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On the Approximation of Optimal Realizable Linear
Filters Using a Karhunen-Loeve Expansion
T. E. FORTMANN AND B. D. 0. ANDERSON
Absfroef-The Karhunen-Loeve expansion of a random process is used
to derive the impulse response of the optimal realizable linear estimator
for the process. The expansion is truncated to yield an approximate
state-variable model of the process in terms of the first N eigenvalnes
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and eigenfunctions. The Kalman-Bucy Blter for this model provides an
approximate realizable linear estimator which approaches the optimal
one as N m. A bound on the truncation error is obtained.

I. INTRODUCTION
The problem to be considered here is a classic one: find the
minimum mean-square realizable linear estimate of a random
signal corrupted by additive white noise. The received data
have the form

where the signal y has a known mean (assumed zero for convenience) and couariance function
R(t,t)

A E[y(t)y(r)],

Ti5 t, T 5 T?

whose mean-square error is

The objective here is to show how one can derive the optimal
realizable (i.e., causal) linear filter from the Karhunen-Lokve
expansion and then obtain a suboptimal approximation to it by
truncation. To the authors' knowledge, most previous derivations
(see, e.g., [I]) using eigenvalues and eigenfunctions have led to
unrealizable filters.
11. OPTIMAL FILTERAND PROCESS
MODEL

If the series (7) is truncated at N terms, the resulting process

(2)

The noise n is white with (two-sided) spectral height No and is
uncorrelated with y. A realizable linear filter with impulse
response h is required such that the estimate

approximates y and has a covariance

(3)
minimizes the mean-square error E[y(t) - P(t)I2 for each r in
the interval T, s r 5 T,.
It is well known [I, sec. 6.11 that the required h satisfies the
integral equation
N
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h

do

=

R t ,

T,

<rsT

(4)

and the minimum mean-square error is

that approximates R. The work of Swerling [5] suggests that
one can causally estimate the finite set of coefficients
{y,, i = 1,2; . .,N) with a set of readily derivable estimators.
These can be found as the solutions of a set of integral equations
that involve the finite-rank kernel R,, and hence are easily
explicitly solved.
In fact, one can even bypass estimation of the individual yi,
for the solution of (4) with R replaced by R, and h by h, is
given by
hN(f,r) = No-lQN'(f)

Solving (4) can be quite difficult in general, particularly because
of the realizability constraint. If the process y is stationary and
Ti= - m, then the solution may he found using spectral factorization with the computations being greatly simplified if R has
a rational Fourier transform.
Another approach to the estimation problem when T, and Tf
are finite is to use the fact that if the covariance function R has
eigenvalues {A,, i = 1,2; . ,,m ) and (ortbonormal) eigenfunctions {mi, i = 1,2,. . .,m }, then it may be written as

and the signal process y may be expressed as

The random variables y, are defined by

for r > r. Here a,(.) is the N-vector with ith entry d,(.),
and A, is a diagonal matrix with ith diagonal entry 2:. The
formula (14) is obtainable from standard results involving
finite-rank kernels of integral equation theory, see, e.g., [6].
However, we shall now present a derivation of (14) based on
the Kalman-Bucy filter which will probably appeal more to
engineers on pedagogical grounds. A state-variable qodel for
the truncated signal process (12) is provided by the time-varying
N-dimensional linear system
*,(I)

=

where the initial state x,(T,)
with

0

is a zero-mean random variable

E[x~(T,)x,v'(T,)l = AN.
and are uncorrelated

This characterization of the signal process, known as a
Karhlmen-Logue expansion, may be used [I, p. 1981 to derive
easily an expression for the impulse response of the optimal
rmrealizablel linear filter,

It is easy to verify that the covariance of y, in this model is (131,
as required.
The optimal realizable linear estimate P,(r) of y,(t) may be
expressed as the output of a Kalman-Bucy filter [I], [2]

where PNsatisfies the Riccati equation
This means that tho upper limit on the integral in (3) is replaced by T,
and h(r,r) # 0 for r > r.

(16)

The variance of the estimation error is

process y, producing a suboptimal estimate

where .tN= XN - iw
By forming the differential equation and boundary condition
for PN-', one obtains easily an explicit formula for PN-',
leading to

The error variance incurred by using this filter is, of course,
greater than that incurred by the optimal filter, and the increase
may be characterized as follows.
Proposition: If R is continuous, the error variance of the
suboptimal filter (31) is hounded by

P,(T~) = [Ax-1

+ N~-'I]-'

=

diag

[

I

+ (A,, + N,)(a~/No)'(l + BNINo)'

+ "A,/No]

(21)

because the 4: are orthononnal.
Next, from (17) and (18) one obtains easily

(32)

where A,.
is the largest eigenvalue of R, a, and 8, were defined
in (30) and (31), and E [ y - 91' is the error variance of the
optimal filter (3).
The suboptimal interval error is bounded by

This leads to
PN-'(t)GN(t)

=

No-'

(23)

+ (A,, + NJ(1 + BN/NO)'

so that

i=N+1

is an explicit expression for the optimal realizable estimate of
YN(~).
To summarize, the optimal realizable linear estimator for the
lruncaledprocess (IZ) has impulse response

Under the additional assumption that R is continuous, it is not
difficult to verify that hN(t;) approaches h(t;) in LZ[C,Tf] as
N
m, this convergence being uniform for T, s r
Tf.
More specificallyZ
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(33)

Proof: This follows easily by expanding the expression for
the mean-square error, using the well-known fact that the
optimal error is uncorrelated with past data, and substituting
(27) and (28).
The penalty paid for suboptimality, in terms of error variance,
is bounded by the right-band term in (32). This bound vanishes,
of course, as N + m.
IV. Drscussro~

where PN(t) is given by (191, and error variance

Ilh(f:)

cs

a 8.

(30)

111. SUBOPTIMAL
FILTER

The impulse response h, is optimal for the truncated process
Y, and approximates the optimal realizable impulse responsehfor
the original process y. Computation of h,, however, involves
only the first N terms of the Karhnnen-LoBve expansion for y.
Thus it makes sense to use h, in a filter for the original signal

The Karhunen-Loeve expansion of a random signal process y
corrupted by white noise has been truncated a t N terms and the
resulting process yN realized by a linear system (14) with an
N-dimensional state vector. The optimal realizable impulse
response h, for filtering the truncated process was found from
the Kalman-Bucy filter and was seen to converge to the corresponding impulse response for the original process.
It was then proposed to use hN, which is computable from only
the first N terms of the Karhunen-Loeve expansion, in a suboptimal filter for the original process y, and the additional error
variance incurred with this scheme was specified by (32). From
the practical point of view the results are probably not extremely
useful because the computation of eigenvalues and eigenfunctions
is generally difficult.
After submitting this correspondence, the authors became
aware of some work of Gardner [3], [4], in which a signal process
is subjected to an arbitrary "disturbance transformation" and
then a suboptimal estimator is derived by truncating a series
expansion of the signal process. This is done by working directly
with the integral equations rather than with a state-variable
approach. Realizability is obtained essentially by using "sliding
gate functions", but the resulting filters would appear to be more
complicated than ours in principle.
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