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TIME-WEIGHTED PERFORMANCE-INDEX
EVALUATION*
Consideration is given to the evaluation of performance
m
indexes of the type t'/(t)dt where f(t) = e~(t)ez(t),with el
and PZ both possess"ing rational Laplace tramforms. The
method i r algcbrs~cin character and does not require factoring
of the denominators of the Laplace trsnrforrns'of el(t) and
c~(I).

Two recent correspondence i t e m ~ l .have
~
dealt with the
problem of evaluating performance integrals of the type

To guarantee that eqn. 3 is finite, we suppose that El(s)
and E2(s) have poles in the halfplane Re (s) < 0. Then the
eigenvalues of the matrices Fl and F2all possess negative real
parts.
Now, in eqn. 3, we have

(where we are not assuming the availability of an explicit
expression for eF:3. Define the matrix
m

Lh = ~fhefiig,h;e~~!dt
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so that
where f(t) has been identified with the square of a function
representing an error:
f(t)
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Jk = h;Lhg2
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k = 0, 1 , 2 .
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where el and e2 are functions with known rational Laplace
transforms. Ofcourse, by taking e,.= e2,
. one recovers the
earlier results.
The procedure constitutes an extension of a technique due
to ~acfarlane'for the evaluation of the matrix
eytQ eF1df
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where F and Q are square matrices of the same order, and F
has eigenvalues in the left-hand halfplane.
Denoting by E,(s) and E2(s) the Laplace transforms of
el(r) and e2(r), we begin by finding matrices Fl and F2,and
vectors g,, g2, hl and h2, such that
and

E2(s) = h;(sI - F2)-'g2

.

(9)

+ eFlfglh;eF~rF2)df

~

m

Jk = iz*e,(t)e2(t)dt

.

We can give a recursion formula for Lk as follows. From
eqn. 8, we have, f o r k > 1,

the Laplace transform of e(t) being rational. Loo's method
requires the carrying out of a contour integration, whereas
Power's method requires the development of the Laplace
transform of e2(f) in partial fractions.
.~
Since Loo's method
issentiallyrequires ihis too, a characteristicof both procedures
is that the denominator of the Laplace transform of e(f) or f(t)
be factored.
The object of this letter is to indicate tbat no factoring
need be done, unless desired. We present an algebraic
approach to the evaluation of
~~~

.
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It is important to realise that the desired matrices and vectors
can be found by well known procedures (see, e.g., Reference 4)
whether the denominators of El(s) and E2(s) are factored or
not. For simplicity, F, and F2 should be taken to be of
minimal dimension.
Work s u ~ ~ o n by
e dAwualian Racarch Grants Commitfee

Note that we have used the fact that the eigenvalues of F, and
F2havc negative real parts in the above sequence of equaiities.
Fork = 0, i t follows in a similar manner that

...

Eqn. 11, and then eqn. 10 for k = 1, 2,
give successively
Lo, L,, L2. .. Note that the fact that all eigenvalues of F, and
F2possess negative real part guaranteesthe solvability of these
equations by standard procedure^,^ even when the dimensions
of F1and F2differ.
B. D.

O. ANDERSON

3rd April 1968

Department of Elecfrical Engineering
University of Newcastle
New ~ o u i hwales 2308, Australia

References
1 LOO,s. 0.: 'Method of evaluating timeweighted performance integrals', Eleerronirs Letters, 1967, 3, pp. 523-524
2 POWER,
a. M.: 'Comments on method of evaluating timeweighted
performance integrals', ibid., 1968 4 pp. 3-4
3 MACPARLANE,
A. G. I.: 'The ca~cu~aiio'n
of functionals of the time and
frequency response of a Itnear constant coefficient dynamical system*,
Quart. 3. Appl. Moth., 1963, 16, pp. 259-271
4 SCHWARZ, R. 1. and EDLA LAND, s.: 'Linear systems' (McGraw-Hill,
1QhCI

5 & ~ ~ ; M * c H E RP., n.: 'The theory of matrices' (Chelsea, 1959)

