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Abstract
This paper derives a general expression for the mean square error in estimating the fundamental frequency of
a multiharmonic signal from a finite sequence of noisy measurements. The distinguishing feature of this expression is that
it is applicable at values of signal-to-noise ratio (SNR) within the threshold region, in contrast to earlier expressions (the
Cramer-Rao hounds) that are valid only at high SNRs. Theoretical performance curves are thereby calculated (mean
square error versus SNR) that establish the existence of a threshold effect. Until now, the existence of a threshold effect
was demonstrable only by simulation. Examples are given comparing various multiharmonic estimation scenarios to the
single tone case under comparable conditions. The theoretical performance curves in these examples are corroborated by
Monte Carlo simulation.

Diese Arbeit behandelt die Herleitung eines allgemeinen Ausdrucks fur den mittleren quadratischen Fehler, der bei der
Schatzung der Grundfrequenz eines multihannonischen Signals aus einer endlichen Folge verrauscbter MeDwerte
auftntt. Das hervorstechende Merkmal dieses Ausdrucks ist, daB er bei Werten des Signal-Gerausch-Abstands (SNR)
anwendbar ist, die innerhalh der Umgebung des Schwellwerts liegen; dies steht im Gegensatz zu fruheren Ausdrucken
(den Cramer-Rao Schranken), die nur fur hohe SNRs gultig sind. Damit konnen theoretische Leistungskurven (mittlerer
quadratischer Fehler uber dem SNR) herechnet werden, die die Existenz eines Schwelleneffektes nachweisen. Bisher
konnte die Existenz eines Schwelleneffektes nur durch Simulation gezeigt werden. Es werden Beispiele angefiihrt, die
verschiedende Szenarien der multiharmonischen Schatzung mit dem Einzeltonfall unter gleichgehaltenen Bedingungen
vergleichen. Die theoretischen Leistungkurven werden fur diese Beispiele durch Monte-Carlo Simulation bestatigt.
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Cet article decrit une expression generale pour l'erreur quadratique moyenne dans le cadre de l'estimation des
frequences fondamentales d'un signal multi-harmonique a partir d'une sequence finie de mesures bruitees. La
caracteristique remarquable de cette expression est due au fait qu'elle est applicable pour les valeurs du rapport signal sur
bruit (SNR) aux alentours de la region de seuillage; cette caracteristique est cornparbe aux expressions prkedeutes (les
limites de Cramer Rao) qui ne sont valables que pour des SNR elevAs. Des courbes thioriques de performances sont alors
calculees (erreur quadratique moyeune en fonction du SNR) permettant de demontrer l'existence d'un effet de seuillage.
Jusqu'i prbent, l'existeuce d'un effet de seuillage n'etait demontrable que par la simulation. Des exemples sont donnes
permettant de comparer divers scenarios d'estimatiou multi-harmonique au cas a frequence unique sous des conditions
comparables. Les courhes theoriques de performances sont corroborees par une simulation de Monte-Carlo.
Key words: Frequency estimation; Threshold effect; Outlier analysis; Harmonic locking

1. Introduction
The problem of estimating the frequency of a sine
wave in noise is an old one, and many different
solutions have been presented. The natural generalization of this problem whereby a harmonic signal
is corrupted by noise and its fundamental frequency is estimated has not been considered to
such an extent. Recently the maximum likelihood
estimator (MLE) for this problem was derived in
[I] and its performance in the high signal-to-noise
ratio (SNR) region analysed. Like the problem of
estimating the frequency of a single tone, this multiharmonic (MH) estimation problem (as we will refer
to it) exhibits a threshold effect. This manifests itself
in a sudden degradation of performance as the
SNR is lowered. We shall see that above this threshold point, the MH-MLE attains a performance
equal to the Cramer-Rao (CR) bound. It is the
purpose of this paper to ascertain the performance
at and below the threshold point.
Further motivation for a detailed analysis of the
behaviuur below the threshold point (and not just
a determination of the point) comes from the observed successful application of a tracking estimator for sinusoidal signals based on hidden
Markov models (see 1161). These estimators have
been shown to work in remarkably low signalto-noise ratio conditions, and in fact the MLE
component of them is operating well below threshold. We aim eventually to extend the ML-HMM
tandem estimator structure to the M H case. In

order to be able to mathematically analyse the
performance of the hybrid tracking estimator, it is
necessary to have a good understanding of the
behaviour of the MLE below threshold, in addition
to the location of the threshold point.
One of the new features seen in operating the
MH-MLE below threshold is the phenomenon of
rational harmonic locking. The effect has been observed in alternative MH estimators based on
coupled phase-locked loops (see [14]). We provide
a complete analysis of this effect for the MH-MLE.
We will also consider the effect of assuming there
are more harmonics in the signal than there actually are.
An analysis of the threshold effect in single tone
maximum likelihood frequency estimation has
been carried out by Rife and Boorstyn in [15].
Their key idea was to recognise that threshold is
associated with an increasingly large probability of
certain well-defined 'outlier' events as the SNR is
lowered. These outlier events correspond to the
MLE procedure yielding estimates well away from,
as opposed to in the vicinity of, the true frequency.
The location of the threshold point may be determined theoretically (via performance curves) upon
calculation of the outlier probabilities.
The purpose of this paper is to extend the analysis of Rife and Boorstyn to the multiharmonic
case (with m harmonics present). The analysis follows the broad direction of Rife and Boorstyn, but
is considerably more complex. The main reason for
the extra difficulty is the possibility of rational
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harmonic locking (to be defined later precisely).
The main result of the paper is contained in Eq.
(58), a general expression for the mean square error,
applicable at SNRs within the threshold region, in
estimating the fundamental frequency of a multiharmonic signal from a finite number of measurements. The various parameters in (58) are defined in
the body of the paper; thus (58) represents a complete determination of the performance of the
MH-MLE. Some example calculations and a comparison with simulation results are presented in
Section 5.
In the next section, by way of an introduction to
outlier analysis of the multiharmonic MLE, the
corresponding single tone analysis of 1151 is briefly
described.

aliasing. This point is discussed in more detail in
[9]. We will ignore practical difficulties in generating the analytic signal, as they only arise when one
has a single fixed block of data: if there is a continuous data stream arriving, then formation of the
analytic signal is straightforward. Thus, we can
now assume we are given the complex valued time
series Z , = X. + j Y,.
Given N noisy measurements of the complex
tone X . j Y., the ML estimate of the frequency w ,
(assuming unknown phase) is given by

2. Rife and Boorstyn outlier analysis - single-tone
MLE threshold

Note that A(w) is just the discrete Fourier transform of the N samples of the complex tone. The
formula for the ML frequency estimate holds
whether the amplitude b , is known or not.
A variety of means may be employed to determine the ML estimate of the frequency &. In principle, it may be calculated to any desired degree
of accuracy; the only constraints being those of
a practical nature: computation time, wordlength,
etc. Rife and Boorstyn describe bow such an algorithm is composed of two stages: a coarse search
followed by a fine search. The coarse search is
generally performed by passing the measurement
data through an FFT (fast Fourier transform) routine. The coarse frequency estimate is then taken to
be the frequency corresponding to the maximum of
the magnitude of the output data. The fine search
then uses the coarse frequency estimate as its initial
condition.
The function IA(w)l normally has a number of
local maxima in addition to the global maximum
corresponding to the ML frequency estimate 6.1.
For high SNR, this global maximum occurs very
near to the true frequency on.However, as the
measurement noise intensity increases (i.e. as the
SNR decreases) the outlying maxima may increase
in amplitude, with the result that the probability
that the global maximum lies a 'long way' from
the true frequency increases rapidly. Such large
(though rare) errors in the frequency estimatecause

We consider the following underlying real signal:

along with its quadrature counterpart

The parameters b,, w , and 0 , are assumed constant
but unknown. Suppose that a set of N discrete
noisy measurements are taken at intervals of T
seconds beginning at time t = 0:

where 0 < n < N - 1. The sequence w defines
a zero-mean white, Gaussian noise process of variance a'. The sequence 6is suitably defined in terms
of the Hilbert transform of w such that G is also
a zero-mean white, Gaussian noise process of
variance a'. AS shown in [11] (see the discussion
after Lemma 1 in [ I l l ) , if the analytic signal
Z,z = S, jH(S,) (H(.)the Hilbert transform
operator) is downsampled by a factor of 2, Z , will
be white as long as S, is white. Such downsampling
is permissible since one only needs to sample
a complex analytic signal of single sided bandwidth
W at rate W (rather than 2W) in order to avoid

+

+

& n argmaxl A(w)l,

where
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the frequency error variance to be much greater
than the CR hound, in the threshold region.
The analysis of Rife and Boorstyn presented in
[IS] sought a means of computing the frequency
error variance below threshold. This essentially
reduces to the problem of determining the prohability of an outlier; i.e., a frequency estimate far
removed from the true frequency. It is at the stage
of the coarse search that outliers occur, since the
fine search serves merely to provide a more accurate determination of the ML estimate in the immediate neighbourhood of the coarse frequency
estimate. In other words, a grossly inaccurate frequency estimate will only happen when the coarse
search fails. Hence consideration of a coarse search
algorithm alone is sufficient for the purpose of
computing the probability of an outlier and subsequently for computing the below threshold perfoi-mance.
In the outlier analysis of Rife and Boorstyn, the
coarse search is performed by evaluating 1 A(w)l at
the set of frequencies

with the assumption' that o, = n/T (i.e. the true
frequency is half the sampling frequency
w, = 2nlT). This is easily implemented via an F F T
routine; in that case, N is always chosen to be
a power of 2.
Given the assumption concerning the true frequency, the greatest element of the set {lA(d,)l:
0 < k < N - 1) should be lA(ui~,~)I.
However, the
presence of noise will ensure that sometimes
IA(ui,)l, for some 1 # N/2, will be the greatest. In
this case, the coarse frequency estimate, &,, is called
an outlier.
'This apparently restrictive assumption is made because the
MLE is unbiased (i.e. E(ui - a,)= 0) only if coo = w,/2 (see
[15]). Large bias errors are introduced into the frequency estimate if o, is close to 0 or o,. The outlier analysis is concerned
only with errors caused by outliers, not bias, hence the choice of
wo. Of course in practice, it is not possible to choose the
sampling frequency w, so that o, = 4 2 (if we could there
would be no need to estimate o,!) Provided the sampling
frequency is chosen so that bias errors are small, the analysis
with wo = w,/2 is strongly indicative of the resulting perfarmance, as demonstrated by simulation.

Hence we may identify two mutually exclusive
events, one being the event that, given the measurement sequence, an outlier occurs in the coarse
search, and the other being the event that no outlier
occurs. The frequency error variance may then be
expressed

E(io - w ~ =)(1 ~- q)E[(& - wo)21no outlier]

+ qE[(& - wo)2I outlier],

(7)

where & is the result of a fine search performed
subsequent to the coarse search described above
(and initialised by the coarse frequency estimate
o,), and q is the probability of the occurrence of an
outlier. For the case where no outlier occurs,
E[(& - o o ) 2 / n ooutlier] is approximated by the
CR hound given on the frequency estimation error
variance for the single tone problem given (from
Clsl) by
E [(&

- wo)21 no outlier]

=

12r2
N(N~ i ) ~ ~ b ; (8)
'

Where an outlier occurs, & is assumed to he uniformly distributed on the interval [0, w,], so that

Rife and Boorstyn derive analytical expressions
for q by observing that IA(dx)l, for 0 < k < N - 1,
defines a set of independent random variables that
are Rayleigh distributed for k # N/2 and Rician
otherwise. They were able to calculate theoretical
performance curves that agree well with simulation
results and clearly exhibit the existence of a threshold effect. In the next section we extend this basic
approach to the multiharmonic case.

3. Outlier analysis of multiharmonic
MLE threshold

This section presents new results relating to the
multiharmonic MLE. The major result is the derivation of an approximate expression for the frequency estimation error (similar in form to (7)) that
is applicable at SNRs above and below the threshold point. Also, the novel notion of rational harmonic outliers is introduced and explored in depth.
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These are entities unique to the multiharmonic case
which greatly complicate the internal analysisz
To make the analysis tractable, we occasion~ly
approximate or give bounds on the quantity of
interest. The reasoning behind the approximation
is given where necessary. The final justification for
the approximations comes from the simulation results in Section 5 which corroborate the theoretically derived results.
We consider the following underlying real signal
comprising a known number of harmonics, m:
m

s(t) =

C b, cos (kwot + a,),
*=1

(10)

with Hilbert transform

The parameters bl, ... ,b,,oo,Bl, ... ,Om, are assumed constant but unknown. Suppose that a set of
N discrete noisy measurements are taken at intervals of T seconds beginning at time zero:

where 0 < n < N - 1. The sequence w defines
a zero-mean white, Gaussian noise process of variance a'. By downsampling (via the same argument
as presented in Section 2) the sequence iv is suitably
defined in terms of the Hilbert transform of w such
that w + jiv is a complex zero-mean white, Gaussian noise process of variance CT'.
The ML e ~ t i m a t e iu
, ~of wo is given, for the case
where the amplitudes and phases are unknown, by

iu = arg max L(w),

(13)

'0

where

'Eq. (13) actually yields an approximate ML multiharmanic
frequency estimator. However, asymptotically (as N increases) it
is equivalent to the true ML estimator.

Again, a numerical procedure is required to generate the ML estimates, given the measurement
data. As before, it takes the form of a coarse search,
followed by a fine search. Just as in the single tone
case, the quantity to be maximized, L(o), has
a number of local maxima in addition to the global
maximum corresponding to the ML frequency
estimate, 6.Some of these local maxima are associated with the presence of harmonics in the measured signal. Of course, there is no analogue of
this class of maxima in the single-tone case; the
presence of harmonics is the cause of much of the
increase in difficulty associated with analysing the
threshold effect via outlier theory for the multiharmonic problem over that for the single-tone
problem.
There are, in fact, two classes of outliers in the
multiharmonic case. The first is familiar to us from
the single-tone problem and comprises those outliers due solely to the measurement noise. The
second is unique to the multiharmonic case, quite
distinct in character from the first and potentially
less damaging in nature, for reasons that will be
clear shortly. It comprises those outliers corresponding to global maxima of L(o) occurring close
to a frequency that is a rational harmonic of the
fundamental frequency, wo. (We say that w is a rational harmonic of w, if io = jwo, where i and j are
mutually prime positive integers. In other words,
the ith harmonic of w occurs at the same frequency
as the jth harmonic of wo. If the multiharmonic
signal with fundamental frequency oohas a significant fraction of its energy in the jth harmonic, then
incorrect identification of w as the fundamental
frequency is a distinct possibility.)
This type of outlier arises in a fashion exemplified
by Figs. 1-4. Fig. 1 is a plot of the squared magnitude, IA(w)lZ, of the discrete Fourier transform
(DFT) of a typical observed signal with two harmonics with fundamental frequency wo = 500 Hz,
for an SNR of 10dB. Fig. 2 shows a graph of the
corresponding likelihood function. The SNR is sufficiently high to ensure that no outlier of any kind
occurs. Fig. 3 is for the same deterministic signal as
Fig. 1 except that the effective SNR is now lowered
to -6dB. In fact, i t is sufficiently low that
L(w) = jA(w)12 IA(2co)[' attains its global maximum at w % w0/2, as shown in Fig. 4.

+
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SNR = lOdB

Fig. 1. Typical lA(o)12
for SNR = 1OdB; o, = 500.

SNR = lodB

Fig. 2. L(o)corresponding to Fig. 1

R.C. Williamson el al. / Signal Processing 37 (1994) 309-331
SNR = -6dB

lwoo

Fig. 3. Typical IA(o)12 for SNR = -6dB (same signal as Fig. 1)

S N R = -6dB

l

Z

m

Fig. 4. L(w) corresponding to Fig. 3.

m
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While clearly undesirable from the point of view
of any practical multiharmonic MLE, the outliers
local to a rational harmonic frequency nevertheless
have a clear relationship to the true frequency (i.e.
via some rational multiplier). It would thus seem
feasible to include an additional level of algorithm
capable of recognising rational harmonic outliers
when they occur along with determining their relationship to the true frequency. In the absence of
such an algorithm, the rational harmonic outliers
are just as detrimental in their effect upon the
performance of a practical MLE as those due to the
measurement noise alone. However, we stress that
the potential exists for their effect to be removed,
and consequently that measures of performance of
the MLE that include the detrimental effect of
rational harmonic outliers are, in a significant
sense, inappropriate.
As we discussed in Section 2, outliers are associated with the coarse search stage of the maximisation procedure. In the analysis to follow, a
particular coarse search algorithm that computes
L(w) at a finite set of frequencies (to he termed
'bin' frequencies, after the F F T nomenclature) will
be considered. As in the single-tone case, a finite
number of noise outliers then need only he considered, as opposed to a continuum of values. The
number of rational harmonic outliers is also finite.
For parity with the single-tone treatment, we
assume that the coarse frequency estimate takes
one of the N values. To ensure this, mN measurements must be taken. The likelihood function, L(w),
is computed at the bin frequencies

sions 1 # r, in which case, an outlier, due either to
noise or to a rational harmonic, has occurred.
REMARK. The choice made for oois not critically important and is prompted by a desire for consistency with the single-tone treatment where an
argument based on the bias of the MLE was given.
To the best of out knowledge, there has been no
corresponding analysis of the multiharmonic MLE.
One might conjecture on the basis of the singletone result, that such an analysis would specify the
sampling frequency required for the multiharmonic
MLE to be unbiased, and that this sampling frequency is such that wo coincides with a bin frequency. If this were the case, the same supporting
arguments given in relation to the choice of oofor
the single tone outlier analysis could be given here.
If not (and if wo did not coincide with a bin frequency), we could simply interpret a coarse frequency estimate given by iu, (where h, is the bin
frequency closest to w,) to be the coarse estimate
corresponding to the true frequency w,.

Similarly to the single-tone analysis, the frequency estimation error variance may be expressed
in terms of the following mutually exclusive and
collectively exhaustive events: the non-occurrence
of an outlier, the occurrence of a rational harmonic
outlier, and the occurrence of noise outlier. In other
words, the set of bin frequency indices denoted by
3,where
may be decomposed into the union of three disjoint
sets as follows:

We assume, just as for the single-tone case, that the
trne frequency, wo, coincides with one of the bin
frequencies, say h, (see the remark below). As in the
single-tone case, the coarse frequency estimate is
the bin frequency, iu,, associated with the greatest
element of the set

At least in a high SNR situation, this will usually be
the true frequency 6, = io, = oo.However, the
presence of noise will ensure that on some occa-

The set 9is defined by 9 A { r } , where r is the bin
frequency index corresponding to the trne frequency o,. The set CZ is defined to contain those
hin frequency indices corresponding to rational
harmonic frequencies, and JV contains the remainder, i.e. those indices corresponding to potential
noise outliers.
We need to be more precise concerning the nature of the set g,since it is clear that not all rational
harmonic frequencies of wo coincide with bin frequencies. As described earlier, a rational harmonic
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of wo is a frequency, wkh, related to coo via
w,rh = pwo; p = ilj, where i and j are mutually
prime positive integers, with i $ m, j $ m and i # j;
(the case i = j obviously does not correspond to an
outlier). The quantity p is termed the rational multiplier of w a . The set of possible rational multipliers
for m harmonics is denoted @'m' and is formally
defined by

317

where 4(i) is Euler's totientfunction (see 141) which
denotes the number of integers less than i that are
mutually prime to i.

v(m), provided that there is no more than one
rational harmonic frequency per frequency bin.
This can be ensured by choosing N sufficiently
large that r/[m(m - I)] > 1, where r = womNT/2z
is the index of wo, by an earlier definition. In this
case, there exists a one-to-one relation between the
elements of 9'"'and W,e.g. oihlies in the frequency
bin corresponding to iu,, j~ W.
Having said this, we remark that a necessary and
sufficient condition for all the rational harmonic
frequencies to coincide with bin frequencies is
that the subharmonic frequencies (i.e., those rational harmonic frequencies given by wkh = p a o ,
p u be
- {p: p = llk, 2 < k $ m)) all coincide
with bin freqnencies. That the condition is sufficient
is established straightforwardly as follows. First
observe (from the definition of @'"I in (19)) that if
p ~ @ ' " ' ' ,then p ~ i p , , , , for some integer i, 1 <
i < m2, and for some p,., E @,,,. Since by assumption all the subharmonic frequencies coincide with
bin frequencies (i.e., for p S u b ~ @ , ,there
,
exists an
integer k, 1 $ k $ N such that p,,,w, = iu,), then
the rational harmonic frequency w$ can be written
in the form

PROOF. See Appendix A.

wLh = poo = i(fS"b~O)

i

1 $ i, j < m; i # j ; i,j coprime

(e.g. 9(4J
= (4, ,
: $, :,$, $,$, 2, 3,4)). The number
of elements in 9'"" is given by the Lemma below.
(The symbol # denotes 'cardinality of'.)
L E M M A 3.1. Let 9'"''be dejned as in (19). Then

= idk = d ( ix x , ,

A table of v(m) is given below:
m i 1 2 3 4 5 6 7 8 9 1 0 1 1 1 2 13 14 15

As mentioned before, the rational harmonics do
not necessarily all coincide with the bin frequencies
4. (In other words, there may exist at least one
p ~9'"" such that pwo # 4,for all integers k such
that 1 < k $ N.) However, each rational harmonic
frequency will lie in a frequency interval of width
2rrlmNTcentred at a particular bin frequency. Such
an interval is termed, perhaps obviously, the fiequency bin corresponding to that particular bin
frequency. Thus if the outcome of the coarse search
is a bin frequency whose associated bin contains
a rational harmonic frequency, then a rational harmonic outlier is said to have occurred. B is then
defined to be the set of bin frequency indices whose
associated bins contain rational harmonic frequencies, and so, the number of elements in W is given by

(21)

,,

where i and p,,, are as defined earlier, and iu(i is
a bin frequency. The necessity of the condition is
trivial to establish, since @,,, c 0'"'.We also remark that it might well be easy, in practice, to
satisfy the above condition by suitable choice of
N and r. In this case, all the rational harmonic
frequencies coincide with bin frequencies, with the
result that W is given by the set {k: k = pr, p E 9'"').
We return now to the discussion of the mutually
exclusive outlier events. In order to define these
precisely, let

The events are then defined as follows.
DEFINITION 3.1. 1. Let A denote the event that
no outlier occurs.

A: argmax D,€9.
k

(23)
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2. Let Bj denote the event that an outlier at the bin
frequency iu,, ~ E Wcorresponding
,
to the rational
harmonic frequency wLh, p ECV" occurs.
Bj: argmax D,

=j ~ g .

(24)

h

3. Let C denote the event that a noise outlier
occurs

C: arg max D, E N.

(25)

k

The overall mean square frequency estimation
error (MSE) is then given by the weighted sum

where
Pr(A)

+

3.1. Probability of an outlier due to noise
alone - Pr(C)

The quantities D,, k ~ 3due
, to the presence of
measurement noise, are really random variables.
Let us consider D, for values of k in the set M .
These are simply the values of the likelihood function L(w) at each of those bin frequencies that do
not correspond to a rational harmonic frequency,
or the true frequency. The cardinality of M is then
easily seen to be N - v(m) - 1.
The random variable D, (where r is the bin frequency index of the true fundamental frequency
w,) is the value of L(ro) at wo. An outlier due to
noise alone occurs if arg max, D, E N (this is merely
the definition of event C). We want to evaluate the
probability of this happening, namely Pr(C). Let
X,(x) denote the event that D k< x and q""'" be an
estimate of the desired probability, defined by
1 - q""'S'

Pr(BJ) f Pr(C)

=

1.

=

(27)

As before, iu is the outcome of a fine search, the
details of which are not important for this discussion. We should remark that (26) is not necessarily a fully adequate measure of error to the
extent that it accounts for the possible occurrence
of rational harmonic outliers. As we remarked
earlier, such outliers are not necessarily damaging if
their relationship to the true frequency (as determined by the associated rational multipliers)
is known. One might envisage that their contribution to the error could be removed if additional
means were available to determine that relationship. However, in the absence of such an extra level
of algorithm, (26) stands as an accurate (if
not in a practical sense adequate) representation
of the error associated with the ML frequency
estimates.
The task now is to calculate the various prohabilities Pr(A), Pr(BJ) and Pr(C) appearing in (26).
This proves to be singularly difficult (as opposed
to the relatively straightforward nature of the
single tone analysis); in most cases, only bounds
or approximations to the probabilities are
calculated.

The quantity q"Ofseis actually a conservative estimate of the probability Pr(C), in the sense that
q""'" > Pr(C). This is because the event that
Dj > D, > D,, for some k~ N and some j $ M , is
possible (if this were to happen, Gj, a rational
harmonic, would be the outlier, not a,), though
highly improbable, at least for SNRs moderately
far below the threshold point. This is supported by
the results of example calculations, which indicate
that for these SNRs, qnoiseis generally a very small
quantity, e.g. no greater than something of the
order of lo-'. We would therefore expect the probability of the event described above to be something roughly like the square of that number
- a negligibly small amount.
Whether the conservative nature of the estimate
q""'" of Pr(C) leads to the later overestimation of
E(iu - a,)' (as defined in (26)) is difficult to say.
This is because the interaction between the estimates of the various probabilities (some of which
are yet to be defined) appearing on the RHS of (26)
is not understood. However, simulation results in
a later section suggest the estimate is not overly
conservative. (Refer to the remark in Section 4
below.)
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Conditioning on D,:

PROOF. See Appendix B
Using this lemma and (30) we can write

where fD,(x) is the probability density function
(p.d.f.) of D,. (The fact that 6,and 6,are not
harmonically related is crucial for obtaining the
second expression for 1 - q"""': it implies that D,
assumcs a value based purely on the noise). Now
Pr

i..n, 1
Xh(x)

= Pr{G

< x),

The functions FD, and fD, are derived in Appendix
C and given by (C.5) and (C.7), respectively. Combining these with (31), there holds

where
where
A more convenient way of writing this is

y(., .) is the incomplete Gamma function defined in

where fc(x) = 1 - Fc(x) and Fc(x) is the cumulative distribution function of G.
The difficulty now encountered is that (in contrast to the single tone case) the D,, k c M , are not
all independent, and so the determination of F, is
not trivial. (The non-independence of D,, k e M ,
can be seen by writing S i x , = l A ( i ~ , ) /=~
I A(wi,,)12 Thus D, =
Six,. Setting m = 3,
D, and D, can both be seen to depend on S,.)
In Appendix B, the following lemma is proven.

IT=,

i

LEMMA 3.2. Let D, be defined by (22), G by (29),
and v(m) by (20). Then

where FD, is the cumulative distribution function of
D,, k~ N,or

where n(m, N ) = x,-, - x, and x, is the number of
primes not exceeding n.

(C.4), 1, is the modified Bessel function of the first
kind, of order k, and

n=

...

I b2.

(34W

i=1

An interesting feature of the above expressions is
the appearance of the parameter =
b:, as
opposed t o the effective signal power

I:=,

m

i2b:,

A=

(35)

i= 1

that is so important in the expressions for the
Cramer-Rao bounds derived in [12] and [I] and
given in (55). A possible insight as to why this is so
is given as follows. At high SNRs, the peaks of
IA(w)l corresponding to the harmonic and fundamental frequencies are tightly synchronised or
coherent, in the sense that the frequencies at these
peaks, to a very high order of approximation, obey
a strict harmonic relationship. This is reflected by
the form of the parameter of importance at these
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high SNRs, namely A, which is a sum of terms
weighted by corresponding squared harmonic
indices. As the SNR is lowered, the coherence, or
synchronism, of the peaks is more or less maintained until the threshold point is reached (as evidenced by the agreement of the MLE performance
with the CR bounds above threshold). Below the
threshold point, coherence is, roughly speaking,
lost. The parameters of importance in this region
d o not, then, include A, but those associated with
outlier probabilities, one of which is x,b:. The
multiharmonic frequency estimation problem is
examined further in 171 and 1141.

3.2. Probability of a rational harmonic
outlier - Pr(Bj), j e W
As defined previously, mih, for some p E @'"' denotes a frequency that is a rational harmonic of
a,, with rational multiplier p, i.e. wLh = pw,. As
already mentioned, each rational harmonic frequency is associated with a particular bin frequency. In the following analysis, we will ignore the
fact that not all rational harmonic frequencies
coincide exactly with bin centre frequencies. We
assume either that N is chosen so that most of the
rational harmonic frequencies of importance (i.e.
those with rational multipliers p = l/k, 1 < k d m
- the so-called subharmonics) coincide with bin
frequencies, or that N is sufficiently large to ensure
that the distance between a rational harmonic frequency and its nearest bin frequency is essentially
negligible (in the sense that the probabilities of
coarse searches resulting in the two frequencies are
virtually the same).
Once again, we seek an estimate of a probability,
on this occasion, the probability that the outcome
of the coarse search is the rational harmonic frequency wih. More precisely, we seek an estimate
of Pr(B,), where Bj denotes the event that
arg max, D, =j, j e W , and j is the frequency index
corresponding to p.
It is expected (from empirical evidence) that rational harmonic outliers are more probable than
noise outliers at intermediate noise levels. Therefore we make the assumption that if D, > D,, for

some particular ~ E Wthen
, it is very unlikely that
D, > Dj, k E A".In other words, if the value of L(w)
at Gj(Dj) is greater than that at the true frequency
(D,), then it is almost certain that no greater noise
outlier will occur.
This does not account for the possibility of there
being another highly likely rational harmonic outlier. We shall discuss this point further in Section
3.3 and an example form = 3 is given in Section 5.
Therefore, as an estimate of the probability of an
outlier corresponding to the rational harmonic
frequency mih, given that no other outlier has
occurred, choose

Consider the RHS of the expression in (36). Note
that the quantity in braces can be rewritten

where

and

z,,,a {I, ... ,m}.

(39)

One can interpret an element of the set H, as being
the rational multiplier (with respect to 0,) associated with a particular harmonic of an m harmonic
signal with fundamental frequency mih. The expression (37) can be further simplified with the aid of the
following definitions:

The set H i corresponds to those harmonics of
mih that are also harmonics of w,; H i to those
harmonics of w, that are not harmonics of wih and
finally Hi to those harmonics of wih that are not
harmonics of o,. The expression (36) may then be
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written as
q,

=

n

{z
~

E

>

l

o
H

~

2 >

1IA(~~II~}
~ E Z W

I: lA(km01l~+ ken;
E l~(ka~jl~]

XEH;

For the sake of convenience, define dj a lA(jwo)12.
Then, observe that, since H; nZ, = 0, the term
Cj,,;dj
contains only noise terms, and since
H; c Z,, the term ZkElf;d, contains only signal
harmonic frequencies. Furthermore, the fact that
H,' n H i = 0 means that the two terms are independent.
Thus we can use the p.d.f. of D, and the c.d.f. of D,
for k = r and k # r (as derived in Appendix C) to
calculate the distributions of
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where again $ = N/2a2 and I, is the modified
Bessel function of the first kind, of order k.
Collecting (43),(47) and the analogue of (30) and
using the fact that

where r(.;) is the complementary incomplete
gamma function:

and y(, ); is as in (C.4), we obtain

xexpL-$(&

+ X ) I ~ ~ ~ - - ~ ( ~ ~ &(48)) ~ X ,

where
3/=N/2a2,
4= z,,,b:.

[,=#Hi,

lA=#H,S,

3.3. Calculation of Pr(A)

Having calculated estimates of Pr(Bj) and Pr(C),
it remains to calculate an estimate of Pr(A). From
(27) there holds

and

Since U,' is made up of a sum of 1, 9 # H,' terms
of the form I A(w,)12, where all the frequencies w, do
not correspond to any signal harmonics, we can see
from (C.5) that (NU;/c2) is distributed as x2 with
21, degrees of freedom. Thus,
(46)
with $ = N/2a2 and y is as defined in (C.4).
Similarly we can see that U; is a sum of 1, 4 # H,"
terms IA(w,)12 where all the frequencies wk correspond to some signal harmonic. Thus from (C.7), we
can see that (NU;/a2) is distributed as non-central
x2 with 21, degrees of freedom and non-centrality
parameter A, = 1 b:. Hence the p.d.f. of U; is

where

is the probability of any rational harmonic outlier
occurring.
The value of q, is the probability of the rational
harmonic outlie; p, given that no other rational
harmonic outlier hasoccurred. Recall that it has
been assumed that the probability of a noise outlier
is negligible at the intermediate SNRs of interest.
The total rational harmonic outlier probability
may therefore be written as

,,,:

where j is the index corresponding to pao, D, is
defined in (22) and r is the index of the frequency bin
corresponding to the true frequency. It is generally
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difficult to get an estimate of

for a given number of harmonics, m, however, we
give a specific example (for m = 3) where it is possible in Section 5.
An easily derived upper bound on Pr(B) is given
simply by

The difficulty is that the events whose probabilities
are given by q , are not necessarily independent, so
that (52) will be greater than Pr(B). Another upper
bound on Pr(B) may be straightforwardly derived
using the concept of associated random variables
(as defined in Appendix B) and is stated below
without proof,

It is easy to see that this estimate is guaranteed to
be less than unity, however it cannot in general be
shown that the same guarantee holds for (52).
Hence, using &<-I
as an estimate of Pr(B) in (49),
there holds
Pr(A) >

n (1

- q p )- q"'3ss.

(For high SNRs, this contribution completely dominates the expression for the overall MSE, i.e.
Pr(A) x 1, Pr(B) x 0 and Pr(C) x 0.)
The contribution due to a rational harmonic
outlier at oih(with associated bin frequency index
j e B ) is approximated as follows:

The above expression is an approximation, since
the rational harmonic outlier will not always
fall exactly on the frequency p u n , but in a small
neighbourhood about it. However, the distance
lo, - pw, 1 will be much greater than the size of the
small random fluctuations about p u o , and hence
will be the dominant contributor to the MSE due
to the rational harmonic outlier.
The final contribution to (26) is that due to the
occurrence of an outlier caused by the measurement
noise alone (i.e. event C). Since the measurement
noise is assumed white, it is equally likely that such
an outlier can fall at any point within the interval
[0, w,/2m]. In other words, we assume that the noise
outliers are uniformly distributed on that interval,
ignoring the presence therein of a finite number of
rational harmonic frequencies. The MSE contribution is then easily calculated as follows:

(54)

PE@*"

4. Evaluation of mean square frequency
estimation error
Having computed estimates of the various probabilities required for evaluation of the overall MSE
in (26), the remaining task is to determine the individual contributions to the MSE by each of the
mutually exclusive events, A, B , , j ~ 9 .and C. This is
particularly straightforward for the case where
no outlier of any description has occurred (i.e.
event A). The contribution to the total MSE,
E ( d - on1 A)' is then simply the Cramer-Rao
bound on the frequency estimation error variance
for the multiharmonic problem given by (see [I])
&linear)

a E(d - onI A)2
-

12u2
N ( N ~- I)T~C;='=,
k2b:'

(55)

The expression in (26) may now be fully evaluated
to yield
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where
L(Ii'(m, N ) - m + I ) < qn""'< t ( N - v(m) - I),
(59)
( m - 1112

+ x ) l 1 ~ - ~ ( 2 $ m d x(60)
,

x*exp[-$(n

y(., .) is the incomplete Gamma function defined in
(C.4), I, is the modified Bessel function of the first
kind, of order k, and

*=-

N
2a2'

(61a)

rn

1=

C b?.
I=

(61h)

1

Also, from (48),

x exp[-$(n,

+ x)l1,~-~(2$J/l,x)dx, (62)

where $ = N/2a2, I,

=

#Hi,

1, =

b:.

REMARK. As foreshadowed in Section 3.1, the
question as to whether the use of estimates of the
various probabilities in (26) (as shown in (58)) leads
to the over or underestimation of a: is difficult to
answer. It is prohahlv desirable for an overestimation of W: to exist since this would give a 'factor of
safety' with respect to the threshold point. However, without an understanding of the interaction
between the various estimates involved, we can
draw no conclusion about the conservativeness or
otherwise of the estimate of o: in (58). The Monte
Carlo simulations presented next give some guidance here.
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package Maple r21.
- - An adaptive Newton-Coates
algorithm was used to compute the key integral
t of (33), a task of some numerical difficulty hecause of the very small numbers involved.
In the examples which follow, three cases of
interest have been chosen:
(i)
. . First, to aid comparison to previous work
[15], performance curves for the case of estimating the frequency of a single tone in noise are
generated.
(ii) Second, to show how knowledge of the Presence of one harmonic component alters the
performance, we examine estimation of the fundamental frequency of a two-component multiharmonic signal.
(iii) Finally, to test the sensitivity of the multiharmonic frequency estimator to model inaccuracy, the presence of a third harmonic is falsely
assumed when the signal of interest is truly
a two-component signal.
In the theoretical calculations and simulations
which follow, the true signal power (61h) is held
constant. If the effective signal power of (35) was
held constant, the single-tone and multiharmonic
RMSE performance cures would coincide for small
noise levels.
In all cases presented, the assumed sampling
frequency is 4000 Hz, for consistency with [15].
&

5.1. Root mean square error performance curves
The root mean square error curves plotted in
Fig. 5 are calculated from (58) and demonstrate
three cases:

case(i) with bl = 4.47,
case(ii) with bl = 4 and b2 = 2, and
case(iii) with bl = 4, b2 = 2 and b, = 0
Each signal has the same true power, namely

n = 20.
5. Calculations and simulations

In this section some example calculations using
the above equations are presented, and these are
compared with Monte Carlo simulation results.
The calculations were performed with the software

For case (i), the three solid curves plotted relate
to whether the initial coarse search has been conducted over [0, o,] (curve A), [0, o,/2] (curve B)
and [0, a,/3] (curve C). The main effect of these
different coarse search regions is to change the root
MSE in the high-noise regions, see (57). In cases (ii)
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Comparison oftheoretical values for RMSE versus SNR for Cases (i), ( ii) and (iii).
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e (ii) b = [4,2]

.

Case (1) b = 14.471

10"

10.'
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-5

0
True SNR (dB)
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Fig. 5. Plot of root mean square frequency estimation error versus SNR in dB for threedifferent situations:(i) h = 5.66, (ii) h = [4,2] and
(iii) 6 = [4,2,0]. In all cases, N = 64

and (iii) the lower bound on q""'legiven by (32) has
been used.
For each curve, the SNRs at threshold are clear;
thresholding occurs at -3dB for (i), 2dB for (ii)
and 3 dB for (iii).
The main points to note are
- The presence of an extra harmonic improves the
performance in the high SNR region.
- The performances of the MLE in relation to the
two and three harmonic signals are identical at
high SNR. This is simply because the eflective
signal powers of the signals, as defined by
A = x h k 2 b h , and therefore the CR bound (see
(55)), are identical. (Recall that the performance
of the MLE meets the CR bound at high SNR.)
- The threshold performance is severely degraded
(thresholding at least 5 dB earlier than the singletone case).
- When the third harmonic is incorrectly assumed
to be present performance is further degraded:
the estimator assuming only two harmonics performs better.
:

Comparison with Monte-Carlo simulation results
Fig. 6 plots the results obtained by generating
approximately 3000 realisations per SNR value of
signals (i),(ii) and (iii) to which the multiharmonic
maximum likelihood estimator of frequency is then
applied. The theoretical curves are also plotted,
using both the lower and upper bounds of (32).
Note the close agreement between the theoretically calculated curves and those observed by
simulation.

5.2. Outlier probability simulations

Comparison of the curves for signals (i) and (ii) in
Fig. 5 prompts the following interesting question.
Suppose that (as previously discussed) an additional level of algorithm was incorporated into the
MLE that was designed to detect rational harmonic outliers and derive accurate frequency estimates in their stead. Would this tend to equalise the
respective threshold points in relation to (i) and (ii)?
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A. Comparison of simulations and theoretical RMSE versus SNR curves for case (ii)
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Case (ii) b = [4 21
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B. Comparison of simulations and theoretical RMSE versus SNR curves for case (iii)
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Case (iii) b = (4 2 01

-10

0
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5
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True SNR (dB)
Fin.
error versus SNR in dB dis~layina:
. . . (-) the theoretical performance of thesingle- 6. Plots of root mean square frequencyestimation
.
.
tonecase, ( .--)theoretical bounds(both upper and lower) on the multiharmonic MLE periormance calculated from (58)and subsequent
equations and ( x x x ) simulation results. Graph A is case (ii) and graph B case (iii).

In other words, we are asking whether or not rational harmonic outliers are largely responsible for
the higher SNR a threshold of (ii) in comparison
with (i).
To compare our theoretically derived probability
expressions with simulation results, we proceeded
as follows.
For each effective SNR (35) from - 1OdB in
increments of ldB, a number of realisations
(100000) of signal (ii) of length N = 64 with fundamental frequency w = 3 ~ 1 1 6were generated, and
the likelihood functions, L(w) calculated. From the
results of a coarse search of these functions over the
Fourier frequencies nk/32, k = O,1, .... N - 1, the
number of events B (any rational harmonic outlier)
and C (an outlier due to noise alone) were separately noted. These were then used to estimate Pr(B)
and Pr(C). In order to save computing time, the full
maximum likelihood estimator was not applied.
The resulting probability curves are plotted in
Fig. 7.

In Fig. 8, the results of a similar procedure are
displayed for case (iii), except that the number of
realisations was 150 000.
For this case m = 3 (but the amplitude of the
third harmonic iS not necessarily zero), and the set
of rational harmonic outlier bins W splits into three
disjoint subsets:
where r is the frequency bin corresponding to the
true frequency, so that 9 = W 1 u W 2 u W,. The
probability of an outlier occurring at the bins in 2,
(1 = 1,2 or 3) depends only on harmonic 1(and the
associated noise-only bins).
Due to this splitting of W, we can assume that if
j e B , with 1 = 1,2 or 3 and keW\W, then
This means, e.g., the probability of an outlier occurring for p = 4 if there is one for p = 2 is small. With
this assumption, it is then trivial to show that if we
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A. Theoretical and Simulated hbabiliw of a Rational Harmonic Outli er (m=2)

True SNR (dB)
B. Theoretical and Simulated Robability of a Noise Outlier
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Fig. 7. Simulation and theoretical outlier probabilities for case (ii) b = [4,2]. The curves represent: ( x x x ) the simulation results,
(-)the
theoretically derived results and (-.-.-) the inverse ofthe number of realisations (i.e. the smallest possible "on-zero simulated
probability).

now take j € W , and k e W , \ { j } then

6. Conclusions

We substitute this value into (51) to generate plots
A and C in Fig. 8.
For both case (ii) and case (iii), comparisons of
the top two graphs (A and B) in Figs. 7 and 8 clearly
show that it is the occurrence of rational harmonic
outliers, rather than noise outliers, that is the major
cause of thresholding at intermediate SNRs. (Observe that the probability of an outlier occurring at
the threshold SNR is in fact very small. This is why
it is advantageous to be able to calculate those
probabilities rather than having to rely on very
extensive simulations.)
Thus, the answer to our question is that a rational harmonic outlier detector would indeed
equalise the threshold point of (i) with the thresholds of (ii) and (iii).

This paper has presented, in detail, the results of
an analysis of the occurrence of outliers in the
operation of the multiharmonic MLE. The major
result of the paper is an approximate expression for
the mean square frequency error that is applicable
both above threshold and below. The significance
of the result is that it enables the drawing of performance curves showing threshold, and studies of the
effects of changing problem parameters by doing
calculations, which although complicated, are
nevertheless simpler and less time consuming than
Monte Carlo simulation. (This can be paraphrased
by saying that the result permits the threshold effect
to be established theoretically as opposed to experimentally, via simulation.) We should point out that
while the results of the internal analysis permit, in
principle, the calculation of performance over the
entire range of SNR, the nature of the approximations used in this paper mean that performance

R.C. Williamson el a/. / Signal Processing 37 (1994) 309-331

-

h

327

A. Theoretical and Simulated Probability of a Rational Harmonic Outli er (rn=3)
X-X71 ,: :: :.
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B. Theoretical and Simulated Probability of a Noise Outlier

.- loo

3

l0.l

(m=3)

-

-10

-5

5

0

10

True SNR (dB)
C. lkoretical and Simulated Probability of Any Outlier
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Fig. 8. Simulation and theoretical outlier probabilities for case (iii) b = [4,2,0]. The curves represent: ( x x x ) the simulation results,
the theoretically derived results and (-.-.-) the inverse of the number of realisations (is. the smallest possible non-zero simulated
probability).

(-1

may be calculated, with accuracy, only down to
moderately low SNRs within the threshold region.
This is, however, more than sufficient for establishing the existence of a threshold point, and calculating performance in its vicinity.
Some of the problems of the analysis include the
fact that it does not provide insight into key quantities that might govern threshold, and that special
numerical issues arise in the performance calculations due to the very small numbers involved in
the evaluation o f t (see the remarks at the beginning of Section 5). A different approach to threshold determination is pursued in [ 5 ] and [6] where
insights into key quantities governing threshold are
presented.
The issue of rational harmonic outliers was also
raised, and it was noted that their inclusion in the
measure of performance of the MLE is in some
ways inappropriate. A means of recognising these
outliers is practically of great importance.
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8. Appendix A. Proof of Lemma 3.1
Let

@?'={k:

@Im' = {k, $:

k~

kc@'"' and k c I) and so
and #
=2
Now
=@
' u { : gcd(k,m) = 1).

@Lm')

observe that @
Hence we have

@'"'

#@PI.

and the lemma follows by iteration of this relationship.

!

R.C. Williamson et 01. / SignaiI Processing 37 (1994) 309-331

328

9. Appendix B. Proof of Lemma 3.2
In order to determine bounds on FG(x) we use
the following results from 131.
DEFINITION B.I. The random variables T,,
... , T, are associated if

c)]> 0

covCf(T~.... , T,), TI, ... ,

for all functions f and g which are non-decreasing
in each place, and for which Ef(T,, ... ,T,),
and Ef (TI, ... , T,)g(Tl, ... , C)
Eg(T1, ... ,
exist.
The following two theorems are proven in 131
THEOREM B.I.
1. Any subset of associated random variables is associated.
2. If two sets of associated random variables are
independent of each other, then their union is a set
of associated random variables.
3. The set consisting of a single random variable is
associated.
4. Non-decreasing functions of associated random
variables are associated.
5. Independent random variables are associated.
THEOREM B.2. Let TI, ... , T, be associated
random vaviables, V, " f , ( ~ , , ... , T,), and f , nondecreasing (i = 1, ... ,k). Then
pr[V,

$

s,,

... ,V, < s,] >

n
k

i=l

Pr[V,

$

sf]

(B.1)

for all s,, .. . ,s,,
Lower (upper) bound on FG(x)(&(x))
The random variables defined by IA(d,)lZ and
IA(d,)lZ are independent for k f 1 (see [lo], where
it is shown that N samples of a length N D F T of
white gaussian noise are independent). The elements of the set {JA(d,)12: 1 $ k $ N } are therefore associated random variables by point 5 of
Theorem B.1. From the definitions of D, and L(w)
in (22) and (14), there holds

The set {D,: 1 $ k < N } therefore defines a set of
nondecreasing functions of the associated random
variables I A(.)I2, which by point 4 of Theorem B.1
are themselves associated. It follows trivially from
point 1 of Theorem B.l that {D,: EM} defines
a set of associated random variables. This fact, and
Theorem B.2, enables determination of a lower
bound on FG(x) as follows.
From the definition of FG(x)there holds

Application of Theorem B.2 to the RHS of (B.3)
gives

= [FD,(x)]N-"'m'-l,

P4)

since the D, are identically distributed for k € M .
Therefore,

and

Upper (lower) bound on FG(x)(&(x))
Suppose that we find the largest X c M with
the property that the elements of the set {Dk:
k f X } are all mutually independent. Let df(X)
denote the c.d.f. of the random variable X. Suppose
X and Yare independent random variables, then
(see [I311
df[max(X, Y)] = df(X)df(Y).

(B.7)

Therefore,

since, by definition, the elements of {D,: k e X } are
all independent.
Given the definition of G in (29) there holds

G = max(X, Y ) ,

(B.9)
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where
X

a max D,,
xsx

(B.lOa)

Y a max Dk
kcN\Z

We may then write
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n(m, N ) = # K n and n ( m , N) = n N _ ,- n, where
n. is the number of primes not greater than n.
Note that while there is no simple formula for n,
it can be calculated via enumeration for moderate
n, and asymptotically using the prime number theorem (see [4]) (n. n/logn). A table of n(m, N ) for
m = 5 is given below:

-

where Fxy(x,x) is the joint c.d.t of X and Y. It is
easy to see that for any random variables X , Y,
there holds

where Fx(x) is the c.d.f. of X. Therefore, for our
particular X and Y,

We will assume that m, N and r have been chosen
so that the rational harmonic frequencies all coincide with bin frequencies. (See the comment after
Lemma 3.1.) If we define

where from (B.8)

with the result that

We now need to calculate the cardinality of
X , # X.The following result helps us to find the
cardinality of a large X c A" with the property
that the elements of the set {D,: EX) are all
independent, by first defining a certain set Kn.
LEMMA B.I. Let K n {pl, ... ,p,} be the set of
all primes pi such that m < p, < N. Then the set
D" A {D,: k e K n ) contains only D, which are
mutually independent. Furthermore, # Dn =
n(rn,N) n N - ~ n, where n, is the standard
number theoretic function denoting the number of
primes not exceeding n.

PROOF. We need to show that for all pj, pie K",
there does not exist any i, k~ {1, ... ,m), i # k, such
that
This can he seen to be true since pj,p, > m for all j, 1.
Let n ( m ,N ) denote the number of primes p greater
than or equal to m and less than N. Clearly

where @
,.,
is, as previously defined, the set
{p: p = llk, 2 < k < m}, then it is easy to see (from
the definition of @'"I) that the elements of B\BSub
are not prime (note that B,., c B). Thus there can
be at most #W,., = m - 1 elements of K n that
belong to 92 and which therefore do not belong to
A". Those elements are simply the suhharmonic
frequency indices that are prime. One way to derive
a large set X c JV with the desired property, is
simply to remove from K n those indices that do
not belong to A". Those indices can only be prime
suhharmonic indices, of which there are at most
m - 1. Therefore define

There then holds

We remark that some further work might he able
to establish just how many elements of Wsub.given
m,r and N, are prime. We feel that this effort is
hardly justified in view of the observed insensit~vity
of calculations based on the above results with
respect to small changes in the bound in (B.18).
Combination of (B.18) and (B.15) gives
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and
-

F,(x) 3 1 - [FD,(x)]"'m~N'-m+l.

(B.20)

The cumulative distribution of a
able with v degrees of freedom is

X2

random vari-

This concludes the proof of Lemma (3.2).
1
=my(:,:),

10. Appendix C. Derivation of F,,, k # r, and fD,

and y(.;) is the incomplete gamma function

The c.d.f. of. Dk,
. k # r

y(a, x) =

First consider Dk. We have
Dk =

m

m

1=1

i=1

:j

e-tta-1 dt.

(c.4)

Thus we can write the distribution function of Dk as

1JA(iak)JZ= C C;,

(C.5)

where Ck is a quantity used by Rife and Boorstyn
[15]. They give the p.d.f. of Ck as

for x > 0 and zero otherwise. We require fc:(x).
Given a random variable X, with p.d.f. fx, then the
p.d.f. of Y = X Z is given by [13]

We determine the distribution of D, in terms of
quantities defined by Rife and Boorstyn. We have
m

4=

C C,fi
i= 1

and C,,[ is distributed identically to Rife and Boorstyn's C, (see [I51 Eq. (54)). They give the p.d.f. of
C, (a Rician random variable) as

Combining (C.1) and (C.2) gives

Now observe that the p.d.f. of a X 2 random variable
with v degrees of freedom is

We can thus see that (NC,Z/a2) is X2 with 2 degrees
'of freedom.
, all the Cj are i.i.d.,
Since Dk = ~ ~ Cf = and
(NDk/a2)is with 2m degrees of freedom. Thus
fD*(')

N
=

for x

> 0.

1

(TI
-Nx

Nx

"-'

where bo is the amplitude of the single tone and Ikis
the modified Bessel function of the first kind, of
order k. Again using the Y = X Z transformation
we obtain

This can be seen to he of the same form as a noncentral x2 distribution. The p.d.f. of a non-central
X2 random variable with v degrees of freedom and
non-centrality parameter 2 is (see [XI)
1/X\U/4)("-Z)
,

,

J(4=5\?)

,
(C.3)

I,,~~),,-~)($).

(C.6)
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Comparison of these densities shows that (NC:/02)
is non-central xZ with 2 degrees of freedom and
non-centrality parameter A = b i . Hence using the
convolution properties of the non-central X 2 distribution (from 181) and the fact that all the C,,i
are
i.i.d., we can conclude that (ND,/02) is non-central
xZ with 2m degrees of freedom and non-centrality
parameter 2 =I:=, b?. Thus the p.d.f. of D, is

[6]

[7]

[8]

[9]

[lo]

where ?,

=

x:',b f
[ll]
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