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Formal Methods in Software Engineering: Hoare Logic

Attempts on starred questions should be handed in to your tutor at the start of the tutorial.

Exercise 1 Proof Construction (*)

Give a proof of the following Hoare triple:

{n ≥ 1}

p := 0;
i := 1;
while (i≤n) do

p := p+m;
i := i+1

{p = m ∗ n}

Exercise 2 Proof Construction
Give a proof of the following Hoare triple:

{x > 0 ∧ y > 0}

m := x;
n := y;
while (m 6=n) do

if (m≤n) then
n := n-m

else
m := m-n

{m = gcd(x, y)}
where gcd(x, y) is the greatest common divisor of x and y. You may use the following facts about gcd:

1. b < a⇒ gcd(a, b) = gcd(a− b, b) for a, b > 0

2. gcd(a, b) = gcd(b, a) for a, b > 0

3. gcd(a, a) = a for a > 0

Exercise 3 Validity vs. Provability (*)

Explain what it means for a Hoare triple to be valid (or true), and what it means for a Hoare triple to be provable. Be
sufficiently precise in your explanations to make a clear distinction between the two concepts.

Exercise 4 Structural Induction
We presented a proof in class that Hoare logic is complete (under certain assumptions). That proof uses structural induc-
tion, where statements are broken down until we are dealing with a single assignment statement. Explain how one may
reformulate the proof so that it is a standard induction on the natural numbers.

Exercise 5 Weakest Precondition for Assignment
In our completeness proof, the fact

wp(x:=e, Q) = Q(e/x)

was used without proof. Give a proof based on the definition of wp.1

1wp(S,Q)(σ) = true iff for all states σ′, (executing S from σ results in σ′) ⇒ (Q(σ′) = true). Also recall that Q(e/x) denotes the condition
Q with all occurrences of x replaced by e, and that a condition can be regarded as a function that maps states to {true, false}.



Appendix: Rules for Partial Correctness

{Q(e)} x := e {Q(x)} (Assignment)

Ps ⇒ Pw {Pw} S {Q}

{Ps} S {Q}
(Precondition Strengthening)

{P} S {Qs} Qs⇒Qw

{P} S {Qw}
(Postcondition Weakening)

{P} S1 {Q} {Q} S2 {R}

{P} S1;S2 {R}
(Sequencing)

{P ∧ b} S1 {Q} {P ∧ ¬b} S2 {Q}

{P} if b then S1 else S2 {Q}
(Conditional)

{P ∧ b} S {P}

{P} while b do S {P ∧ ¬b}
(While)


