆2 encodes f2
⇒ ∆1 ∧∆2 encodes f1 × f2
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Encode, Compile, Decode

I What formula to write
√

I What form to compile to (so that it can be turned into AC)
√

I How to compile
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Partial Derivatives

Pr(e = ac) = .1

+

+ +

*** *

* *

+ +

*** *

aλ aλaθ aθ

bλ cλ cλbλab|θ ab|θ ab|θ ab|θ
ac|θ ac|θ ac|θ ac|θ

1 .5 .5 0

1

.1

1 0 0 1 1 .8 0 .2 .2 1 .8
.1 .1 0 .1 0 0 0 .4 0 .5 .1 0

.1 .2 0 .4

Jinbo Huang Logical Encoding of Bayesian Networks 21/ 24



Partial Derivatives

Pr(e = ac) = .1

+

+ +

*** *

* *

+ +

*** *

aλ aλaθ aθ

bλ cλ cλbλab|θ ab|θ ab|θ ab|θ
ac|θ ac|θ ac|θ ac|θ

1 .5 .5 0

1

.1

1 0 0 1 1 .8 0 .2 .2 1 .8
.1 .1 0 .1 0 0 0 .4 0 .5 .1 0

.1 .2 0 .4

f is linear in every
variable

∂f
∂λa

(e) = .4

f will increase by .4 if λa
changes from 0 to 1 (e
changes from ac to c)

Pr(c) = .1 + .4 = .5
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Partial Derivatives

Pr(e = ac) = .1

+

+ +

*** *

* *

+ +

*** *

aλ aλaθ aθ

bλ cλ cλbλab|θ ab|θ ab|θ ab|θ
ac|θ ac|θ ac|θ ac|θ

1 .5 .5 0

1

.1

1 0 0 1 1 .8 0 .2 .2 1 .8
.1 .1 0 .1 0 0 0 .4 0 .5 .1 0

.1 .2 0 .4

∂f
∂λx

(e) = Pr(x , e− X )

Flipping variable: x ∈ e

Adding literal: x , x 6∈ e

Pr(e): x ∈ e

Pr(a c) = ∂f
∂λa

= .4

Pr(abc) = ∂f
∂λb

= .1
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Partial Derivatives

Pr(e = ac) = .1

+

+ +

*** *

* *

+ +

*** *

aλ aλaθ aθ

bλ cλ cλbλab|θ ab|θ ab|θ ab|θ
ac|θ ac|θ ac|θ ac|θ

1 .5 .5 0

1

.1

1 0 0 1 1 .8 0 .2 .2 1 .8
.1 .1 0 .1 0 0 0 .4 0 .5 .1 0

.1 .2 0 .4

θx |u
∂f
∂θx|u

(e) = Pr(x ,u, e)

Gives family marginals
Pr(x ,u, e) ∀xu

Jinbo Huang Logical Encoding of Bayesian Networks 21/ 24



Evaluation and Differentiation

+

+ +

*** *

* *

+ +

*** *

1 .1

.1 1

1 .1 0 .4

1 .1 1 0 .2 .5 .8 0

.5 .2 .5 0

.1 1 0 1

0 0 0 .1 1 0 0 .5 0 0 .2 .5 .8 01 .1

1 .1

0 0 0 .1

1 0

1 0 .8 0 .2 0 .2 .5 .8 0

0 .4 1 .1

aλ aλ
aθ aθ

bλ cλ cλbλab|θ ab|θ ab|θ ab|θ
ac|θ ac|θ ac|θ ac|θ
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Evaluation and Differentiation

I Bottom-up pass evaluates circuit, computes
Pr(e)

I Top-down pass computes all partial derivatives

I Linear in circuit size
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Summary

I Network polynomials and arithmetic circuits

I Bayesian networks encoded as logic formulas

I Target form for compiling logic formulas

I Differentiation of arithmetic circuits
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