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Abstract However, it is well known that thd..,-optimization is

extremely vulnerable to outliers. This is because: ihe
This paper addresses the problem of robust optimal norm based method is aimed at minimizing the point-wise
multi-view triangulation. We propose an abstract frame- maximal residual, whereas outliers often give rise to the
work, as well as a practical algorithm, which finds the best maximal residual. As a result, a single outlier may destroy

3D reconstruction with guaranteed global optimality even the whole estimation. This is the Achilles’s Heel of the -

in the presence of outliers. Our algorithm is founded on based method. To salvage the method sdata cleaning

the theory ofLP-type problem. We have recognized that procedures (i.e., outlier-removal) must be applied first.
the L, triangulation is a concrete example of the LP-type
problems. We propose a set of non-trivissis operation .
subroutines that actually implement the idea. Experimentsz' Existing approaches
have validated the effectiveness and efficiency of the pro-

posed algorithm The problem of outlier-removal has been extensively re-

searched in the areassihtisticsandcomputational geome-

try (c.f. [11] [2] and references therein). Statistical methods
such as the robust M-estimator often assume a large-size
1. Backgrounds data set (in order to betatistically significant Whereas, in

the triangulation context the available data set size is often
small. For this reason we will not discuss the M-estimator
methods here.

The triangulation problem. Triangulation is the process
of computing 3D structure from known camera matrices.
Formally, let{P;;i = 1,...n} be a sequence of known
cameras, anc; be the image point (at view i) of an un-
known 3D pointX in 3-space. Thus we hawe = P;X 2.1. Aremark on RANSAC
(up to scale). Then the problem of reconstructing the 3D

point X, given the camera matric& and image points;, RANSAC is a powerful technique for outlier-removal,
is known agriangulation which allows the user quickly removing a large portion of

In the absence of noise or outliers, the triangulation out!iers from the data. Particulquy, for trigngulation the
problem is trivial, involving finding the intersection point °OPtimal Lo solver proposed by4] is very suitable to the
of rays in space. However, noise and outliers are often RANSAC framework, because it can be used as an effi-
unavoidable. In such circumstance to find a unique and€i€nt minimal-solver (for the RANSAC) requiring only two
optimal solution is much desirable but difficUf][3][4]. points from two views.

However, this is not good enough in tlig, setting. Be-
The L, optimization. A recent paperd] has been spark-  ing a randomized algorithm, the RANSAC may easily miss
ing the interest of using...-norm for various geometric vi- @ few outliers. In other words, it is not very reliable in thor-
sion problems. The interest is growing, as evidenced byoughly removing all outliers. Whereas, even a single re-
the increasing numbers of publications devoted to the topic,maining outlier may destroy the overdll, estimation.
e.g., BIl6][14][13]. Nevertheless, we do not oppose the use of RANSAC for

One of the chief advantages of tlig, scheme is that:  solving L., problems. On the contrary, we highly recom-
problems formulated by thé ., -norm often possess a sin- mend it for quickly removing the most egregious outliers
gle, hence global, optimum. By contrast, hardly has any in the first stage. Our algorithm can be employed after
conventionall,-based methods ensured the global optimal- the RANSAC, in order to further remove any remaining
ity. Another benefit ofL, is that, compared with,, it outliers—-if removing them does providerther andsub-
often leads to a simpler formulation for the same problem. stantialdecrease in the residual error.
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Figure 1.The existence of multiple local minima of the k-th median. This
figure shows three cost functions. While there is only a single minimum for
the L solution (i.e, minimax, in red dot), there are two level-1 minima
(in green dots) and three level-2 minima (in blue dots).

2.2. K-th median optimization

are satisfied, the paper has proven theoretically that the
above simple idea effectively reduces outliers in a pre-
dictable manner.

Their algorithm proceeds in an iterative fashion. In each
iteration, at least one outlier will be removed from the
measurement. Experiment for optimal, triangulation
with outliers has obtained encouraging success. While
effective, the algorithm is however, not efficient. Usually,
in the process of throwing away a “support-set” (¢t4])
not only outliers but also inliers are discarded. This is
very ‘wasteful’ especially when the number of matching
points is limited. For instance, in triangulation one often
does not have a long track for each feature point. The

So far, there have been only two papers that devotedauthors do suggest a remedy reinstatementbased on

specifically to the outlier problem in the., triangulation
context: Ke&Kanade’'sd] and Sim&Hartley’s|[L4].

Ke and Kanade relax the objective of thg, of minimiz-
ing the point-wisemaxima Instead, the k-th level maxima
(i.e., k-th median) is to be minimized. The idea is similar

residual analysis. However, this remedy is generally not
very reliable for discriminating true inliers from outliers.

In this paper, we provide arabstractframework, as well
as apractical algorithm, that removes outliers inguaran-
teedway. We present both theoretical foundation, and algo-

to the LMeds (least median) in robust regression where therithmic implementation forl ., triangulation with outlier-

median is exactly thé -th level maximum.

Finding the k-th level residual is not an easy task. The

removal. Experiments have obtained satisfactory results.

authors thus suggest a convex programming algorithm,3, [, _ triangulation, quasiconvex and SOCP

based on solving aonvex feasibility problemThis algo-
rithm works well, in terms of obtaining aapproximatek-th
order median. Moreover, if agxact solutions required, the

authors further suggest an integer programming approach.

While the algorithm is novel and useful, there is how-

This section gives a brief review of the,, triangulation.
For more details the reader is referred 3 6].

The L., triangulation problem is formally cast as a
min-max problem that minimizes the maximum of the re-

ever a problem that seemingly has been overlooked. That isProjection errors:

even if the convex programming (or integer programming)
does converge ta k-th median solution, there is however,

noguarantee that this solution is theiqueglobal optimum

at level k. In fact,k-th medians are generally not unique,

2
subject toP;.3X > 0,
(1)

i max [|(%XiPi3 — Pi12)X]|
X 7 (Pi;3X)2

but can have many local minima. In this sense, the OUtp“twherePi is the3 x 4 camera matrix at frame P;.,, is the

of the algorithm is unpredictable. It is not clear which local
minimum the algorithm has eventually found. As a result,
the k-th median algorithm has deviated from the original
promise of thel ., idea which was meant to findsingle
uniqueandglobal solution. Figd! illustrates the existence
of multiple k-th medians.

Moreover, since at level k the-sublevel set is not nec-
essarily aconvex sefotherwise there would not be multi-
ple local minima), so theonvex feasibility probleris no

m-th row vector fromP, andP;.,, ,, is a sub-matrix from
P consisting itsm-th andn-th rows. x is theinhomoge-
neousimage point (i.e., a 2-vector). To ease notations we
use|/A;X||? to represent the numerate part of the cost func-
tion, whereA,; is an coefficient matrix depending &f.

It has been proven that the minimax cost functiorilip (
is a quasiconvexXunction, and the problem quasiconvex
programming6] [18].

longer easy to solve. Nonetheless, since a bi-section searckefinition 3.1. A function f : R" — R is called qua-
is adopted, their algorithm frequently ends up with a good siconvex if its domain and all ita-sublevel set§ X €

approximation, which probably explains its success in ex-

periments.

2.3. Throw away bad points

Sim and Hartley conduct a rigorous investigation of a
simple idea for outlier-removathrowing away bad points
with the maximal residualsGiven that certain conditions

domf|f(X) < «} are convex.

Every quasiconvex programming has only one local min-
imum, and thus it is also the global optimum. For finding
this unique global optimum, we use thésectionsearch
algorithm:

Algorithm 3.2. (Bisection
Input: initial bounds|ay, a,], two working variables: = ., ! =



«y and a tolerance:.
Output optimizerX™*, and optimal value of¢*.

1. While (u—1) > ¢,do

2. a=(u+1)/2

3. Solve theSOCP feasibility problerbelow.
4. if feasiblethen u = ¢,

5. elsel = «, end if.

6. end do.

The SOCP feasibility problemin step-3 is:

Find X, such that¥i, |AX|| < aP;3X,andP;3X > 0.

If such X does not exist, then reports ‘infeasible’.
The first inequality constraint is easily recognized ager
ond order congethus the problem can be efficiently solved

by a SOCP (second-order-cone-progrehj).[The second
inequality is linear, known as trehirality (c.f. [5]).

4. Outlier removal: complexity analysis

Although there is a lack of rigorous mathematical defi-
nition of outliers, in this paper we however take a practical

view: we consider outliers as a small portion of data points .

(say, at mosk) containing in then input data, which con-
tributes to the greatest residual error in the estimation.
Under this view, our strategy for outlier-removal is thus
to identify a subset of at least- k data points that produces
the least residual error. Here thés simply anupper bound

estimate of the number of outliers (e.g., a percentile), and is

not hard to find. In practicd; is often very small, especially
after using the RANSAC for pre-filtering.

Now the outlier-removal problem has a more formal
description ofsubset-selection That is, given a set of

elements, the task is to identify a small subset containing at

mostn — k elements that gives the minimal error of certain
cost function.

To exactlysolve the above subset-selection problem is
very challenging in general. To see this, we examine the

computational complexity of the problem below.

4.1. Exhaustive search

A trivial method for solving the subset-selection problem
is by abrute-forcesearch (over all possible combinations).
This results in a typical combinatorial problem whose com-
plexity is O(Y2F_, C1,) (Ci, is the number of combina-
tions). As the problem size increases, this complexity
growsexponentially Clearly, due to such an exponential ex-

For example, consider a triangulation problem from 100
views. If one wishes to removat mostk = 4 outliers
by a brute-force search, then in total he has to conduct
Y00 + Cloo + C3oo + C3po + Cloo ~ 4 million tests of
all combinations. Il triangulation context, each of these
tests involves several loops of bisection iterations, and more
loops of SOCP feasibility tests.

4.2. Our new method

In this paper we give a hew method for exactly remov-
ing up to k outliers fromn measurements. In spirit, our
method belongs to exhaustive search. However, it works at
a speed far more efficient than the brute force search. To
demonstrate this, we will give an example below.

Consider a 100-view triangulation problem. Suppose af-
ter RANSACIng there is still a small number of at mast
outliers remaining. In other wordg; is an upper bound
of the number of outliers. Now the task is to thoroughly
(exactly) eliminate all these outliers and get an accurate tri-
angulation. By using our new method we are able to enu-
merate all local minima up to a desired lewel Choosing
the minimum corresponding to the least residual error as
the best solution, we then get a guaranteed optimal triangu-
lation.

Empirical, we have obtained the following results shown
in Tabled. It displays the numbers of tests needed (i.e. the
number of local minima) in order to obtain a globally opti-
mal solution by two different methods at different levekof
Clearly, our method is much more sensible, while the trivial
exhaustive search is computationally prohibitive wies
large.

5. The geometric intuition

As mentioned above, our mew method is in principle an
exhaustive search method, but, it works in a way far more
efficient than brute-force search.

Before proceeding to introduce the main theory of the
paper, which looks obscure at first glance, we will first
present the underlying geometric intuition. Specifically, it
is the following two key observations that motivate our new

method.
\\\\ P /
\ /o

Figure 2. This figure depicts 10 quasi-convex cost functions
fi(z),---, fio(z). The red dots indicate all the local minima. A tree

plosion the trivial search method soon becomes intractablestructure rooted fromt = 0 connecting all local minima is formed.

whenn or k is moderately large.



[ Num of local minima (mthd/levet) [ k=0 [ k=1]k=2] k=3 [ k=4 k=5 k=6 |
| Exhaustive search 1 101 | 5051 [ 166751] 4087976] 79375496] 1.2714x10" |
‘ Our new method 1 4 12 35 104 302 879 ‘

Table 1. A comparison of the number of tests required (i.e. number of local minima) for obtaining a guaranteed global optimum. The data
is taken from a 100-view triangulation experiment, allowing ug tutliers. Our method is much more efficient.

Consider a simple example of finding all theth level certain objective function while satisfying all the constraints
local minima of a set of ten one-dimensional quasi-convex of G
cost functionsf; (x), - - - , fio(x), as shown in fi2. In the Solvingan abstract optimization problem is defined as:
figure, all local minima are indicated by red dots. find a minimal-size subs& of H such that their values are
Note that at levek there are exactly + 1 local minima identical, i.e.,w(H) = w(B) > —oco. The function value
(i.e. the number of red dots at levk). This number is  —oo (standing for ‘undefined’) precedes all values in set

much less than what is predicted by the complexity analysisW.

conducted in the previous section, i.e. exponential. o o
Also note that for any given local minimum at level- Definition 6.1. (LP-type probler) An abstract optimiza-

k,(k > 1), there is always alirect paththat leads to a tion problem is called ah.P-type problemf the following

(k — 1)-th level local minimum. In other words, for any two axiomsare satisfied:

node (i.e. a red dot) at levél there is always a preceding o _ )

node (red dot) at levél: — 1). This gives rise to &reedata 1. (Monotonicity) For any constraint setf, Gwith F C

structure that links all the tree nodes (i.e. red dots) together. ~ GC H, we havew(F) < w(G).

To recap, the two key observations are: _ ) )
2. (Locality) For anyF, Gwith F C G C Hwith w(F) =

1. The number of local minima at levél is bounded from G . .
above, and the bound is much lower than exponential. w(G) > —coand anyh € H w(G) < w(GUR) implies
that alsow(F) < w(F U h).

2. There is always a direct path from a local minimum of level
k to a local minimum of levek — 1,Vk > 1. Remark. The term ‘LP-type’ stands for ‘linear program-

As a result, one can perform an exhaustive search overMing type’. However, an LP-type problem is not neces-
all local minima (i.e. tree nodes) by a simple tree search. ~sarily a linear programming problem. Moreover, it is not

We thus wonderwhether these two observations (,which €ven necessarily a linear problem. In fact, many nonlinear
were made upon apecificone-dimensional minimization ~Problems (including thé.., triangulation) are examples of
problem,) aregenericenough so that iappliesto the L. LP-type problem.
triangulation problem as well If the answer is affirmative,
then this will suggest an effective search method. Fortu-
nately, for theL, triangulation problem the answer is in-
deed “yes”. To prove this, in the next section we will re-
sort to an abstract, but elegant and powerful, optimization

Definition 6.2. (Basis) A finite set of constrain8is called
a basis if any proper subset of this sBt C B has strictly
smaller function value, i.ew(B') < w(B). For a subseG
of H, we say thaB C Gis abasisof Gif w(B) = w(G).

theory—the LP-type problems. Definition 6.3. We say that a constrairit € H violatesa
subsetG C Hif we havew(GU k) > w(G). The violation
6. LP-type problems setV(G) is all the constraints that violat&. The cardinality
k of the violation seV(G) of Gis called thelevel of the set

6.1. Some terminologies G k= |V(G).

The theory of LP-type problems is mainly due to Sharir ] o .
and Welzl [LZ], and Matousek with Sharir and WelZ(], Example: The violation set of the universe sétH) = 0,
who actually coined the concept and originated the research@"d the level oHis zero.

An abstract optimization problem is specified by a pair - pefinition 6.4. (Combinatorial dimensioy. The maxi-

P2 e .
(H,w), whereHs a finite set, andv : 2" — Wiis afunc- 5 cardinality of any basis o) is defined as theom-

tion with valuesin a linearly ordered sefW', <). The ele-  pinatorial dimensiorof the LP-type problem, denoted by
ments ofH are called constraints. One can considerHtzes dim(H, w).

the universe of constraints for a given optimization problem

(H,w). The domain spacg” contains all combinations of Note that for a specific LP-typé-dimension optimiza-
feasibility-test applied to the constraint $¢t For a subset  tion problem, e.g.min, f(x),x € R, thedomain dimen-
G C H, w(GQ) is called thefunction valueof G. Intuitively, siond is not necessarily equal to its combinatorial dimen-

the valuew(G) stands for the minimal value attainable for sion. In fact they are different in general.



6.2. Two main theorems

It turns out that the above abstract LP-type framework
provides an effective way of solving a wide class of opti-
mization problems. In particular, in a few moment we will
show that under this framework the outlier-removal problem
is reduced tofinding a basis which produces the smallest
function value and satisfies all but at méstonstraints

Such a basis-finding problem, as an instanceulfset-
selection of course could be solved exactly by a brute-force
search. However, as explained before, the complexity for
brute-force search is exponential.

Remarkably, an LP-type problem can be solved much
more efficiently (than brute-force search), thanks to the fol-
lowing two main theorems/1i2] [10)).

Theorem 6.5. (upper bound of cardinality.) For a non-
degenerate LP-type problerfH, w) of combinatorial di-
mensiond with w(G) > —oo for any G C H, the num-
ber of bases of level at moktis bounded from above by
Bek| = O((k +1)%).

Theorem 6.6. (basis reachability.) Every basis of level
can be reached from the basis of lekel 1 through a direct

Input: an LP-type probleniH; w), a given maximal levek.
Output: all the base®,, at each leved < k£ < K.

. (Initial basis finding) find the root basis set for the universe
set, i.e.Bo = B(H). Letk = 0;

. (Basis change) generate all bases set at lével 1 by per-
forming a series of basis-change operations. Specifically, for
everyb € By, do the following: generate a basis at level
k +1 by Br+1 = B(H\V(Bk)\b), whereV(By) is the vio-
lation set ofB;. The symbol, means ‘exclude’ or ‘deprive
of’;

. if k = K goto step 4, otherwisk = k + 1, go back to 2.

. Output all the bases, i.eBy, Bl,O: 81,1, ce 1BK,1: cee

Intuitively, a basisB; at level« represents aninimal-
setof constraints thasupportthe function value at the cur-
rent level—removing any of the member constraints By,
will further lower the function value. As such, solving
the LP-type problem offers a means to identify which con-
straints are the most active ones—in the context of robust-
estimation they often relate to the outliers.

path. Consequently, all bases are connected through a tree’. The L, triangulation is an LP-type problem

structure.

So far, we have introduced the LP-type framework, and

These two theorems have justified our two observations inSome of its main results. _
sech. To prove these theorems requires some knowledge However, in order to apply the framework to the triangu-

of probabilistic methodd], and is beyond the scope of the
paper. Interested reader is referred6][9] for details.

We say an LP-type problem i®n-degeneratd for any
two distinctbases andB’ in Hwe havew(B) # w(B'). In

lation problem, a critical question must be answeisdhe
L, triangulation problem an LP-type probleth

We now proceed to give an affirmative answer and pro-
vide a proof for it. For convenience, repeat thg, trian-

practice, the non_degeneracy condition may be enforced bﬂulation formulation here. This time the ObjeCtive function

applying infinitesimal perturbations to the function values.

6.3. Solving LP-type problems

Solving an LP-type problemis referred to as: finding
all the bases at a given leviel To solve an LP-type problem,
we will need the following primitive operations:

e Violation test: Given a se of constraints, and a sin-
gle constraint, decide whether or ndt € v(G).

e Basis finding Given a seGof constraints, find a basis
B of the set, i.e.B = B(G), with w(B) > —ooc.

e Basis change Given a seiG and one of its basiB,
for a single constraink find some new bases of the
set-union(BU h).

Follow from the two main theorems, a deterministic LP-
type algorithm can be derived?]):

Algorithm 6.7. A deterministic algorithm for LP-type problems

(i.e.,the sub-leved) is explicitly expressed.
(2)
3)

min «, subjectto,
Vi, ||AZX|| < OéPi;3X, andPi;g,X > 0.

Result 7.1. (Main Resul)

The L., multiview triangulation is an LP-type problem;
Moreover, thelL ., multiview triangulation with at most
outliers is an LP-type problem.

Proof. The proof is done by specifically constructing an
LP-type problem from Edd). Define the universe sétas

the set of all constraints, including both the second-order-
cone conditions and the chirality conditions. Define a func-
tion w whose value is the minimal value of the sub-lexel
while satisfying given constraints. In other wordsjs the
minimal objective function value at the optimizer poXt
which itself is located in the intersecting region of the con-
straints. Clearly, all suchvs are linearly ordered. So far we
have constructed a pair ¢fl, w).



Next, we need to verify that the two axioms in the defi-
nition of the LP-type are satisfied. Axiom-1 (monotonicity)
is quite obvious: adding more constraints to a set can only
further constrain the set, so its function value can never de-
crease. Thus the monotonicity holds. It now remains to
show that axiom-2 (locality) is also satisfied. Since the
L« triangulation problem can be solved through the SOCP
level-set bisection method. Each iteration of the bisection
amounts to solving a convex feasibility problem. Let us
consider a non-degenerate feasible case, i.e., whesuf-
ficiently large so that all constraints are satisfied (i.e., their
intersections are non-empty) and a single (non-degenerate
optimum exists. In this case, decreasinagvill neverin-
crease the areas of the intersecting region. In other words
the feasible regions of different levels arested Suppose
that at two different levels we have two feasible regions with
the same function value*. Then it is easy to check that:
if a constrainth € Hviolates the smaller feasible region it
must also violate the larger one. (The converse is also true
if h violates the larger region then it also violates the smaller

one, due to the non-degeneracy.) This says that, the IocaIityGU I infeasible, then report:

axiom holds. For the outlier case, the proof is similarC]

To analyze the complexity of the obtained LP-type prob-
lem, we have another result which has useful practical im-
plication.

Result 7.2. The combinatorial dimension of thé .-
triangulation-induced LP-type problem is finite, and is
bounded from above by i.e.,d(H,, @) < 4.

One way to prove this is through the use of Helly's cele-
brated theorem#]): given A a finite family of convex sets
in R4, If everyd+1 members of4 have a pointin common,
then there is a point common to all members4fExam-
ple: if every3 out ofn disks in the 2D plane intersect at one
point, then all these disks must intersect at one point.

8. The proposed triangulation algorithm

The main algorithm

The top-level structure of our algorithm is given below:

Algorithm 8.1. LP-type for L., triangulation with outliers

Input: a triangulation problem, and a level K.
Output all bases and the global optimum up to level K.

1. Setlevel k =0. Call SOCP bisection algorithm (i.e., ald)
to find anL . triangulation (i.e. the solution at levél = 0).

2. Call algorithm-[6.7), which consists of the following three
steps:

(a) use thebasis-finding subroutingsee below) to find the
initial root basisBy;

(b) while k¥ < K, do generate new bases by calling the
basis-change subroutifgee below)k = k+1 ; end-
do;

(c) Remove any redundancies in the obtairketh level
bases, and output the bases.

3. For each of the obtained bases, compute their function val-
ues, find the smallest value and the corresponding global
minimizer, output them as the final solutioBnd.

)y To actually apply the above algorithm some non-trivial

details must be filled in. Specifically, we need to pro-

vide subroutines for violation-test, basis-finding and basis-
change.

Violation-test subroutine

Violation-test is easy to implement, involving only a sin-
gle step SOCP. Given a constraint &tvhich is initially
feasible. Test a single constraitnt if adding ~» to G makes
violatesG. The violation-
test subroutine is frequently invoked by other subroutines.

Basis-finding subroutine

The basis-finding subroutine accepts as input a Seiof
sibleconstraintss, and output a basB, which is a subset of
G We propose the following algorithm which is guaranteed
to produce a basis.

Algorithm 8.2. Basis-finding subroutine

Input: a set of constrainG, and its optimal function valuag.
Output: one basiB(G).

1. leta = ag—eto makeGinfeasible, where is a infinitesimal

positive number;

. for each membey of G, drop it temporarily fromGand do an
SOCP-feasibility-test; ifG\ g¢) is still infeasible, then drop
it permanently; otherwise, return it tG;

. If all members have been testediputB(G) = G

Based on the definition of basis it is easy to see why this
subroutine works.

Basis-change subroutine

The basis-change task is: given a baBjsand a con-
strainth not in By, find a basis fo(BU k). This task can be
fulfilled by applying the basis-finding subroutine to the set
(H\V(B)\b) (c.f. algorithm-6.7)). This procedure eventu-
ally invokes an SOCP bisection procedure. Since most of
the bisections are performed locally (i.e., only bisecting a
small range interval), the computational overhead is low.
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Figure 6. 3D circle experiment: Reconstructed circle at different

level k. Whenk = 0 the obtained result is almost identical to the
ground-truth.

9. Experimental validation

The above LP-type framework looks rather abstract.

However, to actually implement the algorithm is simple. A points corrupted by a 10-pixel uniform noise (as outlier),
central algorithmic component is the SOCP feasibility test, and each view has at least one such corrupted image point.
which will be frequently called by other higher-level rou- This amounts to abo@)% outliers. Then use our new LP-
tines. We implement the whole program in less than 200 type algorithm to do the triangulation.

lines of Matlab code. The adopted SOCP solver is the Se- The purpose of the first experiment is to answer the fol-
DuMi [15]. lowing questionup to a given levek, how many bases are

We have conducted three experiments to validate our thethere? This is actually equivalent to askinigow many tests
ory and algorithm. All experiments have obtained convinc- are needed in order to ensure a guarantéetével global
ing successful results. Some of which even provide new optimality?
theoretical insight. Answer to this question is given in fig-We applied our al-

In the first experiment, we generate a synthetic 3D gorithm to the 100 points. Each point is processed indepen-
scene containing 100 points. We take 21 images from 21dently. As an example, we show the results for 10 points. It
positions. This amounts to a 21-view 100-point triangula- reveals that up to levél < 3 the number of bases is limited
tion problem. We add Gaussian noise, as well as differentto the range of 20-50. This result is very encouraging. Oth-
proportions of outliers to th1, 000 image points. We en-  erwise this number would b&562 if a brute-force search
sure that each 3D point has at most 3 corresponding imagevere used for solving the 21-view triangulation problem.
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We have shown that the,, triangulation is actually an
LP-type problem. We provide a practical algorithm for im-
plementing this idea for robudt., triangulation. Our al-
gorithm handles outliers in an exact and predictable man-
ner. It always finds the unique global optimum at relatively
low cost. Quantitative comparisons among different outlier-
removal methods are planned as our future work.

Since our method has received convincing success for
the triangulation problem, we expect more general applica-
tions to other problems. There have been shown that many
geometric vision problems accommodate a simplgrso-

lution, see ] [3] for example. So long as these problems
s AR are LP-type problems, our method could be applied to find

Figure 7.Experiment results on the dinosaur sequence. Top left: a guaranteed global optimum, even in the presence of out-

one of the input images; Others: the rms residual errors at k=0,1,3liers. . o
are 4.17,2.61,0.57 pixels, resp. Currently, the computational burden time is very heavy.

In fact, if we strictly follow the LP-type theory framework,
much faster algorithms (e.g., in linear expectation time, or
sub-exponential time) are clearly possible.

In terms of computation time, one SOCP-test for the trian- ~ Potentially, the central idea of our outlier-removal

gulation problem costs only about 0.03 seconds on a modestnethod can also be applied to other problems where an ex-
P4 machine. act robustness is desired.
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Fig-5 gives the min-max residual errors over 21 views Ack led i
after applying our algorithm to levél- At & = 3 (i.e. about cknowledgements
10% — 15% outliers) the min-max residual error is reduced The author wishes to thank R.Hartley for generous research support,
to about 0.2 pixels, clearly indicating that most of the out- many encouragements and inspiring discussions. Thank all three anony-
liers have been removed successfully. In conclusion thismous reviewers for their invaluable comments. Thank Dr C Shen for dis-

. . ) cussion and proofreading. The proof of the Main-Result is adapted from
figure illustrates that our method does effectively remove car oisson's comment: personal communication with C. Olsson and F
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