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Abstr(~ct-The definition of an N-D discrete time lossless bounded
real (DTLBR) matrix and sufticient conditions on a state space representation to correspond to an N-D DTLBR matrix are given. Based on
these suEcient conditions, it is shown that the transfer function of the
n-D lattice filter, which is obtained fmm a stable 1-D lattice filter by
replacing each delay element r *th z, (i = 1.2,. . .,,r), becomes an n-D
DTLBR hnction. From this fact an n X n Mansour matrix, which is an
A-matrix of the state space representation of a 1-D lattice tiller, is
proved to be stable for any dimension up to n , if it is stable in the
one-dimensional ease.

Recently, all-pass functions and matrices have been receiving
a great deal of attention in t h e design of low sensitivity digital
and analog filters and filter banks [I]-[61. This is because
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all-pass functions and matrices are realizable with the particular
structure called structurally lossless I61. In one-dimensional (1-D)
digital signal processing, stable all-pass functions and matrices
are equivalent to discrete-time lossless bounded real (DTLBR)
functions and matrices. Necessary and sufficient conditions for
the state-space representation of DTLBR functions and matrices are stated in the DTLBR lemma [7]-[Ill. Considering the
important properties of the DTLBR functions and matrices in
1-D digital signal processing and recent remarkable progress of
multidimensional signal processing [19]-[ZI], it is natural to ask
to
how 1 . DTLBR
~
functions and matrices can be
multidimensional svstems.
In this paper, we discuss multidimensional DTLBR matrices
from the system theoretical point of view by using generalized
Roesser's state space model [IS]-[201, 1341. First, the definition
of an N-D DTLBR matrix is given, which is a natural extension
of the definition of a 1-D DTLBR matrix. Based on this definition, we derive sufficient conditions on an N-D state-space
representation for this to correspond to an N-D DTLBR matrix.
Next we consider the n-D lattice filter which can be obtained
from a 1-D lattice filter by replacing each delay element1 z with
z, ( i = 1,2; ..,n). We show that the n-D transfer function of
this n-D lattice filter is an n-D DTLBR function by using the
sufficient condition obtained in this paper. This result means
that the well-known Mansour matrix [141, which is the A-matrix
of the state equation representation of 1-D lattice filter [15], is
always stable in both one dimension and multidimensionally, if
the reflection coefficients of the lattice filter are all less than
one in magnitude.
Notation: ON denotes the closed unit N-disk:
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Then H(z) is a 1-D DTLBR matrix if and only if there exists a
positive definite symmetric matrix P such that
A ~ P A+ C ~ =
CP

B ~ P B +D ~ D =I
A ~ P B+ C ~ =
D 0.

(3)
The proof of the above lemma in [71 and [lo] is based on the
pr~pertiesof the autocorrelation function of ~ ( z ) the
,
roof in
[81 (which imposes the restriction that p = q) is hased on the
existence of a similarity transformation matrix between H ( Z - ' ) ~
and H(z)-', and the proof in [91 is based on an energy balancc
argument between input and output. The proof of the above
lemma in [ I l l is based on Youla's spectral factorization [I21 and
skillful matrix manipulation, which is similar to the proof of the
continuous time LBR lemma in [131.
Now in order to extend the above results to the N-D case,let
us give the definition of an N-D DTLBR matrix as follows:
Definition 2: Let H(z1,z2;..,zN) be a p X q ( p > q) matrix
. ., zN.
of real rational functions of the complex variables I,,
Then H(z,,z,;. .,z,) is an N-D DTLBR matrix if the following conditions hold.

I,;

i) H(z,, z,; . . , z , ~ is
) analytic in ON.
ii) I- H(~:,z:;~~,z~)~H(z,,z~;~~,z~)>O
in ON.
iii) I- ~(z;',z;';.
. , z ~ ~ ) ~ H ( z ~ , zfor
~ ,all. z,.
.~,z~)

The condition i) in the above guarantees the n-D stability of
H(z,,z,;. .,z,) (171. It is clear from the above definition that a
scalar N-D DTLBR function is an N-D all-pass function. Now
let us assume that the state-space representation of a given
transfer matrix H(z,, z,,. . ., z,) is given by the following generU N - ( ( ~ 1 , ~ 2 , ~ ~ - , z N ) ~ ~ z l l < l , ~ z 2 ~ < l , ~ ~ - , ~alized
zN~<
l].
Roesser's
model 1181-[201, 1341:
T N denotes the distinguished boundary of ON:

...

Iz,~

T ~ = { ( Z ~ , Z ~ , ~ . ~ , Z ~ ) ~ I Z ~ I=
= I Z ~=I 1
=) .

For real square matrix P , P > 0 means that P is positive
definite symmetric, and for an Hermitian matrix H, H > 0
means that H is nonnegative definite Hermitian. If z is complex
variable z' denotes the complex conjugate of z. AT means the
transpose of A and @ denotes the direct sum of matrices.

J

xN(il,i2,...,iN)

A 1-D DTLBR matrix is defined as follows [3], [4]:
Definition I: Let H(z) be a p x q ( p q) matrix of real
rational functions of the complex variable z. Then H(z) is a 1-D
DTLBR matrix if the following conditions hold:

y(il,i2;..,i,)=C

i) H(z) is analytic in l z < 1;
ii) I - H ( z * ) ~ H ( z ) 0 inlzl < 1;
iii) I- H ( z - ' ) ~ H ( z ) = 0 for all z.

xN(i1.i2:.~.iN) ] + D U ( i l , i 2 , . . . , i N
(4'3)
)

Then the following lemma holds [71-[Ill:
Lemma 1: Let
x ( i + 1) = Ax(i)
y(i)

+ Bu(i)

= Cr(i)+

Du(i)

(1)

be a minimal realization of a p X q transfer function matrix
H(z), namely
~ ( z =) D + C [ Z ' I -

[

x1(i1,i2; ,,,i,)
x2(i1.i2:...iN)

A]-'B.

where xi E R"', i = 1,2;. . , N represent the states, U E R" is
R is the output, and A E R n X " , B E R"X",
the input, y E '
C E R p X n , D E R P X q n, = Xy=,mi. The relation between the
transfer matrix H(z1,z2;. .,z,) and the coefficient matrices
( A ,B,C, Dl in (4) is given by
H(z,,z,,...,z,)
=D

(2)

+ c[A-'

- A 1 - l ~= D

+ CA[I-

Ah]-'B

(5)

where
'1" order t o make the definition of 1-D i-transform conform with the
definition of N-D 2-transform, in this paper we use complex variable z
instead o f z-' to express the delay o f a 1.-D signal.

A = [zlIl@z,12@. . . @z,I,]

E CnX"

(6)
and I, is a unit matrix of order mi. Henceforth, we use the
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notation (A, B,C,D) in order to express the model in (4). Then
we can state and prove the following theorem.
Theorem 1: Let (A,B,C,D) he a realization of the transfer
matrix H(z,, z2; . .,z,), and suppose that (A, B,C, Dl satisfies
the following conditions:

lrfzl

rank . . . . . .
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=n

(full rank)

for any complex numbers z,, r = 1,2; . .,N, where A is a diagonal matrix defined by ( 6 ) and n is the size of the matrlx A.
b) There exlsts a positlve definite real symmetric block diagonal matrlx P =[P,@P2@. . @PN]>0, where P E Rm,xn',,such
that

that

Hence the right side of (12) is negative. Therefore, in the left
side of (12), since P,, r = 1,2; . .,N are positive definite, at least
one of the eigenvalues i i , i 2 ; . . . i N , say i k , must satisfy the
mequality
Ijkl> 1.
(14)
It follows from this result and (11) that
det[I-AA]+0inSN.
(15)
Hence from (5) and (15) we obtain the condition I) in Definition 2.
Proof of a) and b) 11). From (8) and (5) we have

-

I-H(z:,z:

,...,z;)T~(~l,z2,~~~,~N)

~Z-{D~+B~[I-A*A~~-~A*C~){D+CA[I-AA]=BT[I- A*AT]-'[(IThen H(z,, 2,;.

.,z,) is an N-D DTLBR matrix.

@(~-~Z~~~)P,][I-AA]~B.

Remarks: We should note the following: The condition given
in the above Theorem 1 is only sufficient and not necessaly. The
realization (A, B,C, D) of H(z,,z,; . . , z N ) is not assumed to
be minimal. The procedure to derive minimal realizations of
given N-D DTLBR matrices has not been developed yet, except
2-D first-order DTLBR scalar functions [291, [30] and 2-D
square DTLBR matrices [35]. Even if a realization (A,B,C,D)
of H(z,, z2; . .,2,) does not satisfy the conditions in Theorem
1, there might exist another realization (F,G,H, J ) satisfying
the hypothesis of Theorem 1. The condition a) is an extension of
the observability condition for a 1-D system [221 to an N-D
system, and can he referred to as a zero coprimeness condition on the pair (CA,I - AA) (231. In [241, Fornasini and
Marchesini's second model [251 (it is well known that Fornasini
and Marchesini's second model includes Roesser's 2-D state
space model [I81 as a particular case) is discussed, and a similar
condition to the above condition a) with N = 2 is proved to be
the necessaly and sufficient condition for causal reconstructibility and for the existence of a 2-D exact observer.
111. PROOFOF THEOREM
1
We prove Theorem 1 by showing that if the conditions a) and
b) in Theorem 1 hold then the conditions i)-iii) in Definition 2
hold.
Proof
a) and b) i): Suppose that (i,,i,;..,i,)
makes I - AA singular, where

cf

-

i f 0

[ ( I - l z , l Z ) ~ , @ ( ~l-z 2 l Z ) ~ , @ ; . . , @ ( ~ - l z ~ l ~ )>~O, ]
in pN (17)
and [ I - AA] is nonsingular in pN(see (El), (16) establishes
the condition ii) in Definition 2.
Proof of a) and b) =. ili): Again from (5) and (8) we have

I- H ( ~ ; ~ , Z ; ~ ; ~ ~ , Z ~ ~ ) ~ H ( Z , , Z ~ ; ~ ~ , Z ~ )
= B'[I-

(11)

In (11) i , , i = 1,2; . .,N are N-D eigenvalues of A and i is an
N-D eigenvector of A. By applying (11) to (8a) in condition b),
we obtain the following:

From the rank condition in condition a) and (11) we should note

Z ; ~ Z ~ ) P ~ ~ B ( z;'z2)PZ@
~-

...

[I - AA]-'B

= 0.
(18)
Therefore, condition iii) holds and the proof of Theorem 1 is
complete.
The first part of the above proof is partly similar to the proof
of N-D Lva~unov
stabilitv. in -1261.
..
- The remaining- Dart
. of the
above proof may he said to be similar to the sufficiency proof of
the 1-D DTLBR lemma in [ l l ] or to the sufficiency proof of the
continuous time LBR lemma in [131, in the sense that the matrix
manipulations resemble each other. Now we present an illustrative examole for Theorem 1.
Example I: Consider the following 2-input and 2-output 2-D
system:

where
[I-A~]?=o.

A-'Ar]-'[(l-

fB (1 - z,'zN)PN]

(10)

he such that

(16)

Since

and let
~EC",

I Z ~ I ~ ) P ~ @ (II Z- ~ I ~ ) P ..,
~@,.
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4

It can he easily checked that (A,B,C,D) and P in the above
satisfy the condition a) and b) in Theorem 1. Hence by Theorem
1 the transfer function matrix of the above system becomes a
2-D DTLBR matrix, which is given by

SYSTEMS,
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4.1

---

z

xl(i)

xl(i+l) xz(i)

x.(i)

xz(i+l)

x.(i+l)

Fie. 1. I-D nth-order lattice filter.

where

Fig. 2. n-D fint-order lattice filter generated from the filter in Fig. 1

Fig. 1 is given by
x(i

+ 1) = h ( i ) + bu(i)
y(i) = m(i) + du(i)

(19)

where
3
Indeed, using Huang's theorem [271 we can prove that the
denominator polynomial f of H(z,, z,) is devoid of zeros in g2 A =
and direct calculation proves that H(zl,z2) has the all-pass
P"Perq

- AnAG-,
A

A

1- At-,
-

A

IV. n-D DTLBR F U N ~ I OGENERATED
N
BY I-D
LATIICE FILTER
In 1-D digital signal processing, much application of the
lattice filters has been done in the areas such as linear prediction, speech synthesis, adaptive signal processing, and so on.
When we consider N-D digital signal processing it is natural to
ask what the N-D cdunterpart of a 1-D lattice filter is. In this
section we introduce an n-D lattice filter of a particular form,
which is generated from a 1-D lattice filter, and by using
Theorem 1 we show that the transfer function of this lattice
filter becomes an n-D DTLBR function.
It is well known that a 1-D DTLBR function is a stable
all-pass function, and it is realizable with the lattice filter shown
in Fig. 1 [15], [16], where A,, i = 1,2; . .,n are reflection coefficients and satisfy (A,(< 1. The state-space representation of

0
l

...
...

-4-1

(20)

E R"

...

.. .

0

A

- An'-,A1

c = [ l - ~ ; o...o

Hence H(zl, z,) satisfies the condition i) and iii) in Definition 2.
It is troublesome to show that H(z,,z,) also satisfies the remaining condition ii) in Definition 2. However, a matrix version
of the maximum modulus theorem guarantees [I61 that the
condition ii) in Definition 2 automatically holds if the conditions
i) and iii) in Definition 2 hold. Therefore by Definition 2,
H(z,,z2) is certainly a 2-D DTLBR matrix.

x2(i). . . x.(i)lT

x(i) = [x,(i)

0
..: - A ~ ' A ~ 1-A:

...

-A2

-A,

01

d=A..
(21)
The matrix A in (21) is called the Mansour matrix and it is
known to he stable if and only if lA,l <1, i=1,2;..,n [14]. To
(A, b, c,d) in (21) with IA,I < 1, i = 1,2; . ,,n, 1-D DTLBR
lemma [9] guarantees that there exists a unique positive definite
symmetric matrix P such that
A ~ P A cTc = P

+

bTPb + d 2 = 1

(22h)
A ~ P cTd=o.
~ +
(22~)
The explicit solution P to (22) is given by the following diagonal
matrix [141.

(23)

Clearly P in (23) is positive definite if and only if lAjl < 1,
i=1,2;..,n.
Now let us replace the ith delay element z from the left of
the lattice filter in Fig. 1with z, for each i (i = 1,2;. .,n). Then
we obtain the n-D lattice filter in Fig. 2. The state-space
representation of Fig. 2 is given by
x i i 2 2 ~~~,i,)=Rr(i1,i2;~~,i,)+bu(i1,i,;~~,i,)
y(iI,i2;~~,i,)=a(il,i,;~~,i,)+du(i,,i2;~~,i,)(24)
9
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where A, b, c, and d in (24) is given by (21) and
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row in (29b) that
( - I + A : + ~ - ~ ~ ) ~0 ~ and
~ x ~xj2#
~ =0.

(33)

Since 1A,+l-,21 < 1we obtain
z,2 = 0.

(34)

Repeating the above discussion to each row in (29h), finally we
have
z = z = " . = z =O.
1,
12
I*
(35)
On the other hand, it follows from (22a) and the nonzero
column vector x in (29) that
The associated n-D transfer function of (24), which is the
transfer function of the n-D lattice filter in Fig. 2, becomes
1

H ( ~ ~ , z , , ~ ~ ~ , z , ) = d + c [ h b- =
~ d- A
+ c] h [ l - A A ] ' ~

Substitution of the relations x = A h x and c h x = 0 in (29b) and
the positive definite diagonal matrix P in (23) into (36) yields

(27)
where
A=diag{z1,z2;~~,z,)ECnXn.

(28)

where pi denotes the ith diagonal element of the positive
definite diagonal matrix P in (23), namely,

Then we can state and prove the following theorem.
i-1
Theorem 2: The n-D transfer function H(zl, 2,; . .,z,) of the
pj=
(38)
n-D lattice filter in Fig. 2, which is given by (27), becomes an
j-0
n-D DTLBR function if and only if \A,[< 1, i = 1,2;. .,n.
Theorem 2 can be proved easily by using Theorem 1 and the Substituting (35) into (37) and noting that xi=O except
. . . .,x,, (37) becomes
where x l.i ,x 12'
state space representation of Fig. 2, namely (a)),
{ A ,b, c, d) in (24) is given by (21).
Proof Suficiency: It will suffice to show that (A, b, c, d ) in
(21) satisfies the conditions (a) and (b) in Theorem 1 if IA,l< 1,
i = l,2;. .,a.Note thal the condition (b) Is already satisfied by Since p,, is positive we have from (39) that xi, = x - = . . . =
LZ
(22) and (23). Hence it remains to show that the condition (a) xi*= 0, which contradicts the previous supposit~on
that
holds.
x, i , x 12. ; . . , x . I* are all nonzero. This implies that no nonzero
Suppose that lA,l< 1 for i = 1,2; . .,n and for some z,, i = column vector x satisfying (29b) can exist if lAjl < 1 for 1 < i < n.
1 , 2 , . . , n , there exists a nonzero column vector such that

(l-~t-~).

where A is given by (28).
Now since x in (29) is a nonzero vector there exists at least
one nonzero element among x,,x2;. . , x , . Let us check which
element is noazero from x, in the order of xl,x2;. .,x, and
.
suppose that there exist k nonzero elements, say, x , , , ~ , ~ ; .,x,*,
where
l < i l < i 2 < ... < i , < n .
(30)
Then since the matrix in (29b) is in a lower triangular form, it
follows from the ilth row in (29b) that
( - I + ~ ? , + ~ - ~ , ) z ~0, x ,and
~ = x j t # 0.

(31)

Since lA,+,_,,l< 1 it follows from (31) that
zi, = 0.
(32)
Next, substitute (32) into (29b). Then it follows from the izth

Therefore the condition (h) also holds if ]Ail < 1, i = 1 , 2 , . .,n.
Necessity: If H(z,, 2,; . .,z,) in (27) is an n-D DTLBR function, it is easy to see that
H(z,z;~~,z)=d+c[z-'l-~]-~b

(40)

becomes a 1-D nth-order DTLBR function, where 1 is an n x n
identity matrix. Hence the matrix A in (21) is stable. Then it
follows from the property of the Mansour matrix that [Ail < 1,
i = 1,2;. . , n and the proof is complete.
From the above proof of Theorem 2 we can ea~ilyobtain the
following Theorem 3.
Theorem 3: The n X n Mansour matrix A in (21) defines a
stable system of any dimension up to n if and only if it defines a
stable 1-D system, or equivalently lAi < 1, i = 1,2;. .,n.
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Proof: If lA,l<l, i=l,Z;..,n, as we have shown in the
proof of Theorem 2, the pair (c,A) in (21) satisfies the rank
condition a) in Theorem 1. Then by similar discussion to that
used in the proof of Theorem 1, we obtain

where A is the n X n Mansour matrix in (21), A is a diagonal
matrix in (28), and in this case N = n. It follows from (41) that
the n~ n Mansour matrix defines a stable system with any
dimension up to n.
Remark: From the combination of Theorems 2 and 3 we can
state the following: Replacing each delay element of the l-D
stable lattice filter in Fig. 1 with z, or z2 arbitrarily, we can
obtain a high order 2-D lattice filter. Similarly if we replace the
delay elements z in Fig. 1with k-types (k a 2) of delay elements
zI,z2;. .,z,, we can obtain various k-D high order lattice
filters. These k-D lattice filters are all stable, structurally lossless, and the transfer functions become k-D DTLBR functions.
In addition, they could he expected to inherit good coefficient
sensitivity from the original l - D lattice filter. However, in view
of the filter structure, the structure of the k-D lattice filter
obtained by the above method is too simple to realize an
arbitrary k-D DTLBR function. The well-posed structure of the
n-D lattice filter which covers the whole n-D DTLBR functions
should he more complicated one. Regarding the meaningful and
natural extension of l-D lattice filters and the Mansour matrix
to multidimensional systems, we have few results [261,1371, and a
deeper discussion is needed.
Example 2: Assume that n = 2 in Fig. 2. Then the state-space
representation of the corresponding lattice filter becomes

where IAll < 1 and lA21< 1. Then by Theorem 2 the transfer
function of this lattice filter, which is given by
A, + Atzt + AtA2z2+ z,z2
H ( z t ' z 2 ) = l + AlA2zt + All2 + AzzIz2
is a 2-D DTLBR function. Clearly H ( z t , z 2 ) has the all-pass
property. Using Huang's theorem I271 it can be easily proved
that the denominator polynomial of H(z,,z2) is devoid of zeros
in
Furthermore, H(zt,z2) satisfies

c2.

1- H(Z?,Z?)H(ZIJ~)
-

a

( i - A$)(II+ A

V. CONCLUSION
ANODI~CU~~ION
We have defined an N-D DTLBR matrix as the extension of
a l-D DTLBR matrix and given a sufficient condition on a state
space representation of the matrix for the N-D DTLBR property. Using this sufficient condition, we have proved that the
transfer function of the n-D lattice filter which is generated
from a 1-D lattice filter becomes an n-D DTLBR function. We
have also shown that the Mansour matrix, which appears as the
A-matrix of the state space representation of a l-D lattice filter,
is always stable in the sense of any dimension if it is stable in the
sense of l-D.
The important problem which remains untreated in this paper
is how to derive necessary conditions (or better, necessaly and
sufficient conditions) on the state space representation of an
N-D DTLBR matrix. Considering the case of the l-D DTLBR
matrix [71-1111, it is easy to imagine that this problem is closely
related to the minimal delay realization problem for an N-D
DTLBR matrix and the problem of the existence of a similarity
transformation matrix between any two minimal delay realization of an N-D DTLBR matrix. General algorithms for the
minimal delay realization of a multidimensional system have not
been found yet, and indeed, do not exist in general 1281. But'
since an N-D DTLBR matrix is a particular matrix, there is a
possibility of finding such a minimal delay realization algorithm.
For 2-D first-order DTLBR functions and 2-D square DTLBR
matrices, such a minimal delay realization algorithm has already
been obtained 1291, 1301, [351. Alternatively, it may be that
special nonminimal realizations could he used for which the
derived results wuld he established.
Finally we would like to refer to the continuous time version
of the results of this paper. Basically it is possible to translate
the whole results of this paper into continuous time systems.
The definition of N-D continuous time lossless bounded real
matrix can he easily obtained from Definition 2 with some minor
changes. It is not difficult to derive a theorem which corresponds to Theorem 1. Its proof will be similar to that of
Theorem 1. Regarding Theorems 2 and 3, if we consider the
tridiagonal matrix called the Schwarz form [31], it is possible to
derive the continuous time version of Theorems 2 and 3. This is
because, under a certain condition, just as in the case of
Mansour matrix (see (22a) and (23)), the solution to the Lyapunov matrix equation for a stable Schwarz matrix becomes a
positive diagonal matrix [321, 1331.
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