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Performance of the Maximum Likelihood Constant
Frequency Estimator for Frequency Tracking
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Abstract- In this paper, the performance of maximum likelihood (ML) estimators for an important frequency estimation
problem is considered when the signal model assumptions are
not valid. The motivation for this problem is to understand the
robustness of the hidden Markov model-maximum likelihood
(HMM-ML) tandem frequency estimator [I], where the signal
is divided into time blocks, and the frequency in each time
block is estimated using the ML approach under the assumption
that the signal has a constant frequency in each time block. In
order to analyze the sensitivity of ML estimators to the model
assumptions, the mean frequency of a discrete complex tone
that has a time-varying (ramp) frequency is estimated under
the incorrect assumption that it has a constant frequency. In
particular, the behavior of the threshold region with respect to
different chirp rates is analyzed, and a simple rule is given. The
mean squared error above the threshold region is shown to be
constant even at very high SNR levels. These results are supported
by simulations.

E

STIMATING the parameters of a sinusoidal signal from
a given discrete set of observation data is an important
problem arising in different branches of science and engineering. In the time-series analysis literature, recent results for this
problem are due to Walker [2], Hannan [3], and Hasan [4]. In
those papers, the signal is assumed to be in the form

where t[n]is i.i.d. noise. It has been shown that the leastsquares estimate of Ro, which is asymptotically equivalent to
a maximum-likelihood estimate when ~ [ nis ]a Gaussian noise,
is the maximizer of the periodogram

It has also been shown that the asymptotic variance of the
frequency estimation is of order N P 3 . However, in [5], it
is concluded that the product of the amplitude of the signal
and data size must be quite large for the reliability of the
asymptotic analysis results.
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In [6], the signal is assumed to be in the form of a singlefrequency complex tone, and its parameters are estimated from
a finite number of noisy discrete-time observations. In [6], Rife
and Boorstyn showed that the maximum-likelihood estimate
attains the Cramer-Rao bounds at high signal to noise ratio
(SNR). In addition, at low SNR, the existence of a range
of SNR's is observed where the mean-squared error (MSE)
increases very rapidly with reduction in SNR. This threshold
effect can be understood in terms of the "outliers" occurring
in the maximization of (2) (see [6] for details). In [7], it has
been shown that the approximate phase error variance is a
good indicator for the threshold. The threshold effects are also
discussed in [8] from an information theoretic point of view.
In the previous estimation approaches, the signal is assumed
to have a constant frequency during the measurement interval.
When the signal has a time-varying frequency over the measurement interval, the frequency can, in principle, be tracked
by using either extended Kalman filters (EKF's) [9] (or phaselocked loops (PLL) if the amplitude is known) or a hidden
Markov model-maximum likelihood (HMM-ML) tandem estimator [I]. In the EKF approach, the parameters of the signal
are estimated by using a Kalman filter where the output matrix
of the associated signal model is obtained by linearizing the
measurement around the one-step prediction of the parameters.
Here, there is an assumption on the random variation of the
frequency but no assumption on the deterministic variation of
the frequency. In contrast, Streit and Barrett [I] assumed that
the frequency variation is piecewise constant. Accordingly,
they divided the signal time function into fixed finite-sized
blocks. Then, the frequency in each block was estimated using
a ML approach, and frequency transitions between successive
blocks were modeled using hidden Markov models (HMM's).
Their algorithm works well even at very low SNR's.
Since fixed block sizes are used in [I], the assumption that
the signal has constant frequency over these blocks may not
always be valid. In order to assess the practical utility of the
tandem estimator, it is important to understand the degradation
in the performance of the HMM-ML tandem estimator when
the signal has a time-varying frequency. The crucial question
is as follows: What happens if the frequency is estimated using
a ML estimator that is based on the assumption that the signal
has a constant, unknown single frequency when, in fact, the
signal has a slowly time-varying single frequency? In this
paper, we will analyze this problem. The aim is to be able
to give rules for the choice of the block length, i.e. design
parameters. The techniques in Rife and Boorstyn [6] will be
the basis for our analysis and identify some of the fundamental
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mechanisms causing departure from predicted performance.
The model that is selected for our purposes is a complex signal
that has the simplest form of time-varying frequency, viz. a
ramp. Although selection of the model for the time variation of
the frequency as a ramp is restrictive, it is useful to understand
the nature of the problem, and it clearly gives some insight for
the general problem of estimation of signals that have a more
general time-varying frequency.

observations by using the maximum-likelihood (ML) estimation technique. In that paper, the parameters of s ( t ) in (3)
(bo and w0) are estimated when Aw(t) = 0 from the noisy
measurement signal z[n]for n = 0, .. . ,N - 1. Then, the ML
estimate of the frequency Ro = wo/T is given by

fio . -

a% m
x:

{N1 I Z ( f l )

I}

(6)

where Z ( R ) is the discrete-time Fourier transform of z[.],
which is defined by

A. Assumptions and Signal Model

Specifically, the signal that we will analyze in this paper is
a linear FM signal that has the form

~ ( t=) bo exp[j(wo+ n w ( t ) ) t ] t E [O, T I ]

N-1

Z(R):=

z[n]enp(-jRn).

(7)

n=O

(3)

Like most nonlinear estimators, the ML frequency estimator
exhibits threshold effects. At high SNR's, the frequency estimate occurs near the true frequency. As the SNR decreases,
~ [ n=]bo exp[j(Ro Rln)n]
(4) the probability that the global maximum of I Z ( R ) I / N lies
far from the true frequency increases. The occurrence of these
where T is the sampling period, Ro = woT, and Rl = w1T2. outliers (i.e., the frequency estimates that are far from the true
The sampling frequency f , is defined by f , = 1/T and frequency) causes a sudden decrease in the performance of the
w, = 2 ~ f , .
ML estimator as the SNR is reduced. The mean-squared error
The measurement data z [ n ] ,for n = 0 , . . . , N - 1, is can be written as
assumed to be
E { ( ; - w ~ ) =~ ( 1) - q ) E { ( ; - ~ 0 I NO
) outlier)
~
z[n]= s[n] w [n]
(5)
+ q E ( ( b - W O ) I ~ outlier}
(8)
where w[n]= W R [ ~ ] j w ~ [ n ]and
, both wR[.]and wI[.]are
Gaussian noise sequences with mean zero and variance a2. where q denotes the outlier probability, when fo =
They are statistically independent of each other. The SNR fs/2. If fo # f s / 2 , (8) is still valid, but the terms
)
~
and E { ( ; - ~ 0 I No
) outlier)
~
will
is defined as the the ratio between the average signal power E { ( ; - ~ 0 I outlier)
and the average noise power, which is b;/2a2 for the noisy differ. Since the frequency estimate is close to the true
frequency when there is no outlier, E { ( &- ~ 0 I No
) outlier}
~
complex linear FM signals.
is
approximately
equal
to
the
Cramer-Rao
bound,
which
is
The signal model is selected as a complex sinusoid in order
to compare our results with the results of Rife and Boorstyn derived in [6]. In addition, when the Dm size is equal
[6], and in practice, this kind of signal model is used to avoid to the data size, the DFT of the noise is i.i.d; therefore,
leakage problems (see [lo]). In addition, note that one can when an outlier occurs, the probability density function
create a complex signal from its real part by using the Hilbert of the DFT of the noise is approximately uniform; thus,
transform. Care must be taken since, in this case, wR[.]and E { ( ; - wo)' I outlier} can be calculated easily. Finally,
w ~ [ will
, ] no longer be independent noises; however, the cross when wa = w,/2, i.e., when there is no bias, the outlier
correlation between wR[.]and wI[.]can be removed by down probability q is calculated as
where Aw(t) = wlt and Tl is the length of the signal; the
sampled version of the signal s ( t ) is

+

+

+

sampling the complex measurement signal.
In the next section, we will summarize the outlier analysis
of Rife and Boorstyn for the constant frequency case. In the
third section, we will derive the statistics of the periodogram of
the complex measurement signal z[n].The fourth section is devoted to generalization of the outlier analysis for the estimation
of the linear FM signal under the incorrect assumption that its
frequency is constant. In the last section, mean squared error
of the frequency estimates analyzed at different SNR levels
and a simple rule for the threshold SNR is given in terms of
the chirp rate. Simulation results and theoretical results are
compared.

(k = 0 , . . . , N - 1 and
where Zk: = {+ I Z ( R ) 1)
Ic # N / 2 ) , f2, ( x ) is the Rayleigh probability density function
defined by

and f*,,,
by

( x )is the Rician probability density function defined

11. OUTLIERANALYSISOF RIFE AND
BOORSTYNFOR CONSTANTFREQUENCY
In [6], the parameters of a complex, single-frequency tone
are estimated from a finite number of noisy discrete-time

Here, I o ( x ) is the modified Bessel function of the first kind.
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111. STATISTICS
OF THE PERIODOGRAM
OF THE LINEARFM SIGNAL

In order to analyze the threshold effects for the ML estimator
analytically under the assumptions of the first section, we
need to derive the outlier probability q, which depends on
the statistics of absolute value of the DFT of the measurement
signal. Since arg m a x I Z ( R ) is equal to arg r n a ~ { Z ~ ( R ) ~
Z I ( O ) ~ )where
,
Zn(.) and ,TI(.) are the real and imaginary
parts of the DFT of the measurement signal z [ n ] ,the outlier
probability can be derived from the statistics of Z R ( . ) and
Z I ( . ) . However, the real and imaginary parts of the DFT of a
complex signal are the DFT's of the complex conjugate (even)
and anticonjugate (odd) parts of the signal. Let z , [n]and z, [n]
Fig. 1. Real
denote the even and odd parts of the signal z [ n ]defined by

+

I

and

imaginary parts of the Fresnel integral

C ( s ) and S(.r)

2 A w and a height proportional to I/&.
Additionally, the
magnitude of the Fourier transform of the signal is symmetric
around the mean frequency wo + A w of the signal, and it has
its global maxima when w = wo and w FS wo + 2Aw. This last
where M is the DFT size. Then, Z R ( R ) : = D F T { z , [ n ] ) and property can be verified by examining the detailed shape of the
Fresnel integral function involved in (17). As A w varies, the
Z I ( 0 ): = D F T { z , [ n ] ) .Furthermore,
SNR remains constant. However, the probability of an outlier
is clearly greater for bigger A w since the Fourier transform of
the signal has a smaller amplitude for larger A w .
and
In addition, we can consider the effect of varying SNR while
holding A w fixed. At very high SNR's the mean squared error
of the frequency estimate around the mean frequency will
where S R ( . ) and S I ( . ) are the real and imaginary parts of the be approximately equal to ( A W )This
~ . is because IS(w)l is
discrete-time Fourier transform of ~1.1,and WR(.)and W I ( . ) maximized for w z wo and w z wo 2 A w . However, as SNR
are the real and imaginary parts of the discrete-time Fourier decreases slightly, some of the peaks inside the rectangular
transform of w [.I.
window will be detected falsely as the maxima, promoting
It can be shown [ l l ] that the continuous-time Fourier decrease in the mean squared error. Afterwards, as the SNR
transform of s ( t ) defined by (3) is
decreases further, outliers (i.e., the frequencies far from the
rectangular window) will be observed as the maximum of the
Fourier transform of the measurement signal. (All these effects
can be seen in the simulation examples presented later in this
paper.)
If the sampling frequency is sufficiently high, then the
discrete-time Fourier transform S ( R ) of s [ n ]= s ( n T ) is equal
to + S ( w ) , where R = w T and the DFT of the signal s [ n ]is
SIkl = $ S ( f l ) I*=2nlc/nf.
Now, in order to obtain the statistics of the DFT of the
where K ( x ) is the Fresnel integral defined by
measurement signal, we need to find the statistics of the real
and imaginary parts of the DFT of the noise term w [ . ] .Since
WR[.]= DFT {uJ,[.]}and WI[.]= DFT{w,[.]), then

+

It can be seen from the graphs of the functions C ( x ) and
S ( x ) in Fig. I and (17) that when A w increases while the
measurement signal length TI stays fixed, the peak amplitude of the Fourier transform of the signal decreases since
A w = w l T l . This can be seen also in Fig. 2, which shows
both noiseless quantities, viz. IS(f ) 1, and noisy quantities,
viz. I Z ( f ) l . Since the instantaneous frequency of the signal
changes between wo and wo
2wlT1, it is not surprising
that the spectrum of the signal is approximately nonzero in
2AwI. As can be seen from Fig. 2,
the interval [wo,wo
the magnitude of the Fourier transform of the signal can
be approximated by a rectangular window that has a width

When the DFT size M is equal to measurement signal size
N, then (19) reduces to

+

+

with 5 ( . ) being the Kronecker delta function. In this case,
both W R [ l ]and W I [ l ]are white Gaussian random variables
with mean 0 and variance a 2 / N , which are independent from
each other for 1 = 0, . . . : N - 1. Hence, Z R [ l ] and Z I [l] are
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if we define the random variables

EN-L

:= max

{ 1 Z [ k ]121

0

W

5 k N2 -< wo

where L denotes the number of Dm bins in the region
[wo,wo 2 A w ] , then an outlier will occur if E N P L > D L .
Therefore, by denoting the outlier probability as q and using
the technique of Rife and Boorstyn [6], we have

+

Furthermore, the probability distribution and density functions
of E N - L can be written as

FE,v-, ( x ) = [FZk( x ) I N - L

(26)

and
Fig. 2. 1 S ( f ) I and realizations of 1 Z ( f ) I for bo = 1, f, = 4000 Hz
fo
Af = 2000 Hz, u = 1 and Af = 50, and 300 Hz.

+

f ~ ~ - ~= ( Nz -) L ) [ F z , ( ~ ) ] ~f Z-, (~z )- ~ (27)
where Z k = 1 Z [ k ]1 2= Z R [kI2

+ 21[kI2,and

independent Gaussian random variables with means S R [ l ]and
( z )= (
1
) xtO
(28)
S r [ l ] and variance
Thus, 21 = 1 Z [ l ] 12= Z i [ l ] Z: [l]
N - Nz
(29)
has a noncentral Chi-square
probability distribution
f2,(x)=-e
x>O.
2cT2
with p = 2 degrees of freedom and noncentrality parameter
Similarly, since the Z E 7 sare independent random variables
~
. ~h~~
A = ( S l1IZ+S:
cl
when the DFT size is equal to the data size (where 1 is such that
wo 5 lw,/N
wo + 2 A w ) , then the probability distribution
F z , ( s ) := Pr(Z, z } = Fx.2( ? : P , A )
(21) function of D L can be written as

+

$.

<

<

where the probability density function for a noncentral ChiSquare distribution for p = 2 degrees of freedom and noncentrality parameter A is given by [12]
1
f,,. ( x ;p, A) = - I ~ ( & ) exp
2

, z 2 0.
(22)

L

P D , ( ~ )= ~ ~ ~ z , ( x ) l .

(30)

1=1

Note that F2, ( x ) is a noncentral Chi-Square probability distributiOn as given in (21).
Now, the outlier probability for the frequency estimate of
the linear FM signal can be written as

IV. ANALYSISOF MSE OF THE FREQUENCY
ESTIMATEOF THE LINEARFM SIGNAL
As indicated in the previous section, at high SNR's, the
estimated frequency will be very close to wo or wo 2 A w .
Then, as SNR decreases further, the local maxima inside
[wo,wo 2 A w ] of the Fourier transform magnitude of the
signal will be detected. At very low SNR's some frequency
estimates will occur outside of the region [wo,wo+2Aw]. Only
those frequency estimates that occur outside of this region
will be termed outliers. Therefore, an outlier occurs if the
amplitude of the DFT of the measurement signal outside the
region [wo,wo + 2 A w ] is greater than the amplitude of the DFT
of the measurement signal inside this region. In other words,

+

+

By change of variables, (31) can be written as

It is important to analyze the performance of the ML
constant frequency estimators in terms of bias and variance.
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However, when these estimators are used to estimate the
frequencies of the linear FM signals, how to define the bias
is not clear since there is no "true" frequency for linear FM
signals. This inherent difficulty can be overcome by defining
the "true" frequency as the mean frequency of the signal,
which is wo Aw. Then, the bias is defined by 3 - (wo Aw),
where w is the mean of the frequency estimates. Note that we
defined outliers as the frequency estimates that are outside of
the frequency region [wo,wo 2Aw]. Let us define

+

+

+

E{;
~
= E{;

ijoutlier
=
i

j outlier
~

1
I

outlier)
No outlier).

(33)
(34)

Since the spectrum of the signal is symmetric around wo +Aw,
the mean squared error of the frequency estimates can be
calculated around the mean frequency of the signal wo Aw
so that

+

-

;NO

= WO

outlier

+ Aw.

(35)

Since the noise that causes the occurrence of an outlier has
a uniform distribution outside the frequency region [wo,wo
2Aw], the mean of the frequency estimate when an outlier
occurs can be expressed as

+

where w, is the sampling frequency in radians.
Evidently, the bias is

BIAS = i j - (wo + a w )
-

qwoutlier

=

+ (1

-

+

(37)

'?);NO outlier - (WO Aw)

[w: - 4woAw - 4Aw2

2(w, - 2Aw)
w3[ws - 2(wo Aw)]
=4
2(wS - 2Aw)
.

+

(38)

+

If w,/2 = wo Aw, the bias is zero. Further, the variance
(computed around 3) is given by
VARIANCE =
~ E { ( D- 50ut1;er)21 outlier)

+ (1 - ~ ) E { ( w-

+ q(30ut~;er- 3)'

outlier)2 I NO outlier)

+ (1 - 4) ( W N ~outlier - w) 2.

(39)

It is more relevant to consider the mean square error computed
around the mean signal frequency wo Aw that includes the
mean square error due to the bias. In other words

+

E{(G - (wo

+ ~ w ) ) =~ BIAS)^
)
+ (VARIANCE).

(40)

Note that

E{(; - GNo outlier)2I NO outlier) 5 ( A W ) ~

(41)

and E{(w - woutlier)2I outlier) can be calculated easily. If
ws/2 = wo + Aw, since 2 = ljoutlier
= GNo outlier,i.e., there
is no bias, then (39) simplifies to

If Aw is sufficiently large, then an approximate expression
for the MSE of the frequency estimates can be given since
the Fourier transform of the signal can be approximated by a
rectangular window that has width 2Aw. Again, when there is
no bias, this expression becomes

V. COMPARISONOF THE THEORETICAL
RESULTSAND SIMULATIONS
In order to test the performance of the maximum likelihood
constant frequency estimator, linear FM signals that had
different chirp rates were estimated under the assumption that
they had constant frequencies. The sampling frequency f, was
selected as 4000 Hz. In order to concentrate on the variance
part of the mean squared error of the frequency estimates, the
bias effects were eliminated by selecting the mean frequencies
A f = 2000 Hz. Note that
of the signals as fs/2, i.e., fo
since the signals are complex, the aliasing effect due to the
sampling rate is negligible. The data sizes for the discretetime measurement signals were selected as N = 256 and
N = 1024 for the simulations and N = 256 for the theoretical
calculations.
In the simulations, the fine search was implemented by using
a combination of modified NewtonIRaphson and bisection
methods [13]. The frequencies of the linear FM signals were
estimated at 30 different SNR levels and for each signal,
1000 different realizations of the measurement signal were
used at every SNR level. The mean squared errors of the
frequency estimates of the linear FM signals obtained from
the simulations versus SNR are plotted in Fig. 3, where
N = 1024. As can be seen from this figure, for the constant
frequency case the threshold for the frequency estimates occurs
when SNR is approximately equal to -16 dB. Below the
threshold region, the root mean squared errors (RMSE's) of
the frequency estimates are approximately 1000 Hz for all
frequency variation A f . Above the threshold, the RMSE's of
the frequency estimates of the linear FM signals that have
small frequency variations are slightly greater than the RMSE
of the frequency estimates when the signal has a constant
frequency. On the other hand, when the frequency variation is
large, the RMSE is almost constant above the threshold. From
Fig. 3, it can be also observed that the threshold SNR and
the RMSE above the threshold increase when the frequency
variation increases.
As is pointed out in [6] for constant frequency signals, an
increase in the data length causes a decrease in the threshold
SNR. This is also valid for linear FM signals as can be
understood by comparing Fig. 3 and the simulation results
of Fig. 4, where the simulation and the theoretical results
are plotted. In Fig. 4, the data size N is equal to the DFT
size M, which is 256. Another interesting point that can
be observed by the comparison of the simulation results in
Figs. 3 and 4 is that the signal length is important for the
RMSE value when the frequency variation A f is quite small.
For example, when A f is equal to 20 Hz, the RMSE of the
frequency estimates is almost constant above threshold when

+
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Fig. 3. Simulation results for the root mean squared error (RMSE) of the
frequency estimates of the linear FM signals that have different chirp rates
under the assumption that they have constant frequencies when the data size
S = 1024, the DFT size M = 1024, the sampling frequency f , = 4000
Hz, and the mean frequency f o
A f = 2000 Hz.

+

N = M = 1024, whereas it is very close to the Cramer-Rao
bound when N = M = 256. This dependence of the RMSE
for small values of the frequency variation A f can be better
understood by Fig. 5. As can be seen from this figure, when
the frequency variation Af is relatively small, the maximum
peaks of the absolute value of the DFT of the signal move to
the edges of the rectangular window [ f of,o 2A f ] .However,
for large values of A f , the location of these peaks do not
change very much.
A comparison of the simulation and theoretical results can
be made using Fig. 4. From the theoretical curves of this
figure, it can be observed that below the threshold, the RMSE
is again approximately equal to 1000 Hz. Above the threshold,
the RMSE increases as the frequency variation increases at
a fixed SNR. The main difference between the theoretical
curves and the simulation curves is the value of the RMSE
of the frequency estimates above the threshold. As explained
previously for the theoretical calculations, the RMSE above
where this
the threshold is approximately equal to A f
approximation is good when A f is sufficiently large. Note
that when the chirp rate is quite small, the discrete-time Fourier
transform of the linear FM signal is very similar to the discretetime Fourier transform of the signal when A f = 0 Hz. In
other words, the absolute value of the discrete-time Fourier
transform of the linear FM signal cannot be approximated by
a rectangle if the chirp rate is quite small. Thus, when the
chirp rate is small, Af
is not a good approximation for the
RMSE of the frequency estimates. A similar argument is valid
for the bound given for the MSE of the frequency estimates
in (42). In addition, this bound gets better for the signals that
have larger data sizes since the peaks of the absolute value

Fig. 4. Theoretical and simulation results for the root mean squared error
(RMSE) of the frequency estimates of the linear FM signals that have different
chirp rates under the assumption that thesignals have constant frequencies,
when the data size .V = 2.56, the DFT size \.I = 256, the sampling frequency
f , = 4000 Hz, and the mean frequency fo
A f = 2000 Hz. For the
theoretical RMSE calculation, the approximate MSE given in (43) is used.
Note that if the bound for the MSE in (42) is used, the RMSE curves above
the threshold SNR will shift up by f i ( A f ) / & .

+

(Af - 50 Hz)
- N = 256

12

---- N

1-

=

1024

~

+

m

-

-

1800
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Fig. 5. Comparison of the normalized absolute value of the discrete Fourier
transform (DFT) of linear FM signals that have different data lengths 3and different chirp rates. The DFT size A l = 4096, the sampling frequency
f , = 4000 Hz, and the mean frequency f o + A f = 2000 Hz. Note that
when the data length increases, the peaks of the absolute value of the DFT
of the signal get closer to f o and f o
2 1f .

+

of the discrete-time Fourier transform of a signal with a fixed
A f get closer to f oand ( f o 2A f ) as the data size increases
(see Fig. 5).

+
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Fig. 6. Outlier probabilities of the linear FM signals for different chirp rates
when the data size N = 256, the DFT size &Zf = 256, the sampling frequency
fs = 4000 Hz, and the mean frequency fo
A f = 2000 Hz.

+
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Fig. 7. Threshold SNR obtained from the theoretical calculations versus f
plotted in curve I. ( l O l o g l o ( ~ ) a constant) versus Af is plotted in
curve 11, where the constant is -14. The parameters are selected such that
the data size
= 256, the DFT size ,\f = 256, the sampling frequency
f , = 4000 Hz, and the mean frequencyfo A f = 2000 Hz.

+

A%7

Another difference between the theoretical and simulation
curves is the threshold SNR's. In order to understand this,
consider the outlier probability of the frequency estimates at
different SNR's and different chirp rates (Fig. 6). Around the
threshold SNR, the outlier probability is very small, for example, when A f = 0 Hz, the outlier probability is approximately
(see Fig. 6). Thus, around 1 million realizations of the
measurement signal have to be implemented just to observe
one outlier. Since due to the computational limitations only
1000 realizations were implemented, the threshold SNR's of
the simulation curves are expected to be smaller than the
threshold SNR's of the theoretical curves. This also shows that
simulations are impractical for finding the threshold SNR's
accurately.
The increase of the RMSE (above the threshold) with an
increase in the frequency variation is actually to be expected.
Neglecting outliers, as we have agreed already, when we want
to estimate fo + A f , the algorithm is likely to pick a frequency
that is close to fo or fo 2A f as the maximum (this being
the approximate location of the maxima of J S ( f ) JThus,
).
this
error is likely to be A f , even at very high SNR. Doubling
of A f doubles the root mean squared error of the frequency
estimates if the frequency variation is sufficiently large. This
can be observed in the simulations for the signals that have
sufficiently large frequency variations.
The probability of occurrence of outliers is primarily influenced by the height of maxf IS( f)l above a notional noise
).
if A f is doubled so
floor, i.e., [maxf I S ( f ) l ] / ( a 2 / N Thus,
that maxf 1S(f)l is reduced by
one would expect the
threshold to occur at an SNR that is fi higher. Put another
way, we should have a relation of the form

+

a,

SNR threshold in dB = 10 l o g ( m )

+ constant.

(44)

+

This conjecture about the threshold SNR is supported by
Fig. 7, where the first curve in the first graph corresponds
to the threshold SNR's versus different frequency variations.
The second curve in the first graph, which almost matches
a constant), where the
the first, is simply ( l O l o g ( m )
constant for this data length is approximately -14. Of course,
one cannot expect this relation to hold when A f is very small.
15 Hz.
For N = 256, this relation holds for A f
The constant in (44) clearly depends on the value of the
data length N. However, this dependence is highly nonlinear
and it is also related to the problem of finding the "optimal"
data length for the ML constant frequency estimators. As
shown in [3], the performance of a ML constant frequency
estimator gets better as the data length increases if the signal
has a constant frequency. However, if the signal is a linear
FM signal with a constant chirp rate, then the frequency
variation increases as the data length increases. Hence, there is
a tradeoff between the asymptotic properties and the robustness
of the ML constant frequency estimator. However, finding the
"optimal" data length is not a trivial process. One should be
able to obtain the RMSE versus SNR curves for different
data sizes as is done in Fig. 4, where the data size N is
equal to DFT size M, which is 256. Afterwards, by obtaining
the threshold SNR versus A f curves from the RMSE versus
SNR curves, the dependence of the constant term in (44)
on the data length can be found. Then, depending on the a
priori selection of the desired threshold SNR and allowable
frequency variation (i.e., the degree of robustness of the
estimator), it is possible to find an optimal data length from
these curves.
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VI. CONCLUSION
In this paper, the robustness of the ML constant frequency
estimator under wrong model assumptions was investigated.
The motivation for the problem was to understand the performance of the HMM-ML tandem frequency tracker where the
signal is divided into time blocks, and the frequency of the
signal in each time block is estimated using the ML frequency
estimation algorithm by assuming that the frequency of the
signal is constant in those time blocks. For this purpose, a
linear FM signal was estimated by assuming that it had a
constant frequency over the measurement time.
In order to understand the performance of the ML constant
frequency estimator, the outlier analysis of Rife and Boorstyn
[6] for the constant frequency case was generalized for the
linear FM signals. It has been shown that when the frequency
variation is sufficiently large, even at very high SNR's, the
RMSE of the frequency estimates of the linear FM signals is
almost proportional to the frequency variation. Additionally,
it is much greater than the RMSE of the frequency estimates
for the constant frequency case. Using this fact, a bound and
an approximate expression for the RMSE of the frequency
estimates of the linear FM signals were given for above the
threshold region.
Below the threshold, the RMSE for the linear FM signals
was shown to be the same as the RMSE for the constant
frequency case. A simple relation between the threshold SNR
and the frequency variation was conjectured and supported
by the theoretical curves. It was shown that the threshold
SNR is a logarithmic function of the chirp rate of the linear
FM signals. A discrepancy between the threshold SNR's of
the simulation and the theoretical curves was observed and
explained in terms of the very large number of realizations of
the measurement signals required to determine the threshold
region.
The work carried out in this paper has two aspects. The
first one is robustness of the maximum-likelihood constant
frequency estimators with respect to model errors in general. It
has been shown that there is a tradeoff between the robustness
and the asymptotic behavior of these estimators. The other
aspect of this work is the performance of these estimators in
the framework of the HMM-ML tandem frequency trackers,
where the frequency of a signal is tracked by dividing the
signal into segments, and the frequency of each signal segment is estimated using a ML constant frequency estimator.
This analysis shows that the performances of ML constant
frequency estimators depend on the deviation from the model
assumptions. In [I], the transitions between the frequency
estimates of the signal segments are modeled using a HMM.
However, even though the ML constant frequency estimators
may give bad frequency estimates, the HMM part of the
tandem tracker may compensate these estimates depending
on the performance of the ML estimators in the other signal
windows. In particular, finding the overall threshold behavior
of the HMM-ML tandem frequency tracker is an important
open problem. The extension of this performance test to the
HMM-ML tandem frequency trackers is an interesting research
area.

Finally, in this paper, we have concentrated on the performance of the ML constant frequency estimators when
they are used to estimate the frequencies of signals whose
frequencies change linearly during the measurement intervals.
It would be of interest to extend this work to other signals,
the instantaneous frequencies of which change polynomially
or randomly.
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