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Abstract: Plants with two vector inputs and two vector outputs d k b e d by four rational uamfer function matrices are cwsidered.
Necessary and suffident conditions are givpn for the existence of a linear time invariant finite-dimensional contmller which, when
connected around one channel of the plant, leads to an internally stable closed loop system sueh that the frequency response of the
remaining channel elbecomes arbitrarily small, as measured by the infinity-norm.
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Consider the feedback control system shown in Figure 1, where u is the control input, d is the
disturbance, z is the output to be controlled and y is the measured output. AU signals are vector valued
and the plant and the controller are linear timeinvariant finitedimensional continuous-time systems.
This paper gives necessary and sufficient conditions on the plant which guarantee the existence of a
stabilizing controller such that the maximum norm of the frequency response matrix form d to z is
arbitrarily small. In the notation of [1,2] we are dealing with an 'almost disturbance decoupling problem
with s t a b ' i t i o n by measurement feedbackl.
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Almost disturbance decoupling ideas have found application in various fields, such as robust control [3],
decentralized control [4,5] noninteracting control 161, and reduced-order controller synthesis [7].
Variations and special cases of the above problem have already been solved. When there is no
requirement on closed-loop stability, necessary and sufficient conditions are given in 121. If the transfer
function matrix from d to z is required to be identically zero, the necessary and sufficient conditions in,
e.g., 18-12] can be used. For a static state feedback wntroller, sufficient solvability conditions are given in
11.31. Sufficient conditions for the general output feedback problem are given in [4,13,14,7]. Necessary and
sufficient conditions (not previously known) for the general problem, are the topic of this paper. A referee
of this paper has informed us that a very similar but not identical problem is also treated in [15,16].
Until now, the almost disturbance decoupling problem has been analysed mainly in state space using
almost invariant subspaces intrcduced in [I]. In contrast, we will take a purely frequency domain approach
using some of the ideas which have already proven useful in H, optimization [17,18]. Actually, the above
disturbance decoupling problem can be viewed as a special H, optimization problem. However, the usual
assumptions which guarantee the existence of an optimal wntroller [18] are not satisfied so that results
from H, theory cannot be directly applied.
The paper is organized as follows. In Section 2, the problem is formally defined and simplified. Section
3 brings together some tools from H, optimization which are required in the sequel. Necessary and
sufficient solvability conditiom for the almost disturbance decoupling problem are given in sections 4 and
5 for the scalar and multivariable cases, respectively. In Section 6, a method for the construction of
controllers achieving almost disturbance decoupling is given along with a bound on the controller order.
Section 7 contains two examples.

2. The problem

Consider a system given by

where, for i, j = 1 , 2 , G,,(s) is an I, X mi proper real-rational transfer function matrix.
Suppose the controlla has the form

where K ( s ) is an m 2X 1, proper real-rational transfer function matrix. Then the closed-loop transfer
function m a e from d to z is easily computed to be

Obviously, the inverse of I - G,K in (3) has to exist. Therefore it is assumed that G,, is strictly proper, a
condition which is satisfied in most applications.
The following version of the almost disturbiince dewupling problem with internal stability by
measurement feedback is analysed in this paper:
(P) For all E > 0 find a stabilizing wntroller of the form (2) for (1)such that

for all w 2 0.
Throughout this paper, 1 1 . 1 1 denotes a consistent (i.e. 11 A .B 11 < 11 All. 11 B 11) matrix norm.
A necessary condition for solvability of (P) is stabiiability of (1) by a controller of the f o m (2).
Necessary and sufficient donditions for stabilizability can be found, for instadce, in (181. If K,(s) is a

stabilizing controller matrix and a preliminary control u = K o y + u, is employed, then

where G;(s) is a stable proper real-rational transfer function matrix, i, j = 1, 2, and G&(s) is strictly
proper. Moreover, (P) for (1) is solvable if and only if it is solvable for (4). Therefore there is no loss of
generality in assuming that (1) is already stable. This will be done for the remainder of this paper.

3.Preliminaries
In this section some relevant tools from the theory of H , optimization [17,18]will be brought together.
Consider the partition of the complex plane into

and let S be the ring of proper real-rational functions with no poles in C+U C,. Moreover, let SmX' be
the set of m X 1 matrices with entries in S. Since S is a principal ideal domain, each matrix M E S m x lhas
a Smith-form; see [lq.This implies the following lemma which will be required in Section 5.

Lemma 3.1. Let M E smX!
Then there exist matrices U E S m X m ,V E slxlsuch that U-' E S m X m ,

v-' E SIX',

.

..

.

UMV =
. .

.

and
. . ol a,.

. . . ai i s a greatest common .&visor of all i x i minors of M.

T h e following result is taken from [IS].

Lemma 3.2. Let the system (1) be stable (i.e. the transferfunction matrix has entries in S). Then the set of all
controllers of the form (2) which maintain stabiliq is given by

With K as above, the closed-loop transfer function matrix from d to z is given by
L ( s ) = GII- G12QG21.

(6)

Hence (P) is solvable if and only if
~ ~ ~ { I I L I I , : Q =EO S ~ ~ ~ " }

where

IILlj,:=sup{I[L(jo)II:o>O}.
Note that solvability of (P) does not depend on the matrix norm chosen, because in bite di~nensional
. .
spaces all norms are equivalent.
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4. The scalar case

In this section we study the special case m , =m2= I, = 1, = 1, so that GI,, G,, G,,, G, and Q are
elements of S. To illustrate the idea, we consider exact disturbance decoupling first. If
L

= G I , - G12QG2,1 0 ,

then

Since Q is constrained to be in S we have the following result, where d,(.) denotes the relative degree.

Proposition 4.1. There exists a stabilizing controller of the form (2) such that L ( s ) 1 0 if and only if the
following two conditions are both satisfied:
(i) If p E C+U Co is a zero of G12GZ1with multiplicity m , then p is ako a zero of GI, with multipl~cityat
least m.
Ci) dAG12) + d*(Gzi) ddG11).
Note that (ii) means that the infinite zeros of G12G2,are also zeros of GI,. Thus, for exact disturbance
decoupling, infinite zeros play the same role as zeros in the closed right half plane. We will see (Theorem
4.1) that, for almost disturbance decoupling, infinite zeros play the same role as zeros on the imaginary
axis.
For the solution of (P), a function Q c& S can be approximated by a sequence of functions in S. Thus
the conditions on (finite and infinite) zeros on the imaginary axis can be relaxed, as shown by the
following result.
Theorem 4.1. Let GI,, GI,, G2,, G2, be elements of S. Then ( P ) is soluable if and only if the following
conditions are all satisfied.
(i) V p E C+ is a zero of GI2G2,with multiplicity m , then p is also a zero of GI, with multiplicity at
least m.
(ii) If Gl2(jwo)G2,(jw0)
= 0 then also Gll(jwo)= 0 (i.e. a zero of G12G2,in Co is also a zero of GI,, but
the multiplicities need not coincide).
(iii) If d*(GlZG2,)> 0 then also d,(Gll) > 0 (i.e. an infinite zero of G12G2,is a h an infinite zero of Gll,
but the multiplicities need not coincide).
hoof. Sufficiency: Let G,,G2, = (N+(s)N,(s)N-(s))/D(s) be a coprime polynomial factorization such
that the zeros of N+, No, N- are contained in C,, Co, C-, respectively, and No is rnonic. For every e z 0,
choose a rnonic polynomial N,(s) whose zeros are in C- and convergence to those of No(s), as e -. 0.
Define

where
Y = max(0, d*(G12G2,)- ~ ~ G I I ) } .

By condition ( i ) , Q,(s) E S for e > 0. Using the stabilizing controller defied by Q,,the closed-loop
transfer function becomes
L e t s ) = G I I ( ~-)G12(s)G21(s)Q.(s)= G I I ( ~ ) R , ( ~ ) ,
where

.We will show t b t I L,(jw)

I

uniformly converges to zero, i.e. for each 8 > 0 there exists

E,

> 0 such that

IL,ljw) I
(8)
for all E < E,, and w E R. For this we use boundedness of G,,(jw) and R,(jw): there exist K, > 0, K2 > 0,
and e2 > 0 such that
forall w € ~ a ~ d ~ < e S e , .
Assume d*(Gl2GZ1)> 0 SO that d,(G,,) > 0. Then there exists w, > 0 such that
for w E Om := {w : I w I > w,). Moreover, for each zero w, of N,(jw) there exists an open neighbourhood
Di of wi such that
for w E D i NOWlet 52 be the union of all the sets Di (including Dm) and Dc := R\D. since Dc is compact
and does not wntain any zeros of N,(jw), I R,(jw) I converges to zero uniformly in 8'. Hence there exists
el > 0 such that
for all w E DC and E < el. The relations (9)-(12) imply (8), as desired.
Now assume d*(G12G2,) = 0 so that y = 0. It is straightforward to show that there exists w, > 0 and
e, > 0 such that
for .all w E D, := = {w :1 w 1 > w,} and E < e,. Uniform convergence of L,(jw) now follows from (9),
(13), (11) and (12).
Necessity: Suppose that (i) is not satisfied. Let p be a C+-zero of GI2G,, of multiplicity m > 0. Also
assume that p is a zero of GI, of multiplicity k, 0 s k < m. Consider the all-pass

Then, for all Q E S, the rational function A(s)L(s) is analytic in the closed right half plane. Moreover, for
s = p there holds
Thus A(s)L(s)

1

.-,

is nonzero and independent of Q. By the maximum modulus principle it follows
. .
that

sup I L C ~ UI )=
oeR

SUP
w€R

~ ~ ~ j w ) ~I l;r.j IwA) ( ~ ) L (11,-~, )

and thus (P) is not solvable.
Suppose that (ii) is not satisfied and let
GizCjwo)Gz~Ciwo)= 0,

Gi~Cjao)+ 0.

Then
for all Q E S,and (P) is not solvable.
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Suppose that (i) is not satisfied. Then, for w -. oo, there holds

I L6w) I

+

I G I I ( ~II)=,,

;+ 0

for all Q E S, i.e. (P) is not solvable.
.

As mentioned in Section 2 there is no restriction in assuming (1) stable. For unstable plauts a stabiliig
controller can be constructed first, and Theorem 4.1can then be applied to the stabilized system.
5, The multivariable case

In this section we consider the general case where m,, m,, I , I, are arbitrary positive integers, and GI,,
GI,, G,,, G, have entries in S. The multivariable case will be reduced to the scalar case using the Smith
form of Lemma 3.1. Consider the Smith forms of GI2 and G2,:

where U,, U;', Y,,K', U2, q',V,,
function from d to z we then have

K1 are matrices with entries in

S. For the closed-loop transfer

where

and TI,, Q,, each have dimensions r, X r2.
Since the transformation matrices are invertible over S and the matrix norm is assumed to be
consistent, (P) is solvable if and only if TI, = 0, T,, = 0, T, = 0 and

i
d
(11 TI, - 2,Q1,2, 11, : Q,,€ SrtXr1)= 0.
Now let ti, be the (i, j)-th entry of TI,. With the above notation we can state:
Thwrem 5.1. Let GI,, G12, Gzl, ,
G haue entries in S. Then (P) is soluable if and only if
(i)
., T,, = 0.. Z.= 0.. T, = 0..
mzd the following conditions are satisfied for all i = 1, 2,. ,r, andj = 1,2,. .,rz.
(ii) If p E C+ is a zero of a,,,. a,,] with multipliciry m, then p is also a zero oft,] with multiplicity at
least m.
(iii) If olsi(jo0)- ~ , ? ~ l j o=
, )0 then also ti,(ioo) = 0 (i.e. a zero of ali. a,?,, in Co is also a zero of t,,, but
the multiplicitias need not coincide).
(iv) ~fd,(u,,,. a,,) > 0 then ako d*(t,,) > 0 (i.e. an infinite zero of q Voi .z , is also a zero of tij, but the
m~lti~~icities
need not coincide).

."

-A

-

..

.

Conditions (ii),(i) and (iv) amount to the scalar problem conditions of Theorem 4.1 applied to each
entry of TI,-2,Q,,2,.
A. similar approach has been taken in [ll]for exact disturbance decoupling
problems.

Proof. Sufficiency: Define, for k = 1,2 and E > 0, the matrices

where

and D(ok,,) is the denominator polynomial of a,,,, N_(o,.;) is that part of the numerator polynomial of
N+(ak,;) is that part of the numerator polynomial of a,,, with zeros only in C,,
v,,,,, is a stable monic polynomial approximating NO(ok,;)which is that paq of the numerator polynomial
of a,,, with zeros only in C,, and yk,; is such that d,(ok,,.,) = 0. Let

ok,, with zeros only in C-,

Then Q, has entries in S and the (i, j)-th entry of

!

L, = TI1 - --%Q,Z2
is given by

As in the scalar case, it follows that 11
1 1 , converges to zero, as E + 0. Now, since matrix norms are
continuous, it follows that 11 L, 1 1 , converges to zero, as E -+ 0.
. Necessity: Suppose that one of the conditions (ii), (ii) or (iv) is not satisfied for some io, jo.Then, as in
the scalar case it follows that the infibity-norm of the (i,, jo)-th entry of TI, - ZIQllZ, cannot be made
arbitrarily small.

6. A sequence of controUers solving (P)
In this section it will be assumed that (P) is solvable for a possibly unstable plant (1). The proofs of
Theorems 4.1 and 5.1 are constructive so that a family {K;),,,of controllers solving (P) can be
determined. The construction is however quite involved; for instance it requires the Smith form of the
plant and approximation of (finite and infinite) zeros on the imaginary axis. The order of the controller
(for stable plants) can be shown to be given by the order of the plant plus the number of (finite and
infinite) zeros of G12 and GZl on the imaginary axis.
In this section we show that a sequence of controllers can alternatively be constructed by solving a
sequence of H, control problems [18]. This has the advantage that standard and reliable software can be
used (e.g. [19]) and a controller order of at most n is obtained.
The standard H, optimization problem is to minimize the H , norm of L(s) in (3) given by

where I/
denotes the largest singular value of a matrix. A sufficient condition for the existence of a
solution (there exists a K attaining the minimum) is that the ranks of GII('jm)and G2,('jw)are constant for
a l l 0 I w 5 w. This condition is usually assumed, in theory [18], as well as in algorithms [19]. In the case of
(P) this condition means that exact disturbance decoupling is solvable, and a controller can be directly

I

I

Fig. 2.

determined, see Section 4. In the case that exact disturbance decoupling is not possible we follow 1201 and
consider the H, problem d e f i i by

p 2 0, see Figure 2. It is obtained by including sensor and actuator noise as well as saturation constraints
into the design, and can be shown to have a solution.
Proposition 6.1. Suppose that (F) is solvable for the plant (1). Let
be a sequence of positive real
numbers tending to zero, and let Ki be a controller solving the standard H, optimization problem for (14) with
p = p,. Lm Li be the closed loop transfer function (3) from d to z. Xkn 11 L, 11 He ten& to zero, as i -, m.

Proof. The closed loop transfer function &K) from 2 to Z is given by

:

[

GI, + G ~ ~ R ( K ) G ~piG12
I

~R(K)G~I
piG21 + P;GzzR(K)GzI

f piG12R(K)G22

P:R(K)G,
~ $ 2 2 f~3%0R(K)G22

piG12R(K)
P ~ K )
p?GzR(K)

where R ( K ) = K ( I - G,K)-'.
Let E z 0 be given. Since (F)' is solvable, there exists K such that

!

and

Hence there exists i, 2 0 such that
IIU K i ) II &-. 0 and

(1 &(K) (1

,,-< e for i 2 .,i

This implies

(1 i i ( K i )I(H , < E. Hence

Proposition 6.2. Suppose (P) is solvable for an n-th orderplant (1). Then there exists a sequence of n-th order
controIlers solving ( P ) .

Proof. Proposition 6.1. shows that ( P ) can be reduced to a sequence of H, problems. In 1211 it is argued
that these H, problems can-be solved by n-thorder controllers. Note that the orders of (1) and (14)
wincide. 0 .
.
.
.
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7.Examples

.

.

~ k a m 7.1.
~ ~Let
e us consider the system shown ~Figure
II
3, where B, A, U, V are polynomials. Here, B/A

denotes the plant and U/V is a weight chosen by the designer to reflect those frequencies at which
disturbance rejection should occur. Assuming the plant to be strictly proper and stable and the weight to.
be proper and stable, we have the situation of Theorem 4.1 with
GI, = Gfl = U / V ,

GI, = Gll

=B/A.

Theorem 4.1 gives the following necessary and sufficient conditions for solvability of (P):
(i) B has no zeros in C,.
(u) If B 60,) = 0 then also U(jwo)= 0.
(iii) d*(U/V) > 0.
Sufficiency of the above conditions is shown in [17].
Example
7.2. Consider the state space system
.
..

given by the matrices

Note that we allow full state feedback. The system is stable with characteristic polynomial p ( s ) =
( s + l)(s 2)(s + 3) and ( A , b ) is completely wntrollable. To exclude trivial cases we assume g 0. We
have.

+

+

Moreover, using the Jordan form of A, it can be seen that the Smith form of GZl = (sI - A)-% is given by

In the notation of Theorem 5.1, there holds rl = r2 = 1 and

Hence (P) is solvable if and only if Gll has a zero at infinity and a zero at 0, both with multiplicity at least
one. Thus (P) is solvable if and only if gl = 0.
I t follows from [22] that solvability-of the almost disturbance decoupling problem with stabilization
using a)izqni'c state feedback is equivalent to solvability of the corresponding problem using static state

feedback. The sufficient solvability condition for the latter problem given in [1,3] requires g, =g,
Moreover, in the notation of [1,3],

+

+

= 0.

This shows that subspaces 'between' Rz,,
V&,
and R*,,,,,
V&, are relevant for solvability of
(P).These should perhaps be defined in terms of the eigenstructure of A bf, where ( A + bj)V,*CT,c

+

V&*.
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