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Abstract. Ant Colony Optimisation (ACO) is a constructive meta-
heuristic that uses an analogue of ant trail pheromones to learn about
good features of solutions. ACO implementations are typically tailored
in an ad hoc manner to suit particular problems. Critically, the phero-
mone representation for a particular problem is usually chosen intuitively
rather than by following any systematic process. In some representations,
distinct solutions appear multiple times, increasing the effective size of
the search space and potentially misleading ants as to the true learned
value of those solutions. In this paper, we present a novel system for
automatically generating appropriate parsimonious pheromone represen-
tations based on the characteristics of the problem model that ensures
unique pheromone representation of solutions. This is the first stage in
the development of a generalised ACO system that may be applied to a
wide range of problems with little or no modification. However, the sys-
tem we propose may be used in the development of any problem-specific
ACO algorithm.
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1 Introduction

For many years the Operations Research community has sought an efficient
integer solver capable of solving a range of combinatorial optimisation prob-
lems (COPs) with little or no modification [1]. Traditional operations research
techniques such as branch and bound have exponential worst case run times,
prompting the development of a small number of generalised metaheuristics,
as detailed in Randall and Abramson [2]. All of these generalised metaheuris-
tic solvers use iterative metaheuristics such as Simulated Annealing and Tabu
Search. This paper describes part of a larger effort to produce a generalised
constructive metaheuristic, based on the increasingly popular Ant Colony Opti-
misation (ACO) approach. For details of the ACO approach the interested reader
is directed to Dorigo and Di Caro [3] and Dorigo and Stützle [4].



The ACO approach belongs to the class of Model-Based Search (MBS) al-
gorithms [5]. In a MBS algorithm, new solutions are generated using a param-
eterised probabilistic model, the parameters of which are updated using previ-
ously generated solutions so as to direct the search towards promising areas of
the solution space. The model used in ACO is known as pheromone, an artificial
analogue of the chemical used by real ants to mark trails from the nest to food
sources. In ACO, pheromone is typically associated with the solution compo-
nents used by artificial ants to construct new solutions, guiding their decisions.
When adapting ACO for a given problem, one of the most important design
choices is the pheromone representation [6,4]. Typically, this is chosen in an ad
hoc way, based on what appears to best suit a given problem. Intuitive choices
often work quite well in practice [4]. However, in a number of cases pheromones
have been used that represent solutions multiple times, increasing the apparent
size of the search space and potentially misleading ants as to the true learned
value of solutions. A more rigorous, systematic approach may be adopted that
ensures unique representation of solutions, improving the consistency with which
ACO is applied and potentially leading to better results. In this paper, we de-
scribe an emerging system for producing appropriate pheromone representations
based on the characteristics of the combinatorial problem to solve. This system
may be applied in both a generalised solver as well as in the development of
problem-specific ACO algorithms.

We review the small number of studies that have compared alternative phero-
mone representations in Section 1.1. Section 2 contrasts the formal description
of ACO with its application in practice. Next, we introduce a formal notation
for describing pheromone representations in Section 3. Section 4 explores the
requirement of unique solution representation in pheromone, while Section 5
describes our approach to deriving appropriate pheromone representations for
different problems. Section 6 gives some conclusions and outlines how a gener-
alised solver can be produced.

1.1 Comparative Pheromone Studies

There have been a small number of comparative studies on alternative phero-
mone representations. In the main, these have used the observed performance of
alternative intuitive pheromone choices to infer the most appropriate pheromone
representation. Hence, their results are restricted to those problems studied and
some closely related problems.

Blum [7] studies two pheromone representations for the edge-weighted k-
cardinality tree problem.3. One representation associates pheromone with the
edges in the tree while the other associates pheromone with pairs of edges. Given
the same amount of execution time, the latter produces fewer solutions due to
its increased computational overhead, leading Blum to conclude that the former
is a better choice for this problem.

3 This problem requires that a tree of k edges of minimum weight from some graph is
found



Roli, Blum and Dorigo [8] describe an ACO algorithm maximal constraint
satisfaction and compare three pheromone representations that associate phero-
mone with the assignment of values to variables, pairs of variable–value bindings
adjacent in the solution, and all pairs of variable–value bindings in a solution
respectively. The first and last performed similarly but, due to the increased
computational overhead for the last, the first representation is promoted as most
appropriate.

Blum and Sampels [9] compared four pheromone representations for a gener-
alised scheduling problem, three from the literature and a novel representation.
Their novel pheromone representation performed best. Indeed, in a later study,
they found that one of the representations from the literature introduces an
unfavourable bias to the search [10].

Section 4 presents some of the reasons underpinning these results. Knowledge
of these underlying causes aids in the development of a systematic approach to
the selection of pheromone. This systematic approach may then be used with
problems to which ACO has not previously been applied.

2 ACO, Construction Graphs and Pheromone

The earliest ACO algorithm, Ant System (AS) [11], was applied first to the trav-
elling salesman problem (TSP), which has a strong similarity in structure with
the real world shortest path problem faced by ants. A number of improved ant al-
gorithms were inspired by AS, and in the late 1990s the common aspects of these
were combined into the formal description of the ACO metaheuristic (see, e.g.,
Dorigo and Di Caro [3]). ACO algorithms (instances of the ACO metaheuristic)
are intended to find minimum cost paths over a graph G = (C,L,W ) while re-
specting a set of constraints Ω [14,3]. In this formulation C = (c1, c2, . . . , cn) is a
finite set of problem components, L = (lcicj

|ci, cj ∈ C) is a finite set of possible
connections between the elements of C, and W is a set of weights associated
with the components C or the connections L or both. Hence, for the TSP, C
is the set of cities, L is the set of links between cities and W is the weight of
the links. This definition admits pheromone representations that do not asso-
ciate pheromone with the edges of the graph. We broaden the interpretation of
solution components in Section 3.

A recent effort to describe a generalised version of AS, Gutjahr’s Graph-based
Ant System (GBAS) [12], presents a very strict use of pheromone. In GBAS,
ants create walks over a construction graph, which represents an encoded form
of solutions to a particular problem. Pheromone is associated with the edges of
this graph. Walks in this construction graph are mapped onto feasible solutions
via a problem-specific function Φ. GBAS is as yet only a theoretical system, and
no attempt has been made to describe how the function Φ may be input to the
system, a critical step in its implementation.

As ACO is based on the foraging behaviour of ants—clearly a shortest path
problem—it may seem natural and even essential that the same restriction be
imposed on applications of ACO to various optimisation problems. Certainly,



the development of an appropriate graph representation is considered of crucial
importance in much of the ACO literature (e.g., [3,11,13,14]). However, ACO
algorithms have increasingly been applied to problems that show a marked di-
vergence from classic shortest path problems like the TSP. This has lead to the ad
hoc application of several novel pheromone representations that have little basis
in the graph representations used to describe these problems. Furthermore, the
emphasis on construction graphs may make it more difficult to correctly identify
the most appropriate pheromone representation for a problem.

A typical approach to developing a graph representation for a COP involves
identification of the components from which solutions are constructed and then
determining how those components should be connected. This can be problem-
atical for many COPs, leading to the development of many ACO applications
that diverge from the traditional construction graph approach.

The multiple knapsack (MKP), set covering (SCP) and set partitioning (SPP)
problems, collectively called subset problems, have the simplest solution struc-
ture of any problem type, consisting of an unordered set of items. A graph
representation for these problem might use C as the set of items, with L fully
connecting the elements of C. Each node visited in a walk in this graph would be
included in the solution. However, as Leguizamón and Michalewicz [15] suggest,
there is no real concept of a path in these problems. Hence, even if phero-
mone is associated with the items—an intuitive choice used by Leguizamón and
Michalewicz—considering these problems in a terms of a graph is quite artificial.

For problems involving assignment of items to groups or resources, such as the
quadratic assignment problem (QAP), generalised assignment problem (GAP),
and frequency assignment problem (FAP) [16], two distinct types of component
may be identified, items and resources. In a review of ACO algorithms for the
QAP, Stützle and Dorigo [17] suggest that a suitable graph representation for
the QAP has C as the set of locations and facilities, with L fully connecting
these components.4 The graph representation of such problems would in fact
be bipartite, as facility–facility and location–location links are meaningless for
such problems. Moreover, given a walk in this graph corresponding to a feasi-
ble solution, only half the edges represent assignments, while the other half are
superfluous. Indeed, no ACO algorithm for the QAP uses this graph represen-
tation [17], instead representing solutions as permutations of either facilities or
locations, where position indicates the location (or facility) to which they are
assigned, with pheromone associated with the assignments. ACO algorithms for
other assignment problems such as the FAP and GAP use pheromone repre-
sentations that also suggest an alternative solution representation to the graph
described above [16,18].

Costa and Hertz [19] describe an ACO algorithm for the graph colouring
problem (GRAPH), a special kind of assignment problem, in which pheromone
is associated with pairs of non-adjacent nodes assigned the same colour. The
same pheromone is used for the bin packing (BIN) and cutting stock (CSP)
problems [20]. While this pheromone representation is intuitively appropriate

4 This approach may also be applied to other assignment problems.



for these problems, it cannot be easily reconciled with walks in any graph rep-
resentation of the problem.

Bauer, Bullnheimer, Hartl and Strauss [13] describe an ACO algorithm for
the single machine total tardiness problem (SMTTP), which considers two alter-
native graph representations. The first, a GBAS-like state-oriented construction
graph, was not used given its enormous size (O(2n) nodes when scheduling n op-
erations), prompting the development of a greatly simplified construction graph.
Pheromone is associated with the absolute position of nodes in walks in this sim-
plified graph.

Despite departing from the original construction graph approach, in terms
of both problem and pheromone representations used, the ad hoc application
of ACO has often been highly effective [4]. Indeed, ACO is only an analogue
of ant behaviour, and non-graph-based models can still allow the desired stig-
mergic behaviour to emerge. However, the ad hoc approach has produced some
combinations of COPs and pheromone representations with inherent flaws that
may impair ACO’s performance. Investigation of these problems can lead to a
more systematic approach to the selection of appropriate pheromone representa-
tions. The next section formalises the description of pheromone representations
as background to the remainder of the paper.

3 Pheromone Representations

An important foundation for the automated selection of pheromone representa-
tions is an appropriate way of describing those representations, which we intro-
duce here.

To guide ants as they construct solutions, a pheromone representation’s role
is to map certain identifiable features of solutions to pheromone values. Hence,
the nature of a pheromone representation is largely determined by the features
it describes. In the following, C ⊂ Z is the set of entities that may be combined
to form a solution, called components by Dorigo, Bonabeau and Theraulaz [14].
Note that this differs from more recent interpretations of the term solution com-
ponent (see, e.g., Blum, Roli and Dorigo [6]) that extend it to be a decision
variable plus its value. For example, in the TSP, a variable xi, representing the
city placed after city i, may have the value j, the combination of the two rep-
resenting the presence of link (i, j) in the solution. Hence, solution components
are the atomic building blocks from which solutions are constructed. This is the
interpretation of solution component used here. Some problems involve a num-
ber of different entities (such as facilities and locations in the QAP), in which
case C consists of a number of subsets, C1, . . . , Cn, representing each of these
entities, and which form a cover of C. A solution component can be constructed
by combining elements of these subsets. For instance, given a set of cities C,
C × C could represent the set of links in the TSP, while given a set of facilities
C1 and a set of locations C2, C1×C2 could represent the set of facility–location
assignments in the QAP. Where a pheromone representation makes use of the



absolute position of elements from C in a linear solution, the set of solution
positions is denoted by P .

We further expand the notion of a solution component to the more general
concept of a solution characteristic. A solution characteristic is some identifiable
feature of a solution, and a set of solution characteristics should uniquely describe
a solution. An individual characteristic may correspond to the presence of a par-
ticular solution component, or to some broader feature of solutions produced by
a number of solution components. For instance, in the TSP, (i, j) ∈ C × C is a
solution component, which is identical to the solution characteristic represented
by pheromone for the TSP. An example of the latter kind of solution charac-
teristic is found in the pheromone representation used for the graph colouring
problem [19], where the solution characteristic modelled is pairs of nodes be-
ing assigned the same colour, while the solution components are node–colour
assignments.

Where solution characteristics correspond to solution components a phero-
mone representation is said to be first order [6]. Higher order representations
involve subsets of solution components. For instance, a second order pheromone
representation often indicates the utility of having a pair of solution components
in the same solution. Higher order pheromone representations may emerge in
two ways. Given an existing first order pheromone M , the nth order pheromone
representation may be obtained by transforming it into Mn. Alternatively, when
the solution characteristics we wish to model relate many parts of the solution to
each other, a higher order pheromone forms naturally as a consequence of hav-
ing to combine information from each of these relationships. In the latter case,
it is often impossible to use the underlying first order representation indepen-
dently, unlike the former situation. In both cases, the resulting representation is
denoted by X ×M ;Mn, where X represents the set of all partial solutions. The
first part describes the observed pheromone representation, where the phero-
mone associated with adding a solution characteristic from M is contingent on
a partial solution from the set X. The second part describes the underlying
pheromone representation Mn, from which pheromone values are aggregated5

to produce the observed pheromone representation. Strictly speaking, the nth

order pheromone representation generated from M includes only higher order
solution characteristics (and hence pheromone values) for n-tuples consisting of
n distinct elements from M , although this is denoted by Mn.6 The structure of
a typical nth order pheromone is described formally in Definition 1.

Definition 1. The nth order pheromone representation derived from the first
order pheromone representation M is {(i1, . . . , in)|i1, . . . , in ∈ M, i1 ≺ . . . ≺
in} ⊂ Mn where i ∈ M is a solution component from M and ≺ is an arbitrary
but fixed order imposed on the elements of M . This is denoted by X ×M ;Mn.

5 Various methods may be used, such as taking the mean or minimum value.
6 This corresponds to the use of matrices to implement such representations given

their fast access properties not possessed by sparse representations.



Table 1. Common pheromone representations. Example problems indicate how rep-
resentations have been used in the literature

# Pheromone Pheromone associated with. . . Example Problems

1 C items present in solution knapsack, set covering
2 C × C one item succeeding another TSP, shop scheduling
3 X × C; C2 pairs of items present in solution; or maximum clique

collection of items preceding another shop scheduling
4 X × C1 × C2; (C1)2 pairs of items in same/different group graph colouring
5 C × P position of item in solution shop scheduling
6 C1 × C2 assignment of resource in C2 generalised &

to item in C1 quadratic assignment

An example of a naturally occurring second order pheromone is that used
for the graph colouring problem [19]. For this problem, a X × C1 × C2; (C1)2

pheromone is used, where (C1)2 represents a pair of nodes being assigned the
same colour. Hence, the pheromone representation naturally relates a number of
solution components. Although Definition 1 cannot be applied directly to this
second order pheromone, the standard M–M2 relationship can still be seen by
considering a typical second order pheromone where solution characteristics are
pairs of node–colour assignments, X×C1×C2; (C1×C2)2. Given that the actual
colours assigned to nodes are not important in this problem—only what nodes
are in the same colour group—all references to actual colours in the underlying
(C1×C2)2 pheromone may be removed, producing the simpler (C1)2 pheromone.
We refer to this second order pheromone as a grouping pheromone.

The set of allowable pheromone values is represented by T ⊂ R+, with indi-
vidual pheromone values conventionally denoted by τ(i), where i is the solution
characteristic modelled. We abbreviate M 7→ T to M . Table 1 summarises a
number of commonly used pheromone representations.

Where the solution characteristic described by M is potentially ambiguous,
it may be necessary to specify its proper interpretation. Consider representation
3 from Table 1, X ×C;C2, where (i, j) ∈ C2 could represent i and j both being
present in the solution, or that i appears before j in the solution. These could be
specified more clearly by denoting the representations as X ×C;C2 (copresent)
and X × C;C2 (preceding) respectively.

4 Unique Representation and Parsimony in Pheromone

When applying ACO to the TSP, an intuitive pheromone representation is C×C,
where C is the set of cities. This pheromone representation has an important fea-
ture. Each distinct solution to the TSP is represented by exactly one set of links
and so, in the pheromone representation, by exactly one set of solution char-
acteristics. Hereafter, we say that pheromone representations with this feature
have the property of unique representation, expressed by Definition 2.



Definition 2. A pheromone representation M has the property of unique rep-
resentation if each solution is represented by exactly one set of solution charac-
teristics taken from M .

There are two criteria for possessing this property. First, each distinct solu-
tion must be represented at least once, as any excluded solution could be the
optimal one. As pheromone representations are derived from characteristics of
the solution structures used, which will in any properly designed algorithm allow
for any solution to be represented, this criterion is generally trivially met. The
second criterion for unique representation is that each distinct solution must be
represented no more than once. If this latter criterion is not met, then ants could
construct the same solution while using different sets of solution characteristics.
Moreover, pheromones that represent distinct solutions multiple times conse-
quently increase the size of solution space ants search in—even though the same
number of distinct solutions are present—which is clearly an undesirable prop-
erty for a metaheuristic search algorithm. Due to problem constraints, the dis-
tribution of extra representations is likely to be non-uniform, biasing the search
towards certain solutions. A bias that favours better solutions would be desir-
able. However, as the distribution of representations is unknowable for difficult
combinatorial problems, unique representation of solutions is a safe, practical
alternative. Notably, in Gutjahr’s [12] GBAS, (p.875) “. . . to each feasible solu-
tion, there corresponds (via Φ) at least one walk . . . ” in the construction graph,
so the pheromone it uses, which is associated with the links in these walks, is
not guaranteed to have the property of unique representation.

It should be noted that with any pheromone representation ants are able to
construct the same solution while encountering different sequences, and in some
cases slightly different subsets, of the solution characteristics that describe that
solution. For instance, in the TSP, ants may construct the same solution while
starting at different cities, thereby encountering a different sequence of solution
characteristics (i.e., links) while never explicitly encountering the link from the
last back to the first city which may be explicitly visited by other ants pro-
ducing the same solution. This is an artefact of the constructive approach, and
not inherently problematic. A problem arises when two or more solution char-
acteristics from a given pheromone representation correspond to a single “true”
solution characteristic in terms of a particular problem. For instance, using a
C × P pheromone representation for a subset problem means that the solution
characteristics (i, 1), . . . , (i, n) all represent the single solution characteristic “i is
present in the solution.” Yet with this representation only one of these is used in
each ant’s solution, spreading pheromone for the important solution characteris-
tic across multiple values. Consequently, each distinct solution also has multiple
representations. Indeed, using C ×P pheromone for this problem, each solution
of n items has n! different representations.

Given that pheromone is the mechanism for learning about features of good
solutions in ACO, the property of unique representation is one of the most im-
portant determinants of a pheromone representation’s utility for a given prob-



lem. Alternative pheromone representations for two important COPs are now
examined to illustrate the importance of the property of unique representation.

In the graph colouring problem, although solution components represent the
assignment of specific colours to nodes, distinct solutions are described by the
groups of like-coloured nodes. That is, specific colour information is discarded.
Thus, for a given k-colouring of a graph, there are k! − 1 other colourings that
represent the same solution, produced by swapping the actual colours between
colour groups. Clearly then, any pheromone representation that includes specific
colour information may represent distinct solutions multiple times. For instance,
this is the case if using a C1 × C2 pheromone representation, as each of the
k!− 1 other representations of each distinct solution may be produced by swap-
ping the actual colours assigned between different colour groups. Furthermore,
such a pheromone may mislead ants by attracting them to make node–colour
assignments that, being parts of two different representations of the same dis-
tinct solution, produce a poorer solution when combined. The same is true of
the second order representation X × C1 × C2; (C1 × C2)2 which, as described
in Section 3 may be simplified by discarding specific colour information to pro-
duce a grouping pheromone for this problem. A X × C1 × C2; (C1)2 grouping
pheromone for this problem does have the property of uniqueness, as it directly
models colour groups.

The solution to a number of scheduling problems, collectively called per-
mutation scheduling problems, may be formulated as a permutation of a set of
operations, subject to some partial order. This group includes the SMTTP (and
variants), flow shop, job shop (JSP) and open shop problems. Due to precedence
constraints between some pairs of operations, the completion time for each op-
eration, and hence its contribution to the schedule’s overall cost, will depend
on differing subsets of the operations that precede it. Consequently, different
permutations may actually represent the same solution. Early ACO algorithms
for these problems used a TSP-like C×C pheromone representation, while more
recent algorithms have used a C×P pheromone. Both of these represent permu-
tations rather than precedence relationships between operations and hence can
represent solutions multiple times. An empirical study of the C ×C pheromone
representation by Blum and Sampels [10] supports the claim that it is unsuitable
for these problems.

Blum and Sampels [9] describe an alternative pheromone representation,
X×C;C2, referred to as learning of relations pheromone, where solution charac-
teristics (i, j) ∈ C2 represent scheduling operation i somewhere before operation
j. This pheromone representation is intended to identify precedence relations
between related operations, where two operations are related if the scheduling
of either one can have a direct impact on the start time of the other (exclud-
ing precedence relations required by the problem’s constraints). For instance, in
the case of the JSP, operations that require the same machine will affect each
other’s start time and so are related. The underlying C2 pheromone representa-
tion allows for only one representation of each solution, as it directly models the



precedence relations between all related operations and hence has the property
of unique representation.

In summary, unique representation of solutions in pheromone is important for
the successful application of ACO. Without it, ants face enlarged search spaces
with conflicting guidance from different patterns of pheromone for otherwise
identical solutions.

Another potentially desirable property of pheromone representations is par-
simony, which means that they contain just enough information to correctly
represent key solution characteristics, but no more. Generally, this relates to the
use of a second order representation when a first order representation will suffice.
While not as potentially damaging to ACO’s effectiveness as a pheromone repre-
sentation lacking uniqueness, use of a pheromone with too much information can
lead to poor computational performance, as revealed in Blum’s [7] comparative
study of pheromones for the k-cardinality tree problem, described in Section 1.1.
The computational overhead required to process a representation with extra in-
formation must be weighed against any potential benefits in solution quality.
This issue is currently being investigated.

5 Systematically Determining Appropriate Pheromone
Representations

While multiple solution representations and a lack of parsimony are undesirable,
they are actually indications that a pheromone representation fails to adequately
model those features of solutions that directly affect solution cost. Ants con-
struct solutions from a set of solution components regardless of what pheromone
representation is used. Depending on the problem, each distinct solution may
be described by different sets of solution components. This is the case in the
graph colouring problem, where solution components represent node–colour as-
signments while solutions are only uniquely described in terms of colour groups.
Consider an alternative solution representation based on how each solution com-
ponent directly affects solution cost. This may be considered as a solution com-
ponent’s contingent cost, which reflects the interaction between it and zero or
more other solution components. As a set of these contingent costs must, by
definition, describe all aspects of a solution that determine its cost, it follows
that it uniquely describes each solution.

In order to adequately model those features of solutions that contribute to
solution cost—and hence produce a parsimonious pheromone representation that
uniquely represents solutions—solution characteristics must be chosen that cor-
respond with solution components’ contingent costs. This information can be de-
rived from a problem’s objective function and in some cases certain constraints.

The objective function for many common COPs consists of a summation
over a number of terms. Each of these terms may be considered as a solution
characteristic. The problem of deriving an appropriate pheromone representation
then becomes that of identifying the nature of these terms.



Our initial algorithm for automatically selecting pheromone representations
requires that the problem model has already been parsed and that the structure
of each solution component is known, even though its contingent cost is not.
The algorithm follows a decision tree (see Fig. 1) that uses the four questions
outlined below. For each question, the possible answers are given, followed by an
explanation of the reason for the question. Note that f(1) represents a function of
one solution component while Σ represents a collection of solution components.
For example, the SMTTP has an objective of the form f(Σ, 1), while the number
partitioning problem (NPP) has an objective that matches f(Σ,Σ).

1. How many solution components are used in each term in the objective?
Possible answers: f(1), f(1, 1), f(Σ, 1), f(Σ,Σ).
Rationale: To know if contingent cost is related to individual solution com-
ponents or to some relationship between components. The first answer ex-
cludes a number of pheromone representations by default, while the others
require further examination.

2. If each part is related to another part of the solution, how many other parts
is it related to?
Possible answers: one, selected (and more than one), all
Rationale: To determine the scope of the relationship(s) between compo-
nents. The first answer excludes a number of pheromone representations
while the other two require further examination.

3. If each solution component is related to a selected group of other compo-
nents, what identifies them?
Possible answers: all preceding/succeeding, selected preceding/succeeding,
assigned same group/resource, assigned different group/resource.
Rationale: To differentiate between problems where the relative order of
solution components is important and those where group assignment is im-
portant. The first two are closely related, as are the second two.

4. If the solution component is an assignment, is the resource assigned used
separately in the objective function?
Possible answers: yes, no (or solution component is not an assignment).
Rationale: If solution components represent assignments and each term in
the objective is some function of both the item and the resource to which
it is assigned, then it is likely that it is the assignment is most important,
rather than any other relationship(s) in the problem.

A simple decision tree is depicted in Fig. 1. Note that Question 4 appears
at the end of most branches and in all but one case overrides any other char-
acteristics of the problem. This is because if the objective is, at some level, a
function of individual assignments, then associating pheromone with these will
ensure that the representation has the property of unique representation while
still representing an important contributor to solution cost.

To illustrate how the algorithm may be applied, consider the following four
problems. Objective functions have been simplified by removing the bounds on
summations.
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Fig. 1. Decision tree for automated selection of pheromone representations

TSP Objective:
∑

i d(x(i), x(predecessor(i))), where d(i, j) is the distance be-
tween cities i and j, and predecessor(i) returns the predecessor of i, wrap-
ping around if i is the first position in the solution x.
– Question 1: f(1, 1), goto Question 2;
– Question 2: one, goto Question 4b;
– Question 4b: no, select C × C (adjacent pairs) pheromone.

QAP Objective:
∑

i

∑
j a(i, j) · b(x(i), x(j)), where x(i) is the facility assigned

to location i, a(i, j) is the distance between locations i and j and b(k, l) is
the amount of flow between facilities k and l.
– Question 1: f(1, 1), goto Question 2;
– Question 2: all, goto Question 4c;
– Question 4c: yes, select C1 × C2 pheromone.

GAP Objective:
∑

i

∑
j a(x(i, j), i), where x(i, j) is the jth task assigned to

agent i, and a(k, l) is the cost of assigning task k to agent l.
– Question 1: f(1), goto Question 4a;
– Question 4a: yes, select C1 × C2 pheromone.

Car Sequencing Problem (CSeqP) This is a common problem in the car
manufacturing industry in which cars of different models must be sequenced
on a production line [21]. In this formulation, sequence positions are allocated
to a fixed number of cars within each model.
Objective:

∑
i

∑
j

∑
k P (|x(i, k)−x(i, j)|, i), where x(i, j) is position assigned

to the jth car of model i, and P (i, j) is the penalty for cars of model j
separated by i positions.
– Question 1: f(1, 1), goto Question 2;
– Question 2: selected, goto Question 3;
– Question 3: same group, goto Question 4d;
– Question 4d: yes, select X × C1 × C2; (C1 × C2)2 pheromone.



Table 2. Suggested pheromone representations for common COPs using new selec-
tion system. Problem name abbreviations: LOP = linear ordering, GRAPH = graph
colouring, GPP = graph partitioning, PAP = processor allocation. Other abbreviations
used: sel’d = selected, prec. = preceding, group = same group, diff. = different group

Decision process
Problem Q1 Q2 Q3 Q4 Suggested pheromone Reference

MKP f(1) — — no C [15]
SCP f(1) — — no C [22]
SPP f(1) — — no C
GAP f(1) — — yes C1 × C2 [18]
TSP f(1, 1) one — no C × C [11]
VRP f(1, 1) one — no C × C [23]
NQP f(1, 1) all — no X × C; C2 (copresent)
MCP f(1, 1) all — no X × C; C2 (copresent) [24]
QAP f(1, 1) all — yes C1 × C2 [17]
FAP f(1, 1) all — yes C1 × C2 [16]
SMTTP f(Σ, 1) sel’d prec. no X × C; C2 (all prec.) [13]
JSP f(Σ, 1) sel’d prec. no X × C; C2 (sel’d prec.)
LOP f(Σ, 1) sel’d prec. no X × C; C2 (all prec.)
GRAPH f(1, 1) sel’d group no X × C1 × C2; (C1)2 (group) [19]
CSP f(1, 1) sel’d group no X × C1 × C2; (C1)2 (group) [20]
BIN f(1, 1) sel’d group no X × C1 × C2; (C1)2 (group) [20]
GPP f(1, 1) sel’d diff. no X × C1 × C2; (C1)2 (diff.)
PAP f(1, 1) sel’d diff. no X × C1 × C2; (C1)2 (diff.)
NPP f(Σ, Σ) sel’d diff. no X × C1 × C2; (C1)2 (diff.)
CSeqP f(1, 1) sel’d group yes X × C1 × C2; (C1 × C2)2

Note that in addition to the decision tree, an implementation of the system
must perform some other processing to slightly tailor the chosen pheromone
representation to match a particular problem. For instance, for the TSP, the
system must be able to recognise that the predecessor() function relates adjacent
pairs, rather than pairs separated by some other distance. In problems such as the
JSP, the system must be able to determine which other operations are capable of
affecting each operation’s start time, information obtainable from the problem
constraints and objective.

The results from applying the algorithm to a range of COPs are presented
in Table 2. For those problems to which ACO has been applied, the suggested
pheromone representation is the best known pheromone for that problem.

6 Concluding Remarks

As ACO has been applied to an increasing range of problems, the variety of so-
lution and pheromone representations has also grown, at times departing quite
markedly from the original AS for the TSP and the natural metaphor on which
it is based. Given that pheromone is the mechanism for learning about good



features of solutions in ACO, the utility of a pheromone representation is largely
determined by whether or not it uniquely represents solutions. Pheromone repre-
sentations are generally chosen in an ad hoc manner, which has in some instances
produced representations that do not uniquely represent solutions. Pheromone
representations with too much information can slow down the search process,
although in some circumstances they may produce improvements in solution
quality that outweigh losses in speed. Nevertheless, many intuitive pheromone
choices have been highly effective in a number of instances, suggesting that
deriving pheromone by the systematic analysis of a problem, especially its ob-
jective function, may yield improved results. Moreover, deriving a pheromone
representation in this way ensures solutions are represented both uniquely and
parsimoniously, while also focussing learning on those characteristics of solutions
that most directly contribute to cost.

We have described a system for the automated selection of pheromone repre-
sentations that may be applied to a wide range of COPs. In general, this system’s
predictions correlate with the best-known pheromone representations for prob-
lems described in the literature. It also makes predictions about problems that
ACO has not yet been applied to. Development of the system’s rules is ongoing.
Additionally, we have introduced a notation for the formal description of phero-
mone representations. There are a number of complex problems for which this
system is currently unable to derive a single most appropriate pheromone. These
include multiple objective and multiple task problems, like the p-Hub Median
class of problems [25], where solutions are built in two separate, but interacting,
stages. To handle these problems the hard decision tree will likely need to be
softened to allow several pheromone representations to be suggested.

To support the computer implementation of this system, and the creation
of a generalised ACO solver, a suitable modelling language will be identified or
developed that aids in the identification of those aspects of solutions that di-
rectly affect cost. This will lead to an investigation of the interaction between
the construction heuristic used and pheromone. Once implemented, the sys-
tem’s predictions will be compared against other pheromone representations on
a range of problems. The pheromone selection system will not be confined to a
generalised solver, however, as the rules it contains may be applied manually by
ACO algorithm developers to support their problem analyses and/or deal with
problems with complex objectives.
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