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ments o r comparisons of prior probabilities-such a situation tends to lead to 9 being defined by linear inequalities, and, as will be shown in Section 111, this leads to the
use of linear programs in the decisionmaking process
formulated in this paper.
In ~ectibn11 the framework for the standard Bayesian
decisionmaking procedure is reviewed and the decision
criteria written in a novel manner appropriate for use in
later sections. The first innovation of this paper is made in
Section 111 where it is shown how the Bayesian procedure
N THE STANDARD statistical decisionmaking pro- may be generalized to allow for partial prior information.
cedures, certain assumptions are made on the availa- The generalized procedure is computationally effective, at
bility of prior information. Thus the Bayesian decision- least in many situations of interest. Briefly the idea is to
making procedures []]-131 assume the existence and pre- make a decision using standard criteria for each prior
cise knowledge of the prior probabilities of certain events probability in 9 and to call the combination of these
and use these probabilities in making the decisions; on the decisions the set of "feasible" decisions. With partial prior
other hand, some other statistical inference procedures information it may not be possible to choose one decision
as the best one; rather, all that may be possible is to state
such as maximum likelihood or the Neyman-Pearson
approach (I], [3], [4], make no use at all of any prior that any of a number of feasible decisions could be the
information available and base their inferences solely on best one. On reflection it can be seen that this does indeed
experimental results. A degree of undesirability is inherent model real world decisionmaking processes: if informain both approaches as was implied by Pearson in [5] who tion is vague, it is probable that some indecision will
said, "We [Neyman and Pearson] were certainly aware result, with the degree of vagueness affecting the degree of
that inferences must make use of prior information ... it indecision. An hypothesis testing example is developed in
was so rarely possible to give sure numerical values to Section IV, serving to illustrate the concepts of partial
these entities that our line of approach must proceecl prior information and sets of feasible decisions as they
otherwise." This paper is aimed at a compromise between could arise in a practical situation. Section V looks in
maximum likelihood and similar approaches on the one detail at minimum probability of error (MPE) (or maxihand and Bayesian approaches on the other. Prior infor- mum a posteriori (MAP)) hypothesis testing and .shows
mation is available and is made use of, but unlike the that for particular types of prior information, the calculaBayesian approach, precise knowledge of the prior proba- tions involved in finding the set of feasible decisions are
very simple. To remove indecision which arises with a
bilities is not necessary.
As in [6], the partial prior information to be considered number of feasible decisions, it is reasonable to suggest
in this paper is taken as the knowledge of a set of prior taking further observations in the hope that they will
probabilities 9,it being assumed that the true prior provide more information-this idea is investigated in
probability is a member of 9. With a little thought it is Section VI.
Other workers have dealt with the idea of partial prior
not difficult to think of a whole gamut of realistic examples where the actual prior information available is equiv- information [6]-[8]; an excellent summary of their sugalent to the specification of 9,so this does appear to be a gested decisionmaking procedures is available in [I]. Fursensible model for the prior information. (In contrast, thermore there have been many papers written on the
other attempts at defining a model for partial prior infor- assignment of prior probabilities according to various
mation 171, [8], do not seem to be so widely applicable). criteria; the approaches encountered include minimax [I],
Often the prior information arises from qualified assign- [2], [6], maximum entropy [9], [lo], and minimax average
uncertainty [Ill, [12]. Two criticisms may be levded at
these approaches: one is that some of the approaches do
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proach to decisionmaking under uncertainty uses the concept of fuzziness 1131, (141; it would be interesting to
consider the approach of the present paper, where uncertain prior information is modeled as the specification of a
set of prior probabilities, when the costs are considered to
be fuzzy-it has been suggested in [I51 that this sort of
model, with probabilistic prior information and fuzzy cost
information, is more realistic than other existing decisionmaking models.
Most of the results of this paper have been recorded in
[161.
11. REVIEW
OF THE BAYESIAN
DECISION
RULE
This section is devoted to introducing notation, reviewing the standard Bayesian decision rule.fl]-[3], and reformulating this rule in a way which emphasizes the linear
dependence of the rule on the prior probabilities.
The basic task is to make a decision dk out of a set M of
possible decisions, M = {d1,d2; . : ,dm).This decision is to
be based on an observation x which depends-on a set N of
parameters, N = (BI,8,; . ,On); the dependence of the
observation on the parameters is characterized by the
known conditional probabilities p,(x)=probability of observing x when 4 is the true parameter, j = 1,. . ;, n. (If the
set of all possible observations is a continuum, we consider the p,(x) to be probability densities). Each of the
parameters in N occur with a probability 5,j = I;. . ,n;
the prior probability P is written as P=(P,,P2,. . . ,Pn)T.
If P, pj(.), j = I; .. ,n, and x are known, the posterior
probability Q(x)=(Q,(x),. . ,Q,,(x))= may be evaluated;
it is given by
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making procedure occurs when M = N and cii=O, c,= 1,
i#j. This is an hypothesis testing case where the decision
is to select a posteriori that hypothesis with the smallest
probability of error-hence it is called the minimum
probability of error (MPE) hypothesis testing case; this
will be looked at further in Section V.
To emphasize the linear dependence of the Bayesian
decision rule (1) on the prior probability P, it is reformulated as
Dk(x)P > 0

(2)

where the m X n matrix Dk(x) is defined by
(where 1 is an m-vector with all elements equal to 1).

As explained in Section I, with only partial prior information available it is conceivable that even after the
observation x is made, there may not be enough information to justify choosing a single decision; all that may be
possible is for some decisions to be ruled out with the
remainder left as "feasible" decisions. In a Bayesian decisionmaking framework, this notion may be quantified.
To achieve this the partial prior information must be
specified as a set 9 of feasible prior probabilities. Given
9 and an observation x, it follows that the set K=
K(x,T) of feasible decisions may be found (in theory).
Each prior probability P in 9 provides a feasible decision, and the totality of these feasible decisions K(x,9) is
therefore given by

2 p,(x)P,

I- I

and is the conditional probability of 4 being the true
parameter, given x.
In order to make a meaningful decision, there must be
some criterion to judge whether a decision is "good" or
not. Within a Bayesian framework, this is accomplished
by assigning a matrix C=[c,] of costs; here c, is the cost
of choosing decision dj E M when 4 E N is the true parameter. The ith row of C is the vector of costs associated
with decision dj, written as cy. Now the Bayesian decision
rule is simply to choose that decision which minimizes the
expected value of the cost, given the observation. So the
rule is to choose k such that

2 cwQ(x)< 2 c,Q(x),
i

s

for all i

1

l.e.,
c z ( x ) 4cyQ(x),

A straightforward consequence of (4) is the fact that
9, c q2implies K(x, 9 , ) c K(x, 9,); this therefore models
the intuitive notion that vaguer information results in
greater indecision.
In practice it is not clear that K may actually be
evaluated since the union is taken over 9 which may be a
continuum. However, in many practical situations, 9
could well be specified by linear inequalities: such common statements as 8, is ten times more likely than H,,O, is
less likely to occur than 8, and H, and HI is odds-on can
all be written as linear inequalities on the prior probabilities.
So suppose the partial information is given as

for all i.

(1)

Note that the decision rule does not always choose a
decision uniquely since there may be equality of expected
cost for different decisions; this slight difficulty is automatically catered for in the procedure to be developed in
the next section. The most common Bayesian decision-

(linear inequalities of the form BP 2 b are easily reduced
to the form A P > 0, using the normalizing elations ship
lTP=I). Then the feasible decisions are given by (s.t.
means subject to)
dk E K(x, 9)
o there exists P E 9
o there exists P 2 0

s.t.
s.t.

Dk(x)P > 0
A P >0
lTP=I

(6)
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Clearly the test in (6) is, for each k, simply a test for a
feasible solution to a set of linear inequalities which can
he done with standard linear programming techniques.
In summary, a theoretical expression for the set of
feasible decisions K may he found for arbitrary partial
prior information 9. In practice 9 could well he given by
linear inequalities, in which case K may be found by
looking exhaustively at all d k € M and solving a linear
program for each k. It has been shown elsewhere 1161 that
the amount of computation required to evaluate K can be
substantially reduced by taking advantage of the manner
in which the set of inequalities D,(x)P>O partitions the
prior probability simplex1 and the fact that the other
inequalities in (6) are independent of k; this point will be
illustrated in the next section. In Section V it is shown
that K can be found very efficiently for MPE testing with
particular types of partial prior information. A subsequent
paper will provide other particular cases where K can he
found easily.

TABLE I
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1

3,000

1,000

2

7,500

2,000

3

16,000

4.000

(C~LISI~')

PI

1

IV. AN EXAMPLE
Consider the following situation which could arise in a
medical diagnosis problem. A patient exhibits certain
symptoms which suggest to a diagnostician that the
patient has probably contracted Disease 1. However the
symptoms are also consistent with two rarer diseases,
Disease 2 and Disease 3. The diagnostician is prepared to
say that the chances of it being Disease 3 are at least one
in ten thousand and that Disease 2 is more likely than
Disease 3. In an attempt to differentiate between the
diseases, he runs a white blood cell count x (number of
cells/mm3), where he knows that x is a Gaussian random
variable with mean ir, and variance ?,cr depending on the
particular disease as specified in Table I.
This problem can be formulated in the framework of
Section 111. We have the parameter set N = (Diseases 1, 2,
and 3). Now N = M, the set of decisions, since the diagnostician's task is to decide which disease the patient
actually has. The partial prior information which the
diagnostician has, can be written as

P3=l

Fig. 1. Illustration of 9 in the 3-D probability simplex.
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Partition of probability simplex into decision regions.
(See Fig. 1. Note that the constraint PI Z0.0001 is indistinguishable in the figure from PI > 0). The decision criterion to be used is to choose the most probable disease
given the white cell count x, e.g., Disease 1 is chosen if
Q I ( x ) > Q ~ ( x and
)
Q~(x)aQ~(x)-this is Just MPE testing. If we define the kth decision region q k f x ) as (P:
Dk(x)P > O, lTP= >O), k = 1,2,3, then given an Observation x , the a priori probability simplex is partitioned
the three
with Ihe general layout
depicted in Fig. 2. Suppose that the patient has 5000 white
'Redundancies in the constraints Dk(x)P + 0 (if Ulere are any) may be
removed by adopting the same approach as that taken in an appendix of
(171.

=5 . 4 0 ~
cells per mm3 of blood (x = 5000), whence
lo-', p2(x)=9.13X lo-', p1(x)=0.23 X
Now, with
partial prior information 9,it is clear from (6) that a
decision dk is feasible if and only if 9 and q k ( ~ have
)
nonempty intersection. F~~~ ~ i 3, ~which
. superimposes
9 and the partitioning into decision regions associated
with x=5000, it is easily seen that K(x,q)= {,,iseases
and 2). A list of feasible decisions corresponding to any
white cell count is given in ~
~ 11; h*is l
~ is not
difficult to check if Theorem 4 (Section VI) is used.
This example illustrates how the framework of Section
111,is to he used in practice; it also serves to emphasize
what is really a "feasible decision." When it is said that

manner. With MPE testing and partial pnor information
9, the set of feasible hypotheses K 1s given by

P, - 1

ld\

K = U {8k:p,(x)P,<ph(x)Pk,

forallj).

PE9

Two types of partial pnor informat~on,labeled 9, and
q2, and the corresponding methods for findlng K will now
he developed separately.

D

A. 9,-ripe Information

Ds(x)

D.(n)

Pz=l

-

Pa = 1

Fig. 3. Decision regions when x = 5 W cells/m3, showing that
K(x,9)=(Diseases 1 and 2).

TABLE I1
SETOF FBMIBLE
DECISIONS
FOR DIFFERENT
WHITBCELLC o w s

I

Couni x

(cellslm3)

x <

Feasible decisions
K ( x , P)

4.500

(Disease 11
(Diseases 1 and 21

4,500

5 x 5

7,293

7,293

< x <

10,333

(Disease 2)

n

15.755

(Diseases 2 and 3)

10.333

5

15,755

< x

5

Suppose the "odds" for 8, being true are known to lie
between 1 in 10 and 1 in 1000; then
<P,/(l PI) S
10-2 or 1/1001 <PI<1/11. In general any such "odds"
information can be converted into upper and lower bound
constraints on the prior probabilities; in other situations
the bounds may be given directly. So the first type of
partial prior information to be considered is given in the
general form:

I

where the consistency condition, lTa < 1 < lTb, must of
course be satisfied.
F i s t a test for the feasibility of one particular hypothesis 8, is stated, followed by a characterization of K which
allows the description of a simple method for obtaining K,
given partial prior information 9, and an observation x.
By defining

i ~ i s e a s e31

Disease 3 is not feasible, it does not mean that it is not
possible-merely that it was less probable (a posteriori)
than at least one of Disease 1 or 2, no matter what the
prior probability was in 9.As far as the diagnostician is
concerned the set of feasible decisions will, in practice,
merely serve to guide the direction of future diagnostic
tests (e.g., by "eliminating" Disease 3 from contention).
An understanding of the graphical approach to finding
K(x, 9). introduced in this example (Fig. 3). can provide
valuable insight into the idea of partial prior information
and the consequent set of feasible decisions. For example,
it is clear from Fig. 3 that K(x, 9 ) will be unchanged for
relatively large changes of 9, for the given x; i.e., the
figure gives an idea of the sensitivity of the decisions to
the prior assignment of 9.

It was noted in Section I1 that the most common
application for the decisionmaking procedure which was
outlined there arises when M = N and cii =O, c, = 1, i+j,
which results in minimum probability of error (MPE)
hypothesis testing. In this section it will be shown that for
particular forms of partial prior information which may
reasonably be expected to occur in many practical situations, the set of feasible decisions (or hypotheses as they
will be called now) may be found in an extremely efficient

it is simple to verify that the constraints for 9,as given by
(7) are reduced in a redundancy-removal step to
9 , = { P : a < P < p , lTP=l}.

(9)

Lemma I: Given 9, as in (9), p ( . ) and x, define ph by
p;=min{

P , , P ~ ( X ) P ~ / P ~ ( ~ )forpj(x)
)~
>O

Then hypothesis 0, is feasible (i.e., 0,

E K)

w P k > a and l T p k > l .
Proof: a) Necessity: suppose 8, E K. Then there exists
P subject to a < P < p , lTP=I and pJ(x)P, <ph(x)Ph, for
all j. From the definition of pk it follows that P < p h ,
whence a <ph and lTph
> 1. b) Sufficiency: suppose ph >
a and ITp* > 1. If lTph=
1, set P=ph. Otherwise, set

P= [(lTpk- l ) a k + ( l - 1 ~ a ~ ) ~ ~ ] / 1 ~ ( ~ ~ where o,k = ph, Olh = aj,for all jf k. [One may verify using
(8) IT&< 1, so that P is well-defined and is a convex
combination of oh and ph]. It is now easy to check that
P E 9 and pj(x)P, <pk(x)Ph, for all j, whence hypothesis
8, is feasible.
The following theorem characterizes K; the conditiom
for the theorem are as for Lemma 1 (including the defini-
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tion of pk), except that it is assumed for notational convenience and with no loss of generality that p,(x)P, >
PZ(X)>PZ> . . . >P~(X)P".
Theorem 2: Find the largest k subject to

To reverse the above implication chain, all we need to
show is that A; =maxq2(p,/P,) is achieved si~nultaneously
for a l l j f k by a single PET,. By defining P as

pk(x)Bk > max~,(x)a,.
i
If lTpk> I, K=(B,,B,;..,O,).
If l';ok<1, find the largest
1 subject to lTp'>I; then 1< l < k and K = (8,,B2,. . . ,B,).
Proof: Note that i<j-p' > p l by our ordering
assumption above. Now pk > a while it is not true that
p h + ' > a , SO that if ITp* > I, it follows from Lemma 1 that
8,E K o j 6 k. The result for ITph< 1 may be checked in
an identical manner.
Theorem 2 presents an efficient methodfor obtaining
the set of feasible estimates K. The method is similar in
spirit to that for finding the set of feasible estimates for
MAP estimation, to be presented in a subsequent paper.

it follows from (10) that PET,, and further, slnce A=:
1,
for all j.
that P,/P/=A;,
In summary, to find K for ?,-type information the
constraints for 9, are reduced prior to observation by
calculating $ using the method presented in the Appendix. After the observation, feasibility or otherwise of each
hypothesis may be determined by checking at most n - I
of the inequalities (1 1).

B. 9, -Type Information
Suppose the partial prior information arises from pairwise comparisons between parameters, with statements
such as "treatment 1 is at least ten times as likely to cure a
certain disease than is treatment 2," i.e., PI > lop,. So the
second type of information to be considered in this section is given in the general form:
As for ??,-type information, redundancies in the information are first deleted. Define

:A

= max

(31P j ) .

9 2

X/

Efficient computation of the is discussed in the Appendix. This definition ensures that A:${,
from which it
follows that

I t is also quickly checked that

A/

< X;Ai.

(10)

This fact will be used in proving the theorem below.
Theorem 3: Given 9,, p ( . ) and x, then if 4j>0, for all
ij:' hypothesis Bk is feasible
epk(x)AL >pj(x),

for a l l j i k .

(11)

Proof: Hypothesis 8, is feasible
o P E ??,
with P ~ ~ ( ZP,p,(x),
X )
p,
P;(x)
> --

.
;
,~ n a x

,T2 P,

o A:

pk(x) '

P;(x)
Z ---P ~ ( x ')

for allj # k

for all j # k

for all,j#k.

'The assumption that A; >O, for all i j is very reasonable. If ?/=a,
P, -0, lor all P € T I , so Lhnl the pararneler may effcclivcly be ignored,

i.e., it should not have been included in

8/

the parameter set originally.

Sequential decisionmaking procedures always involve
two elements: a stopping rule and a decision rule. The
observations x1,xz; . ,x, are taken sequentially until. the
stopping rule, depending on x ' ( x , , x , ; ~ ~,x,), says that
enough observations have been taken and that the decision rule may be applied to x ' to reach the final decision.
The usual Bayesian type of stopping rule [I], [2] is derived
by assuming a cost in taking a further observation; the
only other standard stopping rule is Wald's sequential
probability ratio test (SPRT) [I], [Z] for two hypotheses
which is based on more classical lines in that no prior
probabilities are assumed and the levels of the test are
chosen by consideration of the probabilities of error,
given that one or the other parameter is the true one. The
new stopping rule proposed below is an entirely natural
consequence of the model for decisionmaking with partial
prior information developed in Section 111; for MPE
testing it is shown that with arbitrary 9,application of
the stopping rule involves checking at most 2n-2 inequalities, which means that in practical situations where observations are made at a rapid rate (e.g., in some signal
detection problems), the stopping rule can be run on-line.
This efficiency of implementing the stopping rule is its
greatest advantage when compared with Bayesian stopping rules which are vely difficult to calculate for n > 2
(multiple hypotheses testing). The rule is also compared
with the SPRT in the case of two hypotheses.
When placedin a decisionmaking situation with partial
prior information, indecision may arise, as modeled in
Section 111, in the form of a set of feasible decisions
Kfx', 9 ) . It is sensible to attempt to overcome this indecision by taking further observations in the hope that more
information can be obtained and to stop taking further
observations if the indecision has been removed, i.e., if
one decision is preferred above all others. In other words
there follows directly from the idea of a set of feasible
decisions, an obvious stopping rule:

.

Stop iff

K(xl,T)= ( d , ) .

(13)
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The principal advantage of the stopping rule (13) is its
Lemma 5: Under the conditions of Theorem 4, if ah>
simplicity, both conceptually and, as shown below, com- 0,
putationally for MPE testing. Of course, (13) is also rela',A = max R,
tively simple to compute when 9 is given by linear
inequalities-after each observation, at most n linear pro- subject to R, = l and
grams would need to be solved, as mentioned in Section
111.
Deta~lsof the rule (13) for MPE hypotheses testing are
The proof is omitted. When 9 is given by linear incan be
presented in the following theorem.
equalities as in (5), this lemma shows that
calculated by solving linear programs.
Theorem 4-Criterion for K=(8,) for MPE testing:
The following corollary to Theorem 4 ties together the
Assume 9 is closed? Define ah= min+P, and if a, > 0,
present sequential procedure with Wald's sequential prob=max&P,/P,). Then
ability ratio test (SPRT). The SPRT is a sequential procei) if a, > 0,
dure for binary hypothesis testlng with independent identically distributed (i.i.d.) observations, characterized by
K = (8,) op,(x')>A~pJ(x'), for allj#k, (14)
levels a and p. The stopping rule is to stop unless
ii) if ah-O, K#(B,).
' P~(x!) < P.
a < 2 logProof: Hypothesis 8, is the only feasible hypothesis
pl(x;)
for a l l j i k , for all P € 9 .
-p,(x')P,>p,(x')P,,
Being straightforward, the proof of the corollary is
omitted.
i) I f a h > 0 , P , > 0 , f o r a l l P ~ 9 , s o
Corollary 6: The following stopping rules are equivK = (8,) a ph(x')>pJ(x')P,/Ph,
for all j#k,
alent:

+'

+*

;-,

for all P
tl

ii) a,

=0 o
tl

p,(xt)>A,*p,(x'),

E

for all j#k.

there exists P E 9 with P,

~

i) Wald's SPRT with levels a and /3;
ii) rule (13) for MPE testing, with partial prior information 9 such that A: = e-" and A:= e@,e.g.,

=0

there exists P E 9 with
pk(xt)Ph <p,(xl)P,,

for all j

The application of this theorem in implementing the
stopping rule is straightforward. Note that it is reasonable
to expect thal the partial prior information will exclude
the possibility of zero probabilities, in which case ak>O
for all k. Prior to observation the values of :A are calculated (see Lemma 5 below) according to the definition in
the theorem. After the tth observation x,, the quantities
pj(x')=p,(xl,...,x,) are determined and used to test the
inequalities (14) to see if there is only one feasible hypothesis, in which case no more observations are made. It
is not difficult to show that at each stage, at most 2n-2
of the inequalities, (14) needs to be tested; it is also
interesting to note that the inequalities can be written in
terms of the log-likelihood functions, log[ph(x1)/p,(x')],
which would be of computational benefit if the pj(xl)
belonged to the exponential family of distributions.
Although not critical to the implementation of the stopping rule, the following lemma states that the quantities
$k can be calculated by maximizing a linear functional
over a projection of 9 .

'Thc 3ssumptmn that .P tr cldsrd ensure, thal a, and .$* arc attained
h) some P E 'i If thls were not the case the slnctnerr of the inequnlttu
In (14) would bc relaxed and a) would also nccd altcrallon

There is much known about the SPRT, especially with
regards to expected stopping times and probabilities of
error given the true hypothesis, so Corollary 6 enables
some known results to be applied to the present stopping
rule in the binary hypothesis testing case when the observations are i.i.d.; furthermore, when there are more
than two hypotheses, it is readily seen that the stopping
rule (14) involves only a succession of pairwise comparisons, so the results for the SPRT could no doubt be
extended to this multiple hypothesis testing situation as
well.
The general stopping rule (13) was derived with no
conditions being imposed on the distributions of the observations. However, some conditions will be required if
the procedure is to stop in a finite number of steps with
probability one (no matter what the true parameter is); a
sufficient condition for this is that the observations are
identically and independently distributed, and more relaxed conditions could, of course, be formulated.
As an addendum to this section, it is shown that the
general framework developed here for sequential observations readily caters for the case when the parameter space
(regarded as the state space) is allowed to undergo transition with known probability, and observations depend
only on the current state. (The situation being considered
is therefore a partially observable, finite state discrete time
Markov process-see [17], [I81 for some applications and
control of such processes.) If the cost of making a decision
a t a particular time t depends on previous parameter
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values 8,;. . ,O,, then it is possible to calculate Dk(xr) at be written, viz.
each time instant and thus find K(x1,9); unfortunately,
Dk(xl) can not be simply expressed in terms of Dk(xl-I)
and must be completely recalculated at each time point.
The more interesting case which will he considered here
Although suppressed in the notation, time dependence
occurs when the cost of a decision at time t depends only of the costs C, observation probahilitiesp(x,lO,) and tranon the present state 8,. It is possible to recursively update sition probabilities 11 is permitted; in particular, the case
the partial prior information 9 for the initial state, to when the process is controlled is catered for, provided that
pal-tial "prior" information T2(x1),T3(x2); , . , T,(X'-~) the controls applied untll time 1 are known. A note of
for the states at times 2,3; . . , t (details follow for the case caution is in order here-when the control strategy dewhen 9 is given by linear inequalities). When the costs pends on the prior probabilities, the above framework
depend only on the present state, the prior information for does not consider the investigation of the uncertainty in
the present state is sufficient to determine the set of controls produced by uncertainty in prior probabilities for
feasible decisions:
the initial state; in this situation, uncertainty in the state
probabilities produces uncertainty in the controls and thus
in the transition probabilities; this uncertainty is then
multiplied by the uncertainty in the state probabilities.
The effect of multiplying linear inequality uncertainties by
linear inequality uncertainties has been investigated
elsewhere in the literature, in a somewhat different context [19].
and C=[cu] with c, equal to the cost of choosing decision
di at time I, given that 8,=j.
VII. CONCLUSION
As promised above, details for recilrsively updating the
prior information are now presented. The prior infomaWith precise measurements almost any standard detion at time t is
cisionmaking procedure (Bayesian or classical) is adethe "posterior" information at time t is

Introducing the notation for the transition probability
matrix 11= [ v g ] where ~r,.=
Pr(8, = il0,_, =j), the prior
probability P, where ~ , ~ = P r ( O , = j \ x ' - ' ) and
,
the posterior probability Q, where Q,J=Pr(B,=jlx'), leads to the
following recursive relations:

When 9 is specified by the linear inequalities (5) the
updated information is specified by the following linear
inequalities:

where the relations (16) and (17) imply:
A ,B l 1 ,

(with A, -A)

B,=A,diag(l/p(x,l8,)).
0,

(The cases when TI is singular or some of thep(x,j8,) are
zero are readily handled.)
It is interesting to note that the idea of posterior information introduced above allows an alternative to (15) to

quate; with less precise measurements any inference is
doubtful, unless our prior knowledge is good. This paper
has developed from this common-sense notion and the
formulation of the problem of finding the set of feasible
decisions corresponding to given partial prior information
is its principal innovation. The parlial prior information is
specified as a set of prior probabilities 9 ;the definition
of a set of feasible decisions comes from a simple generalization of the standard Bayesian decisionmaking framework. It has been argued that 9 may often be given by
linear inequalities in which case computationally attractive methods, involving a finite number of linear programs, exist for the determination of the feasible decisions. In the case of MPE testing when 9 is given by
special forms of constraints, explicit representations for
the set of feasible decisions have been obtained. A natural
consequence of the above work is a new stopping rule for
sequential testing. For MPE testing with arbitrary 9, this
rule only involves testing a small number of linear inequalities after each observation.
Perhaps the most serious criticism which could be
leveled at the approach taken in this paper is that it relies
on being able to quantify the prior knowledge as an exact
specification of a set of probabilities. Nevertheless the
definition of partial prior information adopted in this
paper does seem mol-e realistic than some other available
definitions (71, ($1; there are undoubtedly many practical
decisionmaking problems which can he better modeled by
the present approach than by other available methods.
Furthermore, the requirements here are not as strict as
those for the Bayesian approach which insist on the precise assignment of prior probabilities. In some sense the
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specification of 9 may be regarded as the first stage in a
"blurring out" of the probability assignments. It follows
that the results of this paper, instead of modeling vague
prior information and consequent indecision, could be
used for performing efficient sensitivity analyses (with
respect to the prior probabilities) of the standard Bayesian
decision rules. A study of sensitivity to general parameter
variation (including prior probabilities) has been undertaken in [20].
In a subsequent paper the authors will extend the
concepts of this paper to the case when the parameter set
is not necessarily finite, i.e., to the estimation case. Special
methods for finding the set of feasible estimates will be
developed for minimum variance (conditional mean,
MMSE), median, and MAP procedures.

This appendix is devoted to establishing an efficient
algorithm for removing redundancies in 9,-type information, as required in Section V. Recall that T2-type information is given by

X/(O) = g,

for all ij,

A!(r)= [k(O)/"l).
J

k

for all ij.

Then stop when either

A

sI ) ( )

for all i j

k(l) k(2)

where 1 6 f < 2: k(0) = i, k(f) =j.
Fact 3: A;'(r+ I) 6 v ( r ) 6 $ , for all ij.
Fact 4: If, in the minterm product for Aj(r) when i#j,
theparameters k(O),k(l),. ,k(t) are not all distinct, then.
A;(r) < l for some k.
Only the last fact here is not self-evident. If, in the
minterm product for Ai(r), k(p) = k(q) = k say, where 0 6
since
p <q 6 t, then A/(r) <l&r",).; . 1,*),4-')l&$L . I$-')
the minterm product for A;(r) was chosen. Thus

..

.

k(p)
I >[k(p+

1)

for some k .

...

k(v- 1)

. . 1;

= 1*;6'L I).

k(v. . lk(d

> A;(r)

(using Fact 1).

I)[$;.

Proof of Claim I: Take s = [log,(n - I)] and suppose
(A.l) does not hold, i.e., there exists i j such that Ai(s+ 1)
<+'(s). It will be shown that in this case (A.2) must hold.
If i = j ,
A/(s + 1) <A/(s)
6 1 (using Fact 3)

so that (A.2) holds.
If i#j, consider the minterm product for v(s+I).
According to Fact 4, either k(O), k ( l ) , . . ,k(t) are distinct
or (A.2) holds. If k(O),k(l); . . ,k(t) are distinct, then
t < n - 1 6 2" so that the minterm expression for Ai(s I)
has fewer than 2' terms in it. Hence, using Fact 1, A;(s) <
Ai(s I), which is a contradiction. Thus (A.2) holds.
A further easily checked fact is needed for the proof of
the second claim.
for all P E 9,
Fact 5: Pj 6 Ai(r)P,,
Proof of Claim 2: a) Suppose (A.l) holds. For a given
j, define

+

(A.1)

l/$(s)

p.=

A,*(s + 1) < 1,

. . Ik(1-I)
*(I) '

+

and for r > 0:
$(r+ 1) = minAk(r)AF(r),

SMC-10,NO. 3, MARCH 1980

Fact 2: A;(r) can be written as a "minterm" product-a
product with a minimal number of terms: .

I:

where is taken as 1 and undefined values of are taken
as +m. Redundancy was removed by defining A/=
max,JP,/Pi), so the algorithm presented here is for the
calculation of v.; the algorithm may be thought of as a
combination of dynamic programming and doubling
ideas.
Algorithm: Define

AND CYBBRNLIICS, VOL.

('4.2)

Two claims are made and proved below: the first states
that the algorithm stops in a small number of steps; the
second says that when the algorithm stops, the redundancies in (lie 9, constraints have been removed.
Claim 1: The algorithm stops for some
s(
111
(where 1x1 is the smallest integer larger than x).
Claim 2: If (A.l) holds A! =A/@). If (A.2) holds, Pk=0,
'.
for all PC!?,, so that elther AL=O, for all j, or 9, is
empty (equivalently: the 9, constraints are inconsistent).
Before proving these claims, some preliminary facts are
needed.
Fact 1: v(r)=minl;(")lk(').
(1) kJ2).
l&$-I), where t=2', k(0)
= i, k(t)=j, and the nun~mizatlon is taken over all
k(l);.~,k(t-1)€(1,2,~~~,n}.

,

for all i

2k [l/!ik(s)]
Then

6

xp(s)/A;(s)

Ek [l/!ik(s)]

[using (A.l)]

J

.

6[dP,,

for allp

[by Fact 31.

Thus P E 9,. Also A,'(s)= P,/P,, so from Fact 5, it follows
that
A,'(s)= max(P,/P,)=A,'.
9 2
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b) If (A.2) holds,
f o r all P €9,
Pk< A,*(s+ l)Pk,
=,Pk=O,
forallP~9,

=+ either Ai=O,
or 9,is empty.

for

allj

.1121.
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