
Inverse Manipulator Kinematics

The forward kinematics is about finding an end effector or toolpiece

pose given a set of joint variables.

The Inverse Kinematics is the opposite problem. We want to

find a set of joint variables that give rise to a particular end effector

or toolpiece pose.
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Inverse Manipulator Kinematics

Consider a robotic manipulator with joint variables (θ1, θ2, · · · , θN).

The relative position of the tool frame {T} with respect to the

station frame is

S
TT (θ1, . . . , θN) =S

BT 0
1T (a0,α0,d1)

(θ1)
1
2T (a1,α1,d2)

(θ2) · · ·

· · ·N−1
N T (aN−1,αN−1,dN )(θN)WT T

The above construction is a function

(θ1, . . . , θN ) 7→ S
TT (θ1, . . . , θN).

The forward kinematics are the mapping

(θ1, . . . , θN) 7→ 0
WT (θ1, . . . , θN).

that comprises just the transformation associated with the robotic

manipulator.
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The inverse kinematics of a manipulator is the inverse of the

forward kinematics

0
WT 7→





θ1

(

0
WT

)

...

θN

(

0
WT

)





The inverse kinematics are the key to practical programming of

robotic manipulators. Once the desired wrist frame specified in

terms of the base frame the associated joint variables can be cal-

culated and these values passed to individual joint controllers to

drive the robot to the desired position.
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Using the inverse kinematics

Recall the standard frames: The base frame, the station frame,

tool frame and goal frame.

1. The user specifies the station frame relative to the base frame
B
S T based on the physical arrangement of the workspace.

2. The user specifies the tool frame relative to the wrist frame
W
T T . This depends on the particular tool gripped by the robot

and how it is gripped.

3. The user specifies the goal frame, usually specified for the goal

of the tool. The goal frame {G} is specified with respect to the

station frame G
S T .

4. The goal wrist frame is calculated based on setting the tool

frame equal to the goal frame {T} = {G}. Thus,

0
WT = 0

BTB
S T S

TT T
WT

= 0
ST S

GTG
WT

5. The desired wrist specification 0
WT is passed as data to the

inverse kinematics algorithm and the joint variables are calcu-

lated

W
0 T 7→





θ1

(

W
0 T

)

...

θN

(

W
0 T

)





The joint variable set points are passed to the joint controllers.
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Existence and Uniqueness of Solutions

The forward kinematics are a well defined functional mapping. For

any value of the joint variables (within the physical limitations of

the mechanism) there exists a unique rigid body transformation
S
TT .

It is clear that the inverse kinematics will not share the nice func-

tional properties of the forward kinematics.

Existence: there are certainly S
TT that can not be achieved by the

robotic manipulator. This is non-existence of a solution. Such

orientations lie outside of the manipulator’s “reach” and should

not be considered.

Uniqueness: certain rigid body transformations (often most of the

workspace) can be achieved using a number of different joint

variable settings. This is a non-uniqueness of the solutions.

Obviously the maths is telling us something about what is hap-

pening in the real world.

Lets have a look at what each of these two situations mean in the

real world.
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Workspace of a robotic manipulator:

Whether the manipulator’s kinematic equations have none, one

or multiple solutions will depend on its workspace and on the

position/pose of frame we wish the end effector to attain.

Roughly speaking the workspace is the volume of space which

the end effector of the robot can reach.

More Specifically,

Dextrous Workspace: This is the volume of space which the

end-effector of the manipulator can reach with all orientations.

Reachable Workspace: This is the volume of space which

the end-effector of the manipulator can reach with at least one

orientation.

The dextrous workspace is obviously a subset of the reachable

workspace.

Example 4.1

A two link planar manipulator.

Example 4.2

A three link planar manipulator.

Example 4.3

Construct the reachable workspace of a two link planar manipula-

tor.
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Existence of Solutions

For a solution to exist, the desired position/pose must be reachable

by the manipulator, ie. must be in its workspace.

The extent of the workspace is obviously a function of the number

of joints. How many joints must manipulator have to operate in

3-space?

The rigid body transformation S
TT is specified by 6 parameters

corresponding to the position of the origin SP Torg and the three

parameters specifying the desired orientation.

In order that an arbitrary rigid body transformation be obtained,

then there must be at least 6 joint variables.

If N < 6 then the forward kinematics define an algebraic map-

ping <N ↪→ SE(3) into the special Euclidean group of rigid body

transformations.

By the inverse function theorem, except at singular points, the

image space (the reachable workspace) is locally an N -dimensional

sub-manifold of SE(3).

The dextrous workspace of a robotic manipulator with N < 6

joints cannot contain a volume of space.
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If N ≥ 6 then the image space (the reachable workspace) is 6-

dimensional) except at singular points.

Most robotic manipulators are built with 6 joints to

1. Provide full dextrous coverage of a volume of space.

2. To avoid over-parameterisation of the dextrous workspace, thirdly,

to minimise cost.
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Manipulator subspace: The manipulator subspace is the small-

est p-dimensional subspace that contains the manipulator reach-

able workspace.

This can be thought of as the subset of SE(3) that can be reached

by a hypothetical manipulator identical to the actual manipulator

but with no limits on either joint angle or joint displacement.

In practical terms, this subset of SE(3) is the set of all possible

transformations resulting from substituting the full range of all

joint variables into B
T T .

The manipulator subspace is an approximation that is useful in

classifying different types of manipulators. For example, planar

manipulators.

Example 4.4

planar 3-link manipulator

Example 4.5

polar 2-link manipulator
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Non-Uniqueness of inverse kinematics.

Most manipulator designs lead to multiple possible joint configu-

rations associated with the same rigid body transformation S
TT .

For example, a planar arm with three links will have, for a range of

end effector poses, an “elbow up” position and and “elbow down”

position.

It turns out that, in general, the more non-zero link parameters

there are, the more possible solutions to the inverse kinematics

problem there will be.

Non-uniqueness of the inverse kinematics is an important practical

problem. A path planning algorithm must choose between different

possible orientations when positioning a manipulator.

The possibility of multiple solutions may be exploited to advantage

in situations where obstacles are present in the workspace. In most

manufacturing environments this often leads to a simple choice

between possible solutions.

Different configurations are usually far apart in joint space. Thus,

the second most common constraint applied in choosing a goal

configuration is that of nearest neighbour.
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Non-uniqueness of the inverse kinematics of the PUMA

manipulator

Consider the four solutions shown in the diagram that all place the

wrist frame with the same orientation.

For each solution pictured, there is another solution in which the

last three joints ‘flip’ to an alternate configuration according to the

formulae:

θ′4 = θ4 + 180◦

θ′5 = −θ5

θ′6 = θ6 + 180◦
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Solving for inverse kinematics

A manipulator is termed solvable if for any given position and

orientation there is a (computable) algorithm that determines all

the possible joint variable configurations that lead to that config-

uration.

We must know all possible solutions in order to provide the path

planning algorithm with the full information in order to best posi-

tion the manipulator.

Solutions of manipulator inverse kinematics can be split into two

categories

1. Closed form solutions: In which the forward kinematics

may be rewritten in a manner that leads to a set of highly

structured non-linear equations that may be solved explicitly

for the joint variables.

2. Numerical solutions: In which a numerical algorithm is ap-

plied that explicitly generates all solutions in a computationally

feasible manner.
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Closed form solutions

Can be further divided into two approaches:

1. Algebraic Where the forward kinematic equations are treated

as a system on non-linear equations to be solved without re-

gard to the geometric structure of the robot from which the

equations were derived.

Geometric Where the geometric structure of the robot from

which the forward kinematic equations were derived is used to

guide the approach used to solve the inverse variable mapping.

In practice, the two approaches involve the same computational

complexity. Indeed, one often ends up solving the same equations.

Example 4.6:
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Numerical Solutions - the reality

Craig indicates that numerical solutions involve prohibitive com-

putational costs - and this was the case in the mid 1980’s. These

days, numerical (ie. iterative) solutions are computationally feasi-

ble, and allow the inverse kinematics of arbitrary mechanisms to

be determined.

In fact, it has been shown that there are numerical algorithms that

can solve for any kinematic manipulator consisting of a single series

chain of six prismatic and revolute joints. This solution is not in

closed-form.

The basic idea with a numerical solution is to repeatedly apply

the forward kinematics to a chosen set of joint angles. According

to the jacobian (derivatives) at the chosen point, a new, hopefully

closer set of joint angles are chosen at each iteration - until the

desired point is reached.

In practice, the manipulators that can be solved in closed-form

are those with a simple mechanical design. For example most

of the joint twist angles must be 0 or ±90◦. Most of the joint

displacements or fixed joint angles should be zero or ±90◦ (in the

case of an angle). Manipulators are often designed “simply” to

make a closed form inverse kinematic solution possible, so the study

of finding closed form solutions is still useful.

Lets look at some strategies and special cases of manipulator design

where the inverse kinematics can be solved in closed form.
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Solving transcendental equations in trigonometric func-

tions

Transcendental equations are difficult to solve since, although there

may be only a single variable (say θ), it may appear in several

different trigonometric functions, sin(θ), cos(θ) or tan(θ). This

can be overcome by using the identities

u = tan(θ/2)

cos(θ) =
1 − u2

1 + u2

sin(θ) =
2u

1 + u2

Example 4.7:

Solve for θ in

a cos(θ) + b sin(θ) = c

for arbitrary a, b and c.

Closed-form solvable: Manipulators that are sufficiently sim-

ple that the forward kinematics can be rewritten as a set of polyno-

mial equations or order four or less are termed closed-form solvable.

(Polynomials of order five do not have a closed-form solution.)
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Pieper’s solution for the case when three joint axes

intersect.

Another strategy for determining inverse kinematics is Piepers so-

lution.

Although an arbitrary 6 dof manipulator cannot be solved using

a closed form solution, the quite common class of manipulators,

where three axes intersect at a point, can be solved - using Pieper’s

solution. For example:

1. The wrist joint of a PUMA 560 manipulator.

2. All vertical axes of a SCARA manipulator. (Manipulators with

consecutive parallel axes are amenable to the same analysis.

The axes are considered to meet at infinity.)

The key idea in Pieper’s approach is to split the calculation into

two separate problems - the first three, and the last three joints.

1. Locate the intersection of the last 3 joint axes

2. Calculate the position of this intersection point, given we know

the desired position P and pose R of the end effector/tool

3. Solve inverse kinematics for first three joints

4. Compute 0
3T , and determine 3

6T as 0
3T

T 0
6T

5. Solve inverse kinematics for last three joints
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Repeatability vs Accuracy of a manipulator

The inverse kinematics are useful when reaching points specified

with respect to cartesian (or task) space. Goals specified in this

manner are termed computed points.

A second popular approach to programming a robotic manipulator

is to move it to the desired point and read off the joint encoder

readings. In this way the cartesian representation of the point is

only implicitly used in the original location task (usually human

supervised) and the task location is represented directly in the joint

coordinates. Goals specified in this manner are termed taught

points.

The precision of the encoders and actuators, and the rigidity of the

links and joints allow one to return to a taught point with a given

error. This error is termed the repeatability of the manipulator.

The repeatability of a manipulator is not the same as its accu-

racy. The accuracy is defined as the maximum error associated

with its ability to move to a computed point.

In moving to a computed point the joint parameters enter into the

computations of the inverse kinematics and lead to errors on top

of the encoder and actuator errors.

In practice, the design kinematics of an industrial manipulator are

not sufficiently accurate to provide reliable industrial control. For

example, a small deviation of the parameters of a base link or

joint from the true values can lead to considerable variation in the

position of the tool frame.
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Commercial controllers are individually tuned to a given manipu-

lator based on a series of experiments that provide sufficient data

to accurately estimate the actual link parameters.
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Summary

The forward kinematics is the problem of finding an end effector

or tool pose from a set of given joint angles.

The inverse kinematic problem is to determine a set of joint angles

given a known end effector pose.

It is the question:“What joint angles must I command to get the

robot end effector to my desired position and orientation in space”.

The inverse kinematic problem is very important in the practical

use of robotic manipulators, since we work with task objects in

operational space, but me must command the robot in joint space.

Finding inverse kinematic solution not as “straight forward” as

finding forward kinematic solution.

Problems with, no solutions, single solution (easy), multiple solu-

tions.

Saw the practical reality of what the maths in each of these cases

is telling us, ie. depends on the relationship between the robot’s

workspace and the point we specify.

Number of possibilites for solving the inverse kinematics: numeri-

cal, closed form (algebraic and geometric).

These days, with fast, modern computing hardware, numerical ap-

proach most popular.
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However, closed form solution methods still useful, since most

robots designed with “simple” form so closed form solution is pos-

sible.

Strategies for finding closed form solution: Reduction to polyno-

mial, Pieper’s method.

A manipulator’s repeatability a measure of errors in the encoders,

actuators and through joint and link deformation, ie. relevant to

taught points.

A manipulator’s accuracy a measure of errors relevant for repeata-

bility, but also including errors in Denavit Hartenberg parameters,

ie. relevant to computed points which depend on the inverse kine-

matics.
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