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Convergence Rate Determination for
Gradient-based Adaptive Estimators*
ROBERT R. BITMEAD,? BRIAN D. 0. ANDERSON? and TUNG SANG NG1:
Inorder to evaluate thepe$ormagce of adaptive estimators it is necessary toquantfy their
convergence rate. For small adaptation gains stochastic averaging principles may be
applied to determine this convergence rate as a function of the regression vector process.
Key Words-Adaptive systems;averaging theory; convergence;parameter estimation;recursive algorithms;
stochastic systems.
Abstract-A convergence rate estimate is derived for the
homogeneous gradient-based adaptive linear estimator algorithm. This estimate involves the eigenvalues of the regression
vector covariancematrix, yielding a useful measure for thechoice
of input signals for adaptive parameter estimation. The
connection between this criterion and those more familiar from
nonadaptive system identification is made and comparisons are
drawn behueen the hvo areas.
1. INTRODUCTION

THE STANDARD adaptive linear parameter estimationproblemis to taketwo timeseries,y,ofscalars
and X, of N-vectors and to attempt to fit the linear
modeljk = X;B, whereoisan N-vectorparameter, to
minimize a criterion such as ECy, - 9,)'. Many
recursive algorithms for performing the adaptive
estimation of this parameter have the form

where 8, is the parameter estimate and b, is a vector
function of the X, data sequence. The simplest and
most representative form of these algorithms is the
LMS scheme where b, = X,. We shall examine this
algorithm in particular here as the analysis carries
over quitedirectly tomany other choices ofb,, oneof
which will be instanced in the sequel.
One of the analytical problems of examining
adaptive linear parameter estimation algorithms is
that, in applications involving noises, timevariations
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or other additive extraneous signals, the parameter
estimatesdonotnecessarily converge to aconstantin
a deterministic or a probabilistic sense. Rather,
subject to certain stationarity assumptions, the
estimates will converge in a distributional manner
(Bitmead, 1983). The development of performance
measures for these algorithms often consists of
determiningor estimating parameters ofthislimiting
distribution such as certain moments. Further, one is
also frequently concerned with the quantitative
dependence of these measures on the designeradjustable parameters of the estimation scheme.
There appears to be two distinct methodologies for
proceeding with this performance analysis. Each
approach has its own advantages and, thankfully,
produces consistent results with the alternative
method.
The first technique, taking a cue from identification theory, examines the adaptive estimation
algorithm as a forced linear differenceequation for
the parameter estimate, e.g.

or, in terms of parameter error gh,

where the signal n, embodies all the additive
unmodelled disturbances. This approach has been
adopted by Abu El Ata (1982), Farden (1981),
Farden et al. (1980), Kim and Davisson (1975) and
Macchi and Eweda (1983) and, while being
technically very sound, does rely very heavily on
stationarity and mixing assumptions on the
underlying processes. The extension of these results
to nonstationary applications requires some compromise because of the violation of the stationarity
assumption.
The alternative approach is to consider initially
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only the homogeneous part of (1.3), to prove its
exponential asymptotic stability and then to infer
performance properties of the forced system. The
extension of these results to nonstationary systems
is relatively straightforward. However, there is
frequently a need for the introduction of further
conditions and assumptions to make the inference
above. This method has been adopted in Bitmead
and Anderson (1980),Johnson and Anderson (1981),
Mendel (1973), Sondhi and Mitra (1976),Widrow et
al. (1976) and Weiss and Mitra (1979), and will be
further applied here.
In studying the properties of nonhomogeneous
algorithmslike (1.3)with theaidofthehomogeneous
algorithm

it is desirable primarily to ensure the convergence of
v, to zero and then, secondarily, to determine or
approximately quantify the convergence rate. All the
available general nonstationary performance measure approximations rely (some implicitly) on
knowing the exponential convergence rate of the
homogeneous system and utilising bounded inputbounded output properties of linear systems.
Here we shall derive results for the case of
stationary ergodic {X,) which demonstrate that the
exponential convergencerate of (1.4)is quantified by
thesecondmoment oftheX,process. Conditions are
then derived which relate this quantification to the
spectrum of X,. Having determined a convergence
rate in terms of the X, process we then turn to
consider these conditions in equation error and
output error schemes where Xk is composed of
system inputs and outputs. The experiment design
problem is considered where one asks the question:
given thatwemay chooseourprocessinputsu,which
then determine the process outputs y, and these
jointly determinex,, what is asensiblechoice ofu, to
guarantee a good convergence rate of an adaptive
parameter estimator? The response to this enquiry is
related to the equivalent problem in nonadaptive
system identification.

2. CONVERGENCE RATE QUANTIFICATION
If the homogeneous LMS algorithm (1.4)
.
. with
{X,) stationary and ergodic is iterated over m time
steps then we have

By stationarity we need only focus on n = 1 and,
writing A, = X,X: and expanding, this yields.

where ii= E(A,) = E[X,X:]. We may now rewrite
as
(2.1) using z, = v,,,

where Q, consists of the additional terms in the right
hand side of (2.3).
The procedure taken will be to determine the
behaviourof (2.4)byinvoking the followingtheorem.
Specifically,we are considering the convergence of v,
as k -. m and will study this by demonstrating (for a
particular fixed m) the convergence of z, as k + m.
Theorem 1 (BitmeadandAnderson, 1981).Thelinear
difference equation

with ergodic coefficient matrix a, will be exponentially asymptotically stable if p = El~a,~l
< 1.
Further, this exponential rate is at least as fast as flk.
The application of this result to (2.4) will require
the bounding of the effects of the random term Q,,
andthisiscarriedoutby consideringb to besmall but
not vanishing and m to be large but finite. Additional
simple arguments are then necessary to show that
properties of z, are reflected in properties of v,.
Wemay use the following result to bound some of
these terms.
Lemma 1.Given a positiveintegerm,suppose that the
moments of A, up to the mth exist, i.e. there exist
constants M, 6 im such that

for all k 5 m. Then the lth term in (2.2) satisfies

Adaptive estimator convergence rate
(assuming pm~,,,(A)

i1). Now

obsewe that

Consequently, we have in (2.4)

The proof of this lemma, presented in the Appendix,
involves a simple application of the triangle and
Holder inequalities.
Now it remains to bound thefirstterm ontherighthandside of (2.7)andfor this weinvoke the following
result presented in the Appendix as an extension of
the work of Ibragimov and Linnik (1971).
Lemma 2. Let Ai be stationary with mean 2 and let
f'"(A)be the spectral density of the i-j component of
A; - A which we assume to exist and to be twice
differentiable at A = 0. Let

Then

and thus by Holder's inequality,

The results of Lemmas 1 and 2 may now be
combined to yield the main theorem.
Theorem 2. Subject to the hypotheses of Lemmas 1
and 2 we may always find a sufficientlysmall but
constantvalue ofthegainpso that the homogeneous
adaptive estimation algorithm (1.4) converges to
zero exponentiallyfast with a rate arbitrarily close to
(1 - pa)' where a is the minimum eigenvalue of
8 = E [XhXI,].
Proof: Examining (2.4) in the light of Theorem 1 we
see that the convergence rate of the homogeneous
algorithm (1.4) is determined by

provided that pmS < 1. Consequently, using (2.10)
and (2.12)in (2.7) we obtain for some constants K ,
and K2

We now choose positive constants a,, a, such that
a, a, < 1 and select m sufficiently large that

+

and then choose p sufficiently small that

These choices then ensure that

Thechoiceoftheconstantsal,a2,mandphasbeen
involved above. If M and S depend on m (as will
normally be the case) then m must be chosen first to
satisfy (2.14) for the chosen orl. Subsequently, p is
chosen satisfying (2.15) and (2.16),where, provided
we are prepared to take p very small, it is apparent
that a, can be made arbitrarily small. In particular,
by allowingpvery smallwecanchoose(1 - a, - a,)
arbitrarily close to one.
The theorem then followsby relating vh in (1.4) to
z, in (2.4), to show that the convergence rate is
arbitrarily close to (1 - pmu)x'"'. Application of the
binomial theorem then establishes the theorem.
To maximize the evaluated convergence rate by
choice of a, and a, above, one may solve (2.14)
replaced by equality for m and (2.15) replaced by
equality for p and substitute into (2.17). The
optimizing choice is a, = 0.5, a, = 0.25.
In the next section we shall discuss the
implications of Theorem 2 in the problem of input
selection for adaptive estimation, i.e. experiment
design. However, our task now will be to relate the
convergence conditions of the theorem statement to
the more usual requirements of covariance decay
(Abu El Ata, 1982; Farden et al., 1980; Macchi and
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Eweda, 1983) or mixing (Bitmead and Anderson,
1980) of the X,-process.
Lemma 1simply imposes requirements for the X,process to be boundedoratleasthavefinitemoments
of sufficiently large orders. These restrictions only
relate to the distribution of X,. Lemma 2 however
imposes indirectly a covariance decay condition. To
see this consider

where R, is the autocorrelation function of A,. The
existence of the second derivative of j (l,)is thus a
requirement that the sum in (2.18) be well defined.
For this to occur it is sufficient that

so that the differentiability restriction may be
interpreted as a covariance decay condition on A,.
Since A, = XiX; we in turn have a type of mixing
requirement on Xi. This is entirely consistent with
the previously known convergence requirements for
these algorithms.
3.

EXPERIMENT DESIGN FOR ADAPTIVE
ESTIMATION

In practice, thealgorithmgain pis typically chosen
to be very small (usually <0.001 divided by the
input signal power). The reasons for this choise of p
are twofold. Firstly, it may be demonstrated (Abu El
Ata, 1982; Farden et al., 1980; Macchi and Eweda,
1983) that for stationary systems the asymptotic
parameter error variance is linear in p SO that timeinvariant steady state performance requirements
dictate that p should be small in order that the
parameter estimates be smooth. Secondly, in order
that the adaptive estimation problem with slowly
time-varying parameters be well definedone requires
that the estimator time constants should be
sufficientlylonger than the system time constants,
but also sufficiently short compared to the time
constants of parameter variation. The choice of p
reflects the assumed relationships between these
latter time constants and compromises estimate
smoothness against parameter tracking. [To see the
relationship between system time constants and
estimator gain selection recall that the conditions of
the previous section involved pm being small, where
m reflected the convergence rate of the Cesaro sums
in (2.8)andhencereflectedthesystem timeconstants.
Thechoiceofmis thusrelatedto thecovarianceofthe
inputprocess.] Theconditionnumber ofif also plays

an important role in determining the maximum
allowable value of p. Convergence requirements in
theindependent case demandpimax(A)
< 1 (Widrow
et al., 1976)while theconvergence rate analysis ofthe
previous section would favour pimi.(A)close to one.
It is well known that a poor condition number
severely affects the performance of gradient-based
minimizationmethods (Luenberger,1973)andthisis
clearly reflected here in these constraints on fi.
Given that pis chosen small on the grounds above
and that Theorem 2 applies, we are justified in
attempting to choose an input process to maximize
the convergence rate. The question of adjusting p is
not addressedin this section but rather the questions
of input selection after a particular choice of p. In
order to maximize this convergence rate it is
necessary to maximize theminimum eigenvalue ofif
subject to input power constraints and we shall next
address certain problems in achieving this.
Beforeproceedingwenote that altering2 through
manipulation of input signals can also lead to
alteration of the error terms Q, in (2.4) and this may
complicatematters. However, as was indicated in the
proof ofTheorem 2, ifpmis guaranteed small then we
may neglect the role of this Qh variation in the
analysis.
There is a correspondence here between the
notions of input choice for the maximization of the
convergence rate of an adaptive estimator and of
input choice for achieving the best efficiency of a
parameter estimator. This latter problem is that of
experiment design andis much studied in the area of
system identification (Goodwin and Payne, 1977).
There is a natural performance benchmark in
experimentdesign, the Cramer-Rao lower bound on
the covariance of the estimates, and optimal
experiment design in this context is directed towards
ensuring that, since the Cramer-Rao bound is given
by the inverse of the Fisher information matrix M,
the input process spectrum extremizes a suitable
scalar function of M in an attempt to minimize the
parameter error covariance. (This function above
typically involves an expectation taken over the a
priori parameter distribution.)
For finite impulse response or moving average
systems one typically has

whereukisthescalar systeminput process. This is the
well known adaptive transversal filter, and the best
choice of input u, to maximizeconvergence rate is an
independent and identically distributed sequence.
Performance in this case has been closely studied
(Widrow et al., 1976). When dealing with infinite
impulse response or autoregressive moving average
systems,

Adaptive estimator convergence rate

so that the actualsystemparameters haveanimplicit
effect in determining the best input sequence u, for
adaptive parameter estimation.
The Cramer-Rao lower bound is met if
~ ( 0 8 ' )= M where, for moving average systems, M
consists ofthe covariance matrix of the input process
scaled by the measurement noise variance, while for
autoregressive moving average systems it comprises
the scaled covariance of a vector composed of input
and output processes. In our notation here

and the correspondence between the adaptive and
nonadaptive schemes is clear, although it should be
stated here that the estimate of convergence rate in
the adaptive case is not necessarily tight and may be
conservative. In spite of this disclaiming rider it is
apparent that, for a given adaptive estimation
problem with a particular system and small p, the
estimate convergence rate will be enhanced by
maximizing the minimum eigenvalue of A.
What is important in this context is that the
adaptive experiment design problem of maximizing
convergence rate has a very similar formulation to
that of system identification experiment design thus
allowing the application of well-studied input
selection procedures from this area.
There are several common scalar performance
measures of M (Goodwin and Payne, 1977; Qureshi
and Ng, 1982) and each appears to have some
advantageous properties and some negative ones.
Maximizing the trace ofM has been used but this can
lead to parameter nonidentifiability (Grewal and
Glover, 1975). Maximizing detM (or more commonly minimizing -log det M)hasbetter features as
well as independencefrom parameter scaling and an
interesting frequency domain signal to noise ratio
interpretation (Qureshi and Ng, 1982). However,
because det M = 0 if and only if M is singular, this
criterion can be optimized by identifying perfectly
the projection of B in any one particular direction,
regardless of estimator performance in other
directions. To this extent, this criterion does permit
the trading off of identifier performance in one
direction to the detriment of other directions.
The performance measure being advanced here is
to maximize the minimum eigenvalueof M, which is
equivalent to minimizing the maximum eigenvalue
of the parameter error covariance.Thus the criterion
attempts tocontrolmeansquaredparametererrorin
every direction. It does suffer from being scaling
dependent and analytically difficult to work with,
however.
It certainly is not true that adaptive estimators of
the form of (1.1) are efficient in the statistical sense
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but rather that convergence rate improvement for
these adaptive schemes is mathematically similar to
nonadaptive experiment design. Thus the parameter
error covariance is not equal to the Cramer-Rao
lower boundofM- In the case ofindependent X,it
is readily shown that the asymptotic parametererror

'.

!Jc2
covarianceis given to first order in p by -,where
c2
2
is the variance of the Wiener residuals y, - X;O,
which is not the same as M-'.
An alternative algorithm may be constructed
whichis closer in spirit to the asymptoticallyefficient
methods used in nonadaptive systems identification.
This alternative algorithm is based on least squares
estimation:

where n, is the Wiener residual. This algorithm may
be written

for which one sees that the convergence rate will be
linear in p and independent of M, while the
asymptotic error covariance may be approximated
(assumingindependent X , and to first order in p) by
the solution P to

cZ

or P = p-M-'.
This modified algorithm (3.4)
2
again demonstrates the connection with the
experiment design problem as well as the trade-off
between adaptive estimator convergence rate and
parameter error covariance.
One criticism frequently levelled at experiment
design is that, as the optimal design depends on
unknown system parameters, there is a circularity in
itsjustification. This criticism is frequently answered
by using a Bayesian approach and averaging over a
prior distribution; however in the general area of
adaptive estimation (in contrast to nonadaptive
system identification) where tracking of slowly
varying parameters is often desired, one frequently
will have a reasonable knowledge of the system
parameter values thus allowing effective "causal"
experiment design.
For parameter estimation problems for autoregressive moving average systems, particularly in
output error or adaptive control where the regressor

JERSON

(3.2) is a function of the parameter estimate, the
convergence rates given by the preceding theory are
only locally applicableintheneighbourhoodofsome
parameter value admitting a stationary linearized
description. Consequently, in these instances our
results pertain to thelocal behaviour of the adaptive
estimator rather than to its global (nonlinear)
transient properties. This limitation, however, fits in
with the idea of slow adaptation (smallp) and the
dynamics of tracking slowly time-varying
parameters.
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(1983) on the principle of averaging and its
application to the stability of differential equations
depending on a small parameter. Again there are
similarities in the results of this theory and the
diffusion approximation work of Kushner and
Huang (1981)andBenveniste and Ruget (1982).But
there is a crucial difference in that the results here
pertain tosmall butnotinfinitesimalvaluesofp while
the diffusion results are asymptotic in character as
p+O. The apparent consistency of the results
produced by these diverse methods lends credence to
their validity.

4. CONCLUSIONS

We have presented a method for deriving a lower
bound on the exponential convergence rate of the
homogeneous part of gradient-based adaptive
parameter estimators. The convergence rate is
dependent on the minimum eigenvalue of the
covariance matrix of the X x process and, as a result, if
the input signal is to be chosen to enhance the
convergence rate, a useful criterion of performance is
the magnitude of this smallest eigenvalue.
The comparison was drawn between this
performance measure for adaptive estimators and
the experiment design criteria for nonadaptive
system identification. The important point here was
to show that while these two problems have
seemingly disparate origins there are considerable
similarities and the input selection rules from
identification may be carried over essentially intact
to adaptive estimation.
We have concentrated specifically on the LMS
gradient-based adaptive estimation algorithm because it provides performance criteria which are
usually representative ofthe class of such schemes as
was evidenced in Section 3. Equally, the exact
analysis of the nonhomogeneous equations was not
presented with dependent inputs, since the effect of
dependence appears most critically in the convergence rate ofthe homogeneous equation, and the
nonhomogeneous error covariances can be related
to those in the independent X , theory.
The importanceoftheresultspresentedhereisthat
they allow the approximate quantification of
convergence rate and, more importantly, they allow
the developmentof useful input selection procedures
to maximize this rate. This represents a significant
extension from the usual "persistence of excitation"
(Bitmead and Anderson, 1980) requirements and
would be readily interfaced with other restricted
input designs for adaptive systems (Ioannou and
Kokotovic, 1983). Our theory derives convergence
rates for small values ofp determined by covariance
decay values-recall that pm was required to be
small. This means that the adaptive estimation
differenceequation (1.4) is driven by a small "fast"
term. Ananalogy can bedrawn betweentheseresults
and results of Khas'minskii (1980) and Arnold et al.

APPENDIX
Proof of L e m m 1
The difficult component here is the demonstration of (2.6).
Using the Hijlder inequality repeatedly we have

.

c

EIIA,A,. .A<II E"~IIA~I~'E'"IIA~II'.
..E ' ~ I I A < I ~ '

5 MS'

from (2.5)

Thus the term on the left-hand side of (2.6) is bounded above by

Proof of Lemma 2
The proof of Theorem 18.2.1 of lbragimov and Linnik (1971)
shows that i f a stationary scalar sequence Xiis given, and one
defines

and if f(A), the spectral density function of X, is continuous at
i = 0, then
lvar 'L - 2nf(O)ml

< 2nm I Amax
I S ~ lf(i)
- ~ ~- f(0)I + O(m-"').
(A.1)

Now if f(2.) has first and second derivatives at A = 0 then, since
f'(0) = 0, by Taylor's theorem

and (A.l) yields

andtheLemmafollowsby identifying T,/,mwithSi, Xi with thei-j
component of A; - A, and f ( i ) with f"(l.).
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