Projective Reconstruction and Invariants from
Multiple Images

Richard I. Hartley

Abstract— This paper investigates projective reconstruc-
tion of geometric configurations seen in two or more per-
spective views, and the computation of projective invari-
ants of these configurations from their images. A basic tool
in this investigation is the fundamental matrix which de-
scribes the epipolar correspondence between image pairs.
It is proven that once the epipolar geometry is known, the
configurations of many geometric structures (for instance
sets of points or lines) are determined up to a collineation
of projective 3-space P3by their projection in two indepen-
dent images. This theorem is the key to a method for the
computation of invariants of the geometry. Invariants of 6
points in P3and of four lines in P3are defined and discussed.
An example with real images shows that they are effective
in distinguishing different geometrical configurations.

Since the fundamental matrix is a basic tool in the com-
putation of these invariants, new methods of computing the
fundamental matrix from 7 point correspondences in two
images or 6 point correspondences in 3 images are given.

Keywords—Fundamental matrix, projective reconstruction,
invariants, structure from motion.

I. INTRODUCTION

Projective invariants of geometrical configurations in space
have recently received much attention because of their ap-
plication to vision problems ([10]). Although invariants of a
wide range of objects in the 3-dimensional projective space
P3do exist one is restricted in the field of vision to consid-
ering those that may be computed from two-dimensional
projections (images). For point sets and more structured
geometrical objects lying in planes in P2, many invariants
exist ([2]) which can be computed from a single view. Un-
fortunately, it has been shown in [7] that no invariants of
arbitrary point sets in 3-dimensions may be computed from
a single image. One is led either to consider constrained
sets of points, or else to allow two independent views of the
object. An example of the first approach is contained in
[16] which considers solids of revolution. This paper takes
the second course and considers invariants that can be de-
rived from two views of an object. Very little previous work
has been done in this area.

It has been shown by Longuet-Higgins [8] that for cali-
brated cameras, the relative locations of a set of points in
P3may be computed from two views using a non-iterative
algorithm. This is not quite true of uncalibrated cameras.
Theorem 5 of this paper shows, however, that the point lo-
cations may be computed uniquely up to collineation of P2,
as long as sufficiently many points (at least 8) are given.
This is one of the basic results of this paper, since it allows
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us to compute invariants of point sets in P3from two views.

As examples of invariants that may be computed from
multiple views, invariants of six points and of four lines
in P3 are defined. Experiments are carried out with real
images to determine their effectiveness at distinguishing
projectively different configurations.

Notation : Vectors are usually represented in homo-
geneous coordinates, and may be considered as elements
of projective 2-space, P2 or projective 3-space, P3. Pro-
jective transformations are represented by matrices. Two
homogeneous vectors, or transformation matrices that dif-
fer by a non-zero constant factor are considered to be the
same.

We consider a set of points {x;} in space, visible at image
locations {u;} and {u}} in two images. In normal circum-
stances, the correspondence {u;} < {u}} will be known,
but the location of the original points {x;} will be un-
known.

Nothing will be assumed about the calibration of the two
cameras that create the two images. The camera model
will be expressed in terms of a general projective transfor-
mation from three-dimensional real projective space, P2,
known as object space, to the two-dimensional real projec-
tive space P?known as image space. The transformation
may be expressed in homogeneous coordinates by a 3 x 4
matrix P known as a camera matrix and the correspon-
dence between points in object space and image space is
given by u; = Px;. It is often convenient to write a camera
matrix in the form P = (M | t) where M is a 3 x 3 matrix
and t is a column vector.

II. THE FUNDAMENTAL MATRIX

For sets of points viewed from two cameras, Longuet-
Higgins ([8]) introduced a matrix that has subsequently be-
come known as the essential matrix. In Longuet-Higgins’s
treatment, the two cameras were assumed to be calibrated,
meaning that the internal cameras parameters were known.
It is not hard to show (for instance, see [5]) that this ma-
trix may also be defined for uncalibrated cameras, in which
context it is usually referred to as the fundamental matrix.
The following basic theorem is proven in [8].

Theorem (Longuet-Higgins) Given a set of image cor-
respondences {u;} < {u}} there exists a 3 x 3 real matriz
F of rank 2 such that u," Fu; = 0 for all i.

Notice that each image correspondence gives rise to a
linear equation in terms of the entries of the matrix F. If 8
or more image correspondences are known, then they lead



to a system of 8 or more homogeneous linear equations in
the entries of F', from which F may be computed up to an
insignificant scale factor.

Factorization of the fundamental matrix : Sup-
pose that the singular value decomposition ([1]) of F is
given by F = UDVT, where D is the diagonal matrix
D = diag(r,s,0). The following factorization of F may
now be verified by inspection.

F=SM; S=UZU"; M =UEdiag(r,s,a)V "
where

0 -1 0 0 10
E=11 0 0 ;o Z=1 -1 0 0
0 01 0 00
and « is an arbitrary number. The matrix S is skew-
symmetric, and M is non-singular.
Any arbitrary 3 x 3 skew-symmetric matrix is of the form

0 —t3 ta
t3 0 -t
—ta t1 0

and it will be convenient to denote this matrix as [t]«,
where t is the vector t = (t1,%2,%3)". This notation is
motivated by the fact that for any vector v we have [t] v =
t x v (the cross product) and v[t]x = v x t. For any non-
zero vector t, matrix [t]x has rank 2.

It is evident since a may be arbitrarily chosen that the
factorization of F' as a product [t]« M is not unique. The
following lemma makes this fact clearer.

Lemma .l. Let the rank 2 matriz F factor in two different
ways as F = [t]uyM = [t'|xM’'. Then t =t and M' =
M +ta' for some vector a.

Proof. First, note that tF = t[t]xM = 0, and similarly,
t'F = 0. Since F has rank 2, it follows that t = t’ as
required. Next, from [t]x M = [t]x M’ = F it follows that
[t]x(M' — M) = 0, and so M’ — M = ta' for some a.
Hence, M’ = M +ta' as required. 0

III. PROJECTIVE RECONSTRUCTION

For calibrated cameras, Longuet-Higgins showed that
the external camera parameters and the point placements
may be determined from the fundamental matrix. This is
not true in the case of uncalibrated cameras. A basic result
of this paper, however, is that the camera transformation
matrices and the point placements may be determined up
to a collineation of projective 3-space, P>.

A matrix F' is said to be the fundamental matrix cor-
responding to a pair of camera matrices P and P’ if for
every point x in space with corresponding image points
u = Px and u’ = P’x the equation u'" Fu = 0 is satis-
fied. Written in terms of the original point x, this gives
x' P'TFPx = 0. Since this relationship must hold for all
x we have the following criterion.

Lemma .2. The matrix F' is the fundamental matrix cor-
responding to a pair of camera matrices P and P’ if and
only if P'TFP is skew-symmetric.

Under this condition we say that the pair (P, P’) is a real-
isation of the fundamental matrix F.

Two camera matrices P and P’ with different centres of
projection uniquely determine the fundamental matrix F,
since one can choose sufficiently many points x; not in a
critical configuration ([9]). The matrix F is then deter-
mined by the equation ugTF u; = 0 where u; = Px; and
u; = P’x;. This may also be deduced explicitly from the
condition in Lemma 2.

On the other hand, given matrix F', the matrices P and
P’ are not uniquely determined. Specifically, if H is a non-
singular 4 x 4 matrix, and P’ T F'P is skew-symmetric, then
sois H' P'T FPH. This shows that (P, P’) and (P'H, PH)
are both realizations of the matrix F. It will be shown that
this is the only ambiguity in the realization of a fundamen-
tal matrix. Before showing this we need to find explicitly
at least one realization of a fundamental matrix F. This is
given by the following result

Proposition.3. The fundamental matrix corresponding to
a pair of camera matrices P = (I | 0) and P' = (M | t) is
F=[t]xM.

Proof. One simply verifies that

T T
Prp = M Niemrjoy= (M M0
t 0 0
is skew symmetric. a

We now prove our main theorem which indicates when
two pairs of camera matrices correspond to the same fun-
damental matrix.

Theorem .4. Let (Py, P}) and (P2, Pj}) be two pairs of cam-
era transforms. Then (Py, P]) and (Ps, Py) correspond to
the same fundamental matriz F if and only if there exists

a 4 X 4 non-singular matric H such that PPH = P, and
P/H = Pj.

Proof. The if part of this theorem has already been proven,
so we turn to the only if part. Since each of the matrices Py
and P, has rank 3, we can multiply them (on the right) by
suitable matrices H; and H to transform them each to the
matrix (I | 0). If the matrices P| and Pj are also multiplied
by H; and Hs respectively, then the fundamental matrix
corresponding to the camera matrix pairs are unchanged,
as seen previously. Thus, we have reduced the problem to
the case where P = P, = (I | 0).

Suppose therefore, that P, = P, = (I | 0) and that
Pl = (M{ | t}) and P; = (M} | t;). By Proposition 3
we have F = [t]]x M| = [th]« M). According to Lemma 1
this implies that t} = t5 = t and that M, = M| +ta' for
al (1) ) Then one
verifies that (I | 0) = (I | 0)H, so P, = P;H. Furthermore,
P/H = (M] | t)H = (M| +ta' | t) = (M} |t) = Pj. Thus
H is the matrix required for the conclusion of Theorem 4.

O

some vector a. Let H be the matrix



A. POINT SET RECONSTRUCTION

Given a pair of camera matrices P and P’ and a pair of
matched points u < u’ it is evident that the space point x
that gives rise to the two matching image points is uniquely
defined, and may be obtained by intersecting two rays from
the camera centres. Here is a simple way of computing the
point x.

Suppose that the fundamental matrix factors as F =
[t']xM’, and let P = (I | 0) and P/ = (M’ | t’) be a real-
ization of the matrix F'. Let u < u’ be a pair of matched
points in the two images. We wish to find a point x in
space such that u = Px and u’ = P’x. From the re-
lation W' Fu = W' "[t'|xM'u = u'T(t/ x M'a) = 0, it
follows that u’, M'u and t’ are linearly dependent. If
in particular M'u = Bu’ — at’ then we define the cor-

responding object space point x to be the point

It is now easily verified that Px = (I | 0)x = u and
P'x = (M’ | t)x = M'u+ at’ = u’ This verifies that
the given values of P, P’ and x; constitute a projective
reconstruction of the data.

As shown, x is determined by the two camera matrices
P and P’ and the matched points u < u’. If we choose
a different pair of camera matrices PH and P’H realizing
the same fundamental matrix F', then in order to preserve
the same pair of matched image points, the point x must
be replaced by H~'x. Thus, changing to a different real-
ization of F results in a projective transformation (namely
H™1) of the scene. This proves the following theorem

Theorem .5. (Faugeras [3], Hartley et al. [4]) Given
a set of image correspondences {w;} — {ul} sufficient
to determine the fundamental matriz, the corresponding
object space coordinates {x;} may be computed up to a
collineation of projective 3-space P3.

B. REFINEMENT OF THE RECONSTRUCTION

The linear techniques described here for projective re-
construction do not give optimal results, and are sensi-
tive to noise. If better accuracy is required, then the lin-
ear solution may be refined using iterative techniques to
find an optimal reconstruction. The method used is to
use Levenberg-Marquardt iteration ([12]) to minimize the
sum-of-square difference between the measured image co-
ordinates u; and uj, and the predicted values, 4; = Px;
and 1, = P'x;. The entries of the matrix P’ as well as the
image coordinates x; are treated as variable parameters in
seeking this best fit, but P is held equal to ({ | 0). Under an
assumption of zero-mean Gaussian noise in measurement
of image coordinates, this gives the maximum likelihood
reconstruction.

For the most efficient implementation, it is important to
take advantage of the block structure of the normal equa-
tions to separate the estimation of incremental changes to
point coordinates from the estimation of the changes to the
camera matrices. This technique is described in [14], and
gives an enormous speed increase, particularly when there
are many matched points. Convergence of this algorithm
is rapid and reliable given an initial guess derived from the

linear solution.

IV. RECONSTRUCTION FROM OTHER CONFIGURATIONS

Suppose that the images of n points are known in k
views. Since each image point provides two constraints
on the location of the object points, this gives a total of
2nk constraints. On the other hand, up to collineations
of P3, n points in space have a total of 3n — 15 degrees
of freedom. In addition, the k views have 11k degrees of
freedom. In order for the positions of the points and the
cameras to be determined, we need more equations than
degrees of freedom. In summary :

# D.O.F =

# constraints =

3n — 15+ 11k ,
2nk .

To solve for the point locations,
2nk > 3n+ 11k — 15 .

Particular cases show that with n = 7 points, k = 2 views
will suffice, for n = 6 points, k = 3 views are sufficient. and
for n = 5 no solution is possible however many views are
given. We will now consider the former two cases, and give
specific algorithms.

A. SEVEN POINTS IN TWO VIEWS

Since multiplication of ' by a non-zero scale factor is
insignificant, and det(F) = 0, a fundamental matrix F has
7 degrees of freedom. Because of this, it is possible to
determine F' from only 7 image correspondences.

From 7 image correspondences, the equation u;TF u; =0
gives a set of 7 homogeneous linear equations in the entries
of F. The solution of these equations has the form

fij = agip + by (1)

where p and v are unknown and each a;; and b;; is known.
Substituting into the equation det(F) = 0 gives rise to a
homogeneous cubic equation in the variables p and v. Up
to scale, this equation has three solution, including complex
solutions. Substituting the values of p and v back into (1),
three possible solutions for the fundamental matrix F' are
found. Either there are three real solutions for F', or there
are one real and two conjugate complex solutions.

An alternative solution to the problem of 7 points in
two images was given in [15], but this solution seems sim-
pler. An implementation and results of reconstruction from
seven points has been reported recently in [11].

B. Six POINTS IN THREE VIEWS

We begin by considering six points viewed in a single
image. Let the points in space be denoted x;,...,xg, and
their coordinates in the image be uy, ..., ug. If the camera
matrix is given by P, then the basic relationship is u; =
Px;. We assume that u; = (w;u;, w;v;,w;)| where each
u; and v; is known, but w; is not. Further, let the rows of
P be vectors p1 |, p2 | and p3'. Each point gives rise to
three equations
Wi = P3TXi .

R I
Wiy = P1 X5 5 WiV = P2 X



Cancelling w; in the usual way leads to two equations

(2)

These equations are linear in the entries of P, and so six
points generate a set of 12 equations in 12 unknowns which
may be written in the form Ap = 0. The vector p is made
up of the entries of the matrix P, and the coefficient ma-
trix A has entries which are linear expressions in the coor-
dinates (z;,v;, zi,t;) ") of the various points x;. Since this
system of equations must have a non-zero solution for p, it
follows that det(A) = 0. This gives rise to a polynomial of
degree 12 in the z;, y;, z; and t;. Any set of points which
are mapped onto the observed image points by an unknown
camera must satisfy this polynomial equation.

Now, by an appropriate choice of projective coordinates,
it may be assumed that the first five points x; have co-
ordinates (1,0,0,0)T, (0,1,0,0)T, (0,0,1,0)T, (0,0,0,1)T
and (1,1,1,1)T. The position of the sixth point xg =
(z,y,2,t)T is not determined. The equation det(A4) = 0
now reduces to a second degree polynomial. This proves
the following result.

Te. — . T, - Te. — T
u;p3 X; =P1 X5 UiPp3s X; =P2 X; .

Proposition .6. Suppose a set of siz points x; are mapped
to points u; in an image. If projective coordinates are cho-
sen for P3such that points x1,...,X5 have given canonic
coordinates, then the sizth point must lie on a quadric sur-
face, determined only by the coordinates of the image points
u;.

Given three views, the location of the point xg is deter-
mined as the intersection of three quadric surfaces. There
may be as many as 8 solutions. It has been remarked re-
cently by Quan ([13]) and by Ponce et. al. ([11]) that five
of these solutions are the points x7,...,Xs, so that there
are in fact only three possible solutions for xg. Results of
reconstruction from 6 points in two views are reported in
[11,13].

Once the points x; are determined, equations (2) can
be used to solve for the camera matrices, and then the
fundamental matrices for each pair can be computed from
Theorem 3.

V. PROJECTIVE INVARIANTS OF POINT SETS

As has been shown, although it is impossible to deter-
mine the exact geometry of a scene from multiple views,
it is in general possible to reconstruct the scene up to an
unknown projective transformation of space. Suppose that
some mathematical quantity, defined as a function of the
scene geometry, may be computed, and that this quan-
tity is unchanged under projective transformations in P3.
Such a quantity is called a projective invariant of the scene
geometry. If this quantity is computed from a projective
reconstruction of the scene, as discussed in this paper, then
it will have the same value as if it were constructed from
the actual scene. Such projective invariants do not include
such scene properties as angles and length ratios, which are
not invariant under projective transformations of the scene.
There are, however several projective invariants of certain
3D geometrical configurations, as will be seen shortly. Such

invariants may be computed from two or more views of the
scene and used for object recognition or for distinguishing
between different objects. The general strategy of comput-
ing these invariants is as follows.

1. Use image correspondences to compute the fundamen-
tal matrix F. Then find a factorization F' = [t]x M,
and hence two camera matrices P = (I | 0) and
P = (M |t).

2. Compute the projective reconstruction of the scene,
using for instance the method of Section III A.

3. Compute a projective invariant of the reconstructed
scene in P3.

Given a set of six points {x;} in P3, a coordinate sys-
tem may be selected in which the first five points have co-
ordinates (1,0,0,0)T, (0,1,0,0)T, (0,0,1,0)T, (0,0,0,1)7
and (1,1,1,1)T. The coordinates of the sixth point give
rise to three independent projective invariants of the six
points. This method fails if three of the points happen to
be collinear, however, this case will be ignored for the sake
of simplicity.

VI. PROJECTIVE INVARIANTS OF LINES

A. COMPUTING LINES IN SPACE

To be able to compute invariants of lines in space, it
is necessary to be able to compute the location of a line
in P3from its images in two or more views; Lines in the
image plane are represented as 3-vectors. For instance,
a vector A = (\,p,v)| represents the line in the plane
given by the equation Au + pv + vw = 0. Similarly, a
plane in 3-dimensional space is represented in homogeneous
coordinates as a 4-dimensional vector. The relationship
between lines in the image space and corresponding planes
in object space is given by the following lemma.

Lemma.7. The set of all points in P3that are mapped by
a camera with matrix P onto a line A in the image is the
plane © with coordinates PT .

Proof. A point x lies on 7 if and only if Px lies on the line
A, and so AT Px = 0. On the other hand, a point x lies
on the plane 7 if and only if 7'x = 0. Comparing these
two conditions leads to the conclusion that 77 = AT P or
7w = PT X as required. O

If a line in space is seen in two or more views, then it
may be found by computing the intersection of the corre-
sponding planes in space.

B. ALGEBRAIC INVARIANT FORMULATION

A line in space may be given by specifying either two
points on the line or dually, two planes that meet in the
line. It does not matter in which way the lines are de-
scribed. In the formulae (4) and (5) below certain invari-
ants of lines are defined in terms of pairs of points on each
line. The same formulae could be used to define invari-
ants in which lines are represented by specifying a pair of
planes that meet along the line. Since the method of deter-
mining lines in space from two view given in Section VI A
gives a representation of the line as an intersection of two



planes, the latter interpretation of the formulae is most use-
ful. Nevertheless, in the following description, of algebraic
and geometric invariants of lines, lines will be represented
by specifying two points, since this method seems to al-
low easier intuitive understanding. It should be realized,
however, that the dual approach could be taken with no
change whatever to the algebra or geometry.

Consider four lines A; in space. In specifying lines, each
of two points on the line will be given as a 4-tuple of ho-
mogeneous coordinates, and so each line J\; is specified as
a pair of 4-tuples

Ai = ((ai1, @iz, ass, ais) (bir, bio, bz, bis))

Now, given two lines )\; and A;, one can form a 4 x 4 de-
terminant, denoted by

i1 G2 (3 Qg4
bir  biz bz big
Gj1 G52 Q53  Aj4

|)\1)\j| = det (3)

Finally, it is possible to define two independent invariants
of the four lines by

AAa| [AsA

Ii( A1, A2, A3, M) = % )
and .
112 34

Io(A1, Aoy A3, \g) = m ' (5)

To prove that the two quantities so defined are indeed
invariants, it is necessary to show firstly that the result is
independent of which pair of points are used to specify each
line, and secondly that it is invariant under a projective
transformation. The proof is fairly straight-forward, and
is given in [6].

An further invariant may be defined by
RSP VIRRYREY

[AM1As] [A2Aa]

It is easily seen, that Is = I;/I>. However, if |A1 2| van-
ishes, then both I; and Is are zero, but I35 is in general
non-zero. This means that I3 can not always be deduced

from I; and Is. A preferable way of defining the invariants
of four lines is as a homogeneous vector

I()\17A27A3a)\4) ==
(A 2] [AzAal, [AAs] [A2Aal, (Mg [A2As]) (6)

I3(A1a )‘Qa )‘37 A4)

Two such computed invariant values are deemed equal if
they differ by a scalar factor. Note that this definition of
the invariant avoids problems associated with vanishing or
near-vanishing of the denominator in (4) or (5).
C. DEGENERATE CASES

The determinant |A\;\;| as given in (3) will vanish if and
only if the four points involved are coplanar, that is, exactly
when the two lines are coincident (meet in space). If all
three components of the vector I(\1, A2, A3, \4) given by
(6) vanish, then the invariant is undefined. Enumeration
of cases indicates that there are two essentially different
configurations of lines in which this occurs.

1. Three of the lines lie in a plane.
2. One of the lines meets all the other three.

The configuration where one line meets two of the other
lines is not degenerate, but does not lead to very much use-
ful information, since two of the components of the vector
vanish. Up to scale, the last component may be assumed
to equal 1, which means that two such configurations can
not be distinguished. In fact any two such configurations
are equivalent under collineation.

D. GEOMETRIC INVARIANTS OF LINES

It is also possible to define projective invariants of sets
of four lines geometrically. In particular, given four lines
in space in general position, there will exist exactly two
transverse lines that meet all four of these lines. The cross
ratio of the points of intersection of lines with each of the
transverse lines give two independent projective invariants
of the set of four lines. These invariants may take real
or complex values. The relationship of these invariants to
the algebraic invariants is clarified in [6]. In particular,
it is shown that there are just two independent projective
invariants of four lines in space.

VII. EXPERIMENTAL RESULTS

Three images of a pair of wooden blocks representing
houses were acquired and vertices and edges were extracted.
The images are shown in Fig 1. Corresponding edges and
vertices were selected by hand from among those detected
automatically. There were 13 edges and 15 lines extracted
from each of the images. The dotted edges were not visible
in all images and were not chosen. Vertices are represented
by numbers and edges by letters in the figure.

A. COMPARISON OF INVARIANT VALUES

The invariants described in this paper are represented
as homogeneous vectors. T'wo such vectors are considered
equivalent if they differ by a non-zero scale factor. To mea-
sure the closeness of two computed invariant vectors, we
define a metric

1/2
) -

For any vy and va, distance d(v1, va) lies between 0 and 1
and is unchanged when vy or vo is multiplied by a non-zero
constant.

B. INVARIANTS OF 6 POINTS

Vi1.Vg

i) = (1-

(V[ vl

Six sets of six points were chosen for computation of
invariants. The sets of points were chosen arbitrarily by
hand. The six sets of six points chosen as in the following
table which shows the indices of the lines as given in Fig 1.

Sy = {1,2,3,6,9,10} , S» = {2,4,6,8,10,12}
Sy = {1,3,5,7,9,11} , S, = {1,2,3,6,7,8}
Ss = {1,4,7,10,13,12} , S¢ = {2,5,8,11,12,13}

Invariants of each set of points were computed as in Sec-
tion V and compared using (7). Table (8) shows the in-
variant of the sets of six points as computed from the first

)



Fig 1. Three views of houses, and numbered selected vertices and lines

and second and from the second and third images.

0.0266 0.9705 0.9760 0.6199 0.8479 0.8236
0.9954 0.0155 0.0649 0.8410 0.2529 0.5482
0.9671 0.0668 0.0136 0.8630 0.2764 0.5169
0.6173 0.8306 0.8735 0.0167 0.7050 0.7522
0.8616  0.2385 0.2898 0.7082 0.0056 0.5909
0.8286  0.5442 0.5193 0.7195 0.5746 0.0264
(8)

The (,7)-th entry of the table shows the distance ac-
cording to the metric (7) between the invariant of set S;
as computed from images 1 and 2 with that of set S; as
computed from images 2 and 3. The diagonal entries of
the matrix (in bold) should be close to 0.0, which indicates
a match. The matrix should be approximately symmetric,
which is in fact the case.

The off-diagonal entries are not close to zero, except for
the (2,3) entry — but even that entry is greater than the
diagonal entries. This indicates that the six-point invariant
is very good at discriminating between sets of points with
different geometrical structure. Evidently, sets of points
So and S3 are quite similar in arrangement, at least up to
collineation.

C. INVARIANTS OF 4 LINES

The same experiment was carried out with six sets of
four lines. First the fundamental matrices were computed
using point matches and then the line invariant (6) was
computed for each pair of line sets and compared using the
metric (7).

The sets of lines chosen are given in the following table
(vefer to Fig 1).

Sl - {B,C,J,K} ) SQ = {BaGa']aN}
S3 = {A7B7H7I} ) S4 = {BaDaE7G}
Sy = {A,C,0,]} , S¢ = {B,I,L,N}

Table (9) shows the results. The only bad entry in this

matrix is in the position (4, 4). This is because of the fact
that the four lines chosen contained three coplanar lines
(lines B, D and E). This causes the values of the invariant
to be indeterminate (that is (0,0,0)), and shows that such
instances must be detected and avoided.

0.0129 0.6741 0.3027 0.6885 0.6425 0.4494
0.6469 0.0338 0.7414 0.8382 0.7069 0.2216
0.0620 0.6912 0.2292 0.7075 0.7082  0.4613
0.2866 0.6076 0.1823 0.8903 0.8558 0.3839
0.6566 0.7212 0.8996 0.7189 0.0035 0.6943
0.4731 0.2390 0.5552 0.9479 0.7192 0.0332
(9)

Once again, the four-line invariant is shown to be a useful
discriminator between sets of four lines.

Acknowledgement I am indebted to Joe Mundy for
introducing me to the subject of projective invariants, and
for many enlightening conversations during the preparation
of this paper.
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