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general feedbrack system are shown l o be egzciuralent.
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I. Introduction

We are concerned with the system shown in Fig. 1. In this section, we
describe the results of succeeding sections in as qualitative a fashion as
possible, r e s e d g most mathematical details for later sections.
The figure is a symbolic representation of the equations

We are interested in studying the stability of the closed-loop system; and,
in particulab in obtaining stability results with the minimum of assumptions

on (r,and G,. Stability here carries the connotation that, roughly, bounded ui
should lead to bounded ei, the bound being obtained with some suitable norm.

Fro. 1. Basic system whose stability is to be studied; it is ~ikodiscussed in Ref. (2).

One important result, generally called the small-gain theorem, is to the
effect that if the loop gain, deiined in an appropriate sense, is less than one,
then the system is stable (1,2). A second important result, called thepmsitity
theorem, is to the effect that if GI and G2 are passive or positive operators,
with at least one of them strictly positive, the closed-loop is stable, (1, 2).
This paper exhibits the relations between these theorems.
Eor the remainder of this section, we discuss the relationship of our results
with known results. The paper (1) deals with a variant on the system of
Fig. 1 ; this variant is shown in Fig. 2. A major difference between the two
arrangements is that the system of Fig. 2 has iu effect a single input x,
multiplied by constants a, and a,. The symbols w,and w, are functions which
can be used to account for initial conditions, but in any case are fixed
t This work was supported by the Australian Research Cfr&ts Committee.
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functions. Each Hi is a relation (one-to-many mapping) rather than an
operator (one-to-one mapping), which permits incorporation of initial
conditions into Hiif desired.
In (l), it is shown how to assign to each 14 a positive number y(H,),
called the gam of H,; amongst other properties,
y(H1Hz) Cr(H1)Y(H,).
(2)
The small-gain theorem then becomes a statement that stability follows if
y(H,) y(H,) c 1. From the small-gain theorem, there is deduced the passivity
theorem, which is actually a special case of a tl~eorempredioting stability in
case certain conicity results are satisfied.

ax

a, x

+ W,

+

,".

FIG.2. System whose stability is considered m Ref. (1);the H, are relations, or oneto-many operators.

I n (2), again it is shown how to assign each G, a gain y(G,), actually now an
operator norm. The small-gain theorem is concerned with establishing
stability under the condition
y(QzQ1)< 1
(3)
which, in view of (2), is a stronger result than that of (1);however, in (2),
stronger continuity conditions are imposed on the operator C, than in (1).
A passivity theorem is also derived in (2). Again, i t is a special case of a continuity result, but the derivation does not make use of the small-gain theorem.
Our aim here is to show the equivalence of the two versions of the smallgain theorem and the passivity theorem, in the following sense: any one of the
three theoremsimplies the other two theorems. I n so doing, we note a network
theoretic interpretation via scattering operators of the theorems which, to
those familiar with the properties of scattering matrices in the usual network
sense, may render the connection between the theorems more transparent.
11. Mnthenuztical Preliminaries

In large measure, we follow the definitions of Ref. (2). However, in order
to apply the passivity theorem, it is necessary that the signals in the loop of
the system in Fig. 1 be functions of time contained not merely in a linear
normed space, but in a space with an inner product. Therefore, we shall
assume that the signals in the loop of Fig. 1 take values a t each time in
finite-dimensional Euclidean space, and that for any finite TI, T, contained
in the time interval over which the system is defined, the pointwise norm of
the signal over the interval [TI, T,] is in the space 9,[Tl, T,]. We also use the
sy~nbol2?2[T,,T2] to denote vector functions of time of arbitrary finite
dimension whose pointwise norms over [TI, T*]lie in the space &[TI, T,].
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The time interval over which the system is d e h e d , denoted by S, is
normally ( - m, m) or [T,,m). All signals will be assumed to lie in the extended
space 2,%;,, which is defined with the aid of a projection operator as follows.
The operator PT maps any (vector) function of time y(.) defined for t 6 S
into another such function according to
P,y(t)=y(t), t < T , teS,
= 0,
t > T , t€S.
Then 2ZZeis defined by x 6ge
if and only if P,x ~ 9
for%
all T € 8 , where 2z
here denotes 2,(-m, m) or 9 2 ~
m),o
depending
,
on the definition of S.
Next, we defme the notion of stability. Let us define G as (G,e,, -Glel),
u as (u,, u,) and e as (el, e,) ; this allows the equation describing the system of
Fig. 1 to be written as
(I+G)e = u.
(4)
If for any given u ~ 2 , e, exists, the system is said to be stable if:
(i) e ~ 2 , ;
(ii) there exists a positive consta~ltK, independent of u, such that
ll~llz2~~llullz2.
It proves convenient to be able to assign norms to signals X G ~ ? ~ %in
; , the
following way
Il"llz%x,.
= sup//PT~II,~
Te8

which implies that if ~ € 2
1/x1Izza
,~
= IIx/Izs,while if ~ $ 2
IIxIlzz~
,~
= 00.
Finally, we assume some conditions on G, as follows:
(i) G is causal, i.e. PTG = PTGP,;
(ii) G maps 2, into 2,, G(0) = 0 and G is continuous on 2*
Conditions (i)and (ii) imply that G maps gZP,,
into ZZe;two norms of G can
therefore be defined, depending on whether G is regarded as mapping $p,
into zzor Zze
into
In the event that either norm is finite, it is possible
to show that the two norms are equal (1).Henceforth, norms of operators
and functions will be denoted without any subscript.
III. The Small-gain Theorems and the Passivity Theorem

I n this section, we review the statements of the small-gain theorem and
the passivity theorem following (1) and (2).
Theorem I. (2). Consider the system depicted in Fig. 1, and suppose that
the operators G, and G, satisfy conditions as noted in the previous section
together with the conditions:
(i) G, is bounded and G, is Lipschitz continuous;
(ii) I1 G,GlIl< 1.
Then the system is stable.
One might imagine that the small-gain theorem could equally well be
stated with G, and G, interchanged, i.e. if IIG,G,/I< 1, then the system is
stable. This is only partly true; observe that the condition on G, is stronger
than that on G,, in that G, is assumed Lipschitz continuous, whereas GI is
not. One can however obtain a small-gain theorem by dropping the Lipschitz
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continuity requirement and demanding that 11 G, j/ 11 GI I/ i1; of course, this
is a stronger condition than (IC,G,\/ I1.
Theorem 11. (1).Consider the system depicted in Fig. 1 and suppose that
the operators C, and G, satisfy conditions as noted in the previous section.
Suppose also that 11 C,II 11 GIIl < 1. Then the system of Fig. 1 is stable.
To state the passivity theorem, the notion of a passive or positive operator
is required: F , mapping an inner product space X into itself, is said to be a
passive or positive operator if
Re<x, Fx>,>O
forall X E X .
Theorem 111(1,2).Consider the system depicted in Fig. 1 and suppose that
G, and G, satisfy conditions as noted in the previous section. Suppose also
that the dimensions of el and y, (and thus of all signals depicted in Fig. 1)
are the same. Then the system of Fig. 1 is stable if GI- EI and C, are passive
for some E > 0 and 11 G, 11 ico,or G, - EI and G, are passive for some E > 0,
and //G,Il<co.
IV. Passive and Contractive Operators

We have already d e h e d the concept of a passive operator; the reader
familiar with network theory will recognize that a passive operator is a
generalization of a passive impedance or admittance, these being linear
operators describable via impulse responses, with the Laplace transform of
the impulse response being positive real (3). Let us d e h e a contractive
operator G as one for which 11 G /I < 1 and such that G maps an inner product
space into the same space. Then G can be regarded as the generalization of a
passive scattering matrix (or function) ; passive scattering matrices are linear
operators arising in network theory and are describable via impulse responses,
the Laplace transforms of which are bounded real (3).
Network theory in fact suggests two possible ways of describing passive
systems; one way is by linear operators which are passive or positive in the
sense already d e h e d , and the other way is by linear operators which are
contractive. Thus network theory suggests that when appropriate operators
are used to describe a passive system, even a general system of the form of
Fig. 1, the operators may have the property of having norm bounded by
unity. I n other words, network theory suggests that to exhibit the equivalence of the small-gain and the passivity theorem, the arrangement of
Fig. 1 should be redrawn so that the passivity property can be interpreted
as a gain-bounded-by-unity property.
I n order to do this, i t is necessary to have some scheme for relating arbitrary passive operators to contractive operators, in the same manner that
passive impedance or admittance matrices are related to passive scattering
matrices?. The required scheme is described in the following theorem.

t Professor C. A. Desoec hes pointed out that a partial development dong these
h e s was achieved in Refs. (4) and ( 5 ) , which are concerned with monotone, rather
than passive, operators. An operator 3' is monotone if Re<xl-x,, F(x,-xB)>,>O
for dl xl, x2 EX.
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Theorem. IV. Let G be a passive operator, and let operators E and F map
the input vqnto the output vTof the system shown in Figs. 3(a) and 3(b)t
respectively. Then E and F are contractive. If G is bounded and G-&I is
passive for some G > 0, then 11 E 11 < 1 and 11 F 11 < 1. Conversely, let E be a
contractive operator, and let operators C' and D map the input e into the
output y of the system shown in Figs. 4(a) and 4(b) respectively. Then C and
D are passive. Moreover, if llE 11 < 1, then C and D are bounded and C - & I
and D -&I are passive for some 6 > 0.

(b)
FIG.3(a). Conversion of a passive operator G to a contractive operator E. (b). Conversion of a passive operator G to a contractive operator F.

I

I

(b)

FIG. 4(a). Conversion of a contractive operator E to a passive operator C. (b).
Conversion of a contractive operator E to a passive operator D.

t The author is indebted to Professor C. A. Desoer for pointing out that if in Fig. 3(a),
the gain block 2 is moved to the immediate left of the right-hand summing point, the
operator mapping vi into vr is (G-I) (G+I)-1, while in the case shown, it is
$(G-I) (G+I)-h. Both are of course contractive, but the latter is more like a true
scattering operator. The same remark holds mutatis mutandis for the arrangement of
Fig. 3(b).
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Proof: First note that the theorem makes no actual claim about the
existeilce of the operators E and P mapping ui into d i n Figs. 3(a) and 3(b),
nor the operators C and D mapping e into y in Figs. 4(a) and 4(b). It is now
generally recognized that the question of existence of operators is a separate
one from the question of boundedness. Generally speaking, existence can
only be ensured by demanding some extra set of conditions, typically
conditions which require that there be a infinitesimal delay around any loop.
We assume here that all operators are well-dehed, either as a result of
infinitesimal delay in the loop or some other reason. This actually rules out
the case of E = -I in Figs. 4(a) and 4(b); inspection shows that y will be
in6nite for all e. On the other hand, E = I leads to the operators C and D
being identically zero. We now turn to the proof proper.
For the schemes of Fig. 3, it is straightforward to check that the input to
the G block is vi - vr and the output is ui+v'. Hence,
G(ui- vr)

=d

+ vr.

Therefore
0 < (vi

- ur, G(vi-v?))

=

(viaui> - <ur, v7)

I/

i 2-

II I I2.

(5)

From this equation it follows that E and P are contractive. If also G - EIis
passive for E z 0, then (5) can be strengthened to

11 ui1I2- 1 ur112> E ~ 1 ~ i - 8 ~ 1 1 ~ .

(6)

Further, if G is hounded,
ll~i+~rll<llGll
llvi-uTll
or

~lvi-vr~~+~~ui+vr~~<(l+l~G~~)~~vi-~711
or
lluill<~(~+llGll)llvi-~rll.
Hence, combining (6) and (7):

from which the bounds 11 E 11 < 1 and 11 B 11 c 1 follow.
Next, we prove the converse. It is not hard to check that the input to
block E in Fig. 4(a) is +(e+y) and the output is & ( e - y), i.e.
-

-

E(&e+y)= $e-y.
Inspection of Fig. 4(b) will reveal that
-

E(-&e+y) =-Be-y.
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I n either case, the contractive property of E forces

~lle+~11~-tlle-~11~~O

(9)

or

( Y , e) > 0.

(10)

This establishes the passivity property for C and D. If now 11 E 11 < 1, ( 9 ) can
be straightened to

tlle+~ll~-~lle-~ll~~~lle+~11~
for some E with 0 < E < $. This inequality implies

( Y ,e ) 2 ~ l Y l 112+
which in turn implies

~ E < Ye, ) +ell e 11%

IlYll Ilell>~llw1l2

(11)

<y,e>-~llell~>O.

(12)

and
Equation ( l l ) ,being 11 y j j < e-l//e 11, establishes boundedness of C and D ,
while (13) establishes the passivity of C - E I and D - E I .
If in the above theorem, all operators are linear, the connection with network theory becomes very clear. In the case of the schemes of Figs. 3(a) and
3(b)>
E = F = (G - I ) (G +I)-1.
(13)
If G is an impedance, E = P is the associated scattering matrix, while if G
is an admittance, E = F is the negative of the usually defmed associated
scattering matrix, but nevertheless meets all the conditions requiring it to
be itself a scattering matrix (3). I n the case of the schemes of Figs. 4(a)
and 4(b),
C = D = (I-E)(I+E)-',
(14)

C and D are both the admittances associated with the scattering matrix E ;
and C and D are the impedances associated with - E (3).
V. Equivalence of the Small-gain Theorems and the Passivity Theorem

I n this section, we show the equivalence of the two versions of the smallgain theorem and the passivity theorem. We first argue that the small-gain
Theorem I1 implies the passivity Theorem 111. The main tools for this are
the theorem of the previous section and the following result:
Lemma 1. The systems of Figs. 1 and 5 are the same in the sense that if
functions u, and u, are the same for both systems, then the functions
el, e,, y, and y2 are the same for both systems. The proof of this lemma
follows by simple block diagram manipulation and will be omitted.
Using this lemma and Theorem IV we establish the following:
Theorem V. If Theorem I1 is true, then Theorem I11 is true.

1'01. 293, No. 2, Bebruary 1972
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Proof: Our task is as follows: We assume that Gl and G, are giveii, with
G,-EI and G, passive and /I GIII i m . Using the small-gain Theorem 11, we
establish stability. The case when the conditions on Gl and G, are interchanged proceeds the same way, and will not be done.

FIG.5. Passivity properties of G , and Gz in the system of Fig. 1 are converted to
contractive properties of E, and P2iu this equivalent system.

By Theorem IV, the operators E, and E!depicted in Fig. 5 are contractive,
with IIElil i 1. Hence
ll~zlll l E l l l < l .
(15)
By Theorem 11, arbitrary signals *(u,-u,) and &(u,+u,) in dLP, will lead to
signals including ei and y4 in Fig. 5 being in 9,.Since the system of Fig. 5 is
equivalent to that of Fig. 1 and since permitting *(ul-u,) and +(u,+u,) to
be arbitrary is equivalent to permitting ul and u, to be arbitrary, the system
of Fig. 1 is stable.

Theorem VI. If Theorem 111is true, then Theorem I is true.
Proof: Our task is as follows: We assume that in Fig. 1 Gl and G, are
given, with 11 G, Gl 11 < 1, Gl bounded and G, Lipschitz continuous. Using the
passivity theorem, we shall establish stability. Note that we do not assume
that the dimensions of el and yl are the same.
It is easy to check that the scheme of Fig. 6 is equivalent to that of Fig. 1,
under the identification
= GAu,

+ Gl el) - Gz(Gl el).

(16)

By the Lipschitz continuity of G,,

Ild,II <KIIuzII
(17)
with K some positive constant, so that if u , E ~ , , then t 2 , ~ 9Next,
~
it is
straightforward to check that the scheme of Fig. 7(a) is equivalent to that
of Fig. 6. The scheme of Fig. 7(a) is redrawn in Fig. 7(b), to define operators
Cl and D,; by Theorem IV, C1-eI is passive for some E, with 11Cl1I<m,
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while D2is the zero operator. The passivity Theorem 111 guarantees stability
of the scheme of Fig. 7 for all u, and d,, and in particular those d, resulting
from a ul and u, according to (16). A simple argument then yields the
stability of the system of Fig. 1.

FIG. 6 . A system equivalent to that of Fig. 1: Lipsckitz continuity of G, is used in
defining 4 and G, ff,
is contractive.

(b)
FIG. 7(a). A system equivalent to that of Fig. 6. (b). Fig. ?(a) redrawn to d e h o
contractive operators Cland D,, with D, the zero operator.

Our h a 1 task is to show that the version of the small-gain theorem
contained in Theorem I implies the version contained in Theorem 11.Taken
with the results of Theorem V and VI, this implies that the two versions of
the small-gain theorem and the passivity theorem are equivalent results.

Theorem VII. If Theorem I is true, then Theorem I1 is true.
Proof: Our task is as follows: We assume that in Fig. 1, operators G, and
C, are prescribed with // C, jl Ij G, 11 < 1. Our aim is to prove stability, using
Theorem I. Let ar be a positive constant. From the definition of ) ) G I )as
)
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i t easily follows that
llCJGIII = IIG1aIII = a:llGlll.

(19)

I n other words, G, followed or preceded by a gain of a yields a composite
operator with norm a /I GI//. Now evidently, the scheme of Fig. 8(a) is equivalent in an obvious fashion to that of Fig. 1, and if 11 GI I/ 11 G, 11 < 1, there
exists a value of a such that with
GT = &GI,
Gf = G,cl I
(20)
then
IIG:11<1>
lIGf11<1~
(21)
We now seek to establish the stability of the system of Fig. 8(a), or equivalently Fig. 8(b); evidently this is as good as establishing stability for the

(b)
FIG.8. (a) Asystemobviously equivalent to the system of Fig. 1. (b)Figure S(s)redrawn
which are contractive.
to define GT and G,*,

system of Fig. 1. Suppose u, el and y, have dimensionp, and that u,e,
and yl
have dimension q. Consider the scheme of Fig. 9. All signals have &mension
p fq, and it is not hard to check that the signals of Fig. 9 are related to those
of Fig. 8 by

FIG.
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9. System equivalent to that of Fig. 8(b) from which stability can be concluded.
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Consequently, the system of Fig. 8 is stable if the system of Fig. 9 is stable.
Stability of Fig. 9, however, is a consequence of Theorem I identifying

GI with

G. with

[
[

"

Gf

1,
I 1.

0
G;

We see that G, is clearly Lipschitz continuous, while the fact that
11 G2GI 11 < 1 follows easily from 11 GT 11 I 1, 11 Gf11 I I. Hence Theorem I
guarantees stability of the scheme of Fig. 9.
VI. Conclusions

The significance of the equivalence results established is really as follows.
I n order to establish stability for a certain system, the small-gain theorems
and the passivity theorem are equally powerful, so that nothing can be
proved with one theorem that could not he proved, after transformation,
with another. It is therefore interesting to speculate as to the existence of
nontrivial stability results which are more powerful than the theorems
discussed.
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