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Formation feasibility on coordination control of networked
heterogeneous systems with drift terms
Zhiyong Sun and Brian D. O. Anderson
Abstract— In this paper, we discuss a general problem of
formation feasibility for multi-agent coordination control when
individual agents have kinematics constraints modelled by affine
nonlinear control systems with possible drift terms. All agents
need to work cooperatively to maintain a global formation task
described by edge constraints. For such multi-agent group,
we assume that different agents may have totally different
dynamics, which brings the problem of coordination control of
networked heterogeneous systems. Based on concepts of (affine)
distribution and codistribution, we propose a unified framework
and an algebraic condition to determine the existence of feasible
motions under both kinematic constraints and formation constraints. In the case that feasible motions exist, we propose
a systematic procedure to obtain an equivalent dynamical
system which generates all types of feasible motions. Examples
involving coordination control of constant-speed agents are
provided to demonstrate the application of this coordination
control framework.

I. I NTRODUCTION
Collective coordination control of networked multi-agent
systems has received considerable attention in recent years,
partly motivated by its applications in many areas [1], [2].
A particular class of cooperative tasks for multi-agent coordination is formation control, in which the control objective
is to form or maintain a prescribed geometric relationship
for a group of spatially distributed agents [3]. Maintaining
a formation is important in multi-agent coordination and in
some cases would be a premise for agents to perform additional tasks such as surveillance, coverage, target detection,
etc ([4], [5]).
Given a predefined formation task assigned to a group
of distributed agents, a fundamental problem is to determine
whether there exists a feasible trajectory for such agent group
to maintain the formation task subject to both kinematics
and formation constraints. Formation feasibility was firstly
discussed by P. Tabuada et. al. in [6]. They employed tools
in differential geometry and derived an elegant criterion
to analyze whether a networked agent group has feasible
motions to maintain the formation constraint. Later papers
along this direction include [7], which proposed a similar
geometric approach to discuss some real-time formation control problems, including radar deception, formation keeping
and formation reconfiguration. As revealed in [6] and [7],
the central idea in the formation feasibility analysis is the
interplay of agents’ kinematic constraints and formation task
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constraints in controlling a formation and in generating a
feasible trajectory for all the agents.
The concept of formation feasibility in this paper builds on
the analysis in [6], while here we present several extensions
and generalizations to this fundamental networked control
problem. On the one hand, compared with the control system
model discussed in [6], here we consider agents’ dynamics
modelled by affine nonlinear control systems with possibly
additional drift terms. This is motivated by the fact that most
real-life control systems have drift terms. We note that affine
nonlinear control systems with drift terms are very general in
system modelling and are also popular choices for nonlinear
control system analysis in the control community [8]. One
motivating example to consider agent dynamics with drift
terms is the coordination control of constant-speed agents.
Coordination control and collective circular motion with
unit-speed agents or non-identical constant-speed agents was
reported in e. g. [9], [10]. More recently, the tracking control
problem for multiple constant-speed agents was discussed in
[11] which also revealed its performance limitations. However, a general analysis on performance feasibility and its
relationship to the speed constraint is still lacking. The results
in this paper will shed new insights to this coordination
control problem.
On the other hand, we further consider the case that
individual agents in the networked system may have totally
different dynamics, a possibility which includes fully actuated agents, under-actuated agents, or agents with a nonholonomic constraint and/or drift terms. Under this framework,
we develop a fairly checkable condition for the existence
of feasible motions by including both heterogeneous agent
dynamics and formation constraints. Thus, the coordination control framework developed in this paper is general
enough to encompass many coordination control problems
and presents a unified approach in the coordination feasibility analysis of networked heterogeneous systems. When
the feasibility condition is satisfied and there exist feasible
motions, a natural problem arises as how to obtain such
feasible motions. We then propose a systematic approach
to derive feasible motions in terms of an equivalent control
system.
The rest of this paper is organized as follows. Section II
introduces preliminary concepts on differential geometry and
the problem formulation with a motivating example. Section
III presents the main result on formation feasibility condition
by incorporating both heterogeneous kinematic constraint
and formation constraint into a unified form. Section IV
discusses its application in coordination control of networked
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agents with constant-speed dynamics. In Section V, we
discuss the motion generation problem using the formation
feasibility analysis. Finally, Section VI concludes this paper.
II. P RELIMINARIES , PROBLEM FORMULATION AND

control system [8]. As an example, the unicycle-type agent
with constant-speed constraints is one such nonlinear control
system with drift terms that can be described by (3) but not
by (4). Such system dynamics can be described as

MOTIVATING EXAMPLES

ẋi = vi cos(θi )

A. Preliminaries on differential geometry and system equation

ẏi = vi sin(θi )

Some standard notions from differential geometry (especially the concepts of distribution/codistribution) will be
introduced here. More background can be found in [8,
Chapter 1] and [12, Chapter 7].
A distribution ∆(x) on Rn is an assignment of a linear
subspace of Rn at each point x. Given a set of k vector fields
X1 (x), X2 (x), · · · , Xk (x), we define the distribution as

where xi ∈ R, yi ∈ R are the coordinates in the real plane
and θi is the heading angle for agent i. The agent has a fixed
cruising speed vi > 0, which could be different for distinct
agents; ui is the control input to be designed for steering the
orientation.
Introducing the vector fields as




0
vi cos(θi )
(6)
fi,0 =  vi sin(θi )  , fi,1 =  0  ,
1
0

∆(x) = span{X1 (x), X2 (x), · · · , Xk (x)}.

(1)

A vector field X belongs to a distribution ∆ if X(x) ∈ ∆(x),
∀x ∈ Rn . Here we assume all distributions have constant
rank.
A codistribution assigns a subspace to the dual space,
denoted by (Rn )? . Given a distribution ∆, for each x
consider the annihilator of ∆, which is the set of all covectors
that annihilates all vectors in ∆(x) (see [8, Chapter 1] or [13,
Section 3.7 of Chapter 3])
∆⊥ = {ω ∈ (Rn )? | hω, Xi = 0, ∀X ∈ ∆}.

(2)

In this paper, we assume that each individual agent’s
dynamics are described by the following general form (i.e.
affine nonlinear control system)
ṗi = fi,0 +

l
X

fi,j ui,j

(3)

j=1

where pi ∈ Rni is the state of agent i, ni is the number of
the state, fi,0 is a smooth drift term, and ui,j is the scalar
control input associated with the smooth vector field fi,j .
Such an affine nonlinear control system (3) with a drift term
1
is a very general tool to describe many different types of
real-life control systems, including control systems with an
underactuation property or nonholonomic constraints.
B. Motivating examples
The paper [6] introduced the concept of motion feasibility problem for multi-agent formations. The discussions in
[6] were restricted to the coordination control of drift-free
control systems (i.e. fi,0 = 0) in the form of
ṗi =

l
X

fi,j ui,j

(4)

j=1

However, the above model is not general enough to describe
many real-life nonlinear control systems. In contrast, the
control system model in (3) encompasses a larger number of
practical models and is modelling the most popular nonlinear
1 A statement by Roger Brockett in his recent survey paper [14]: “almost
all real systems have a drift term...”.

(5)

θ̇i = ui

we can rewrite the system (5) as
ṗi = [ẋi , ẏi , θ̇i ]> = fi,0 + fi,1 ui

(7)

which has the form of (3).
C. Problem formulation: motion feasibility with kinematics
and formation constraints
In this paper, we assume a networked multi-agent control
system modelled by an undirected graph G, in which we use
V to denote its vertex set and E to denote the edge set. The
vertices consist of n heterogeneous agents each modelled by
the general dynamical equation (3). The graph consists of m
edges, each with an inter-agent formation constraint.
A family of formation constraints C is indexed by the
edge set, denoted as CE = {cij }(vi ,vj ) with (vi , vj ) ∈ E.
For each edge (vi , vj ), cij is a vector function defining
the formation constraints between agents i and j and the
constraint is enforced if cij (pi , pj ) = 0. Such formation
constraints can be used to describe very general coordinate
control problems, such as formation shape control, formation
tracking, coverage control, etc. For example, in formation
shape control, the constraint vector function cij can be
functions of desired relative position, or desired bearings,
or desired distances between agents i and j that can be used
to describe a target formation (for example, see [3]).
The formation feasibility problem is stated as follows:
Problem 1: Given a formation graph F = [V, E, C],
determine whether there are feasible trajectories pi (t) (or
equivalently, feasible agents’ motions ṗi (t)) for all agents
whose kinematics are modelled by (3) with possible drift
terms, such that the trajectories pi (t) also meet formation
>
constraints CE = 0, where CE = [· · · , c>
for all
ij , · · · ]
(vi , vj ) ∈ E and t ∈ I.
In the case that there exist feasible motions, we further
consider the motion generation problem formulated as below.
Problem 2: Given a formation graph F = [V, E, C] with
feasible agents’ motions, determine an equivalent control
system that generates feasible motions for the networked
heterogeneous multi-agent system.
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Remark 1: A premise of solving the above motion feasibility problem is that the formation constraint for the
distributed edge set should be non-conflicting, and the overall
constraint for all the edges should be realizable at least in
the full Euclidean space. For example, if the formation is
described by relative position vectors which are conflicting,
then the formation is unachievable and this may lead to
unexpected flocking motion [15]. As another example, if the
formation is described by distance constraints to realize a
rigid shape in a 3-agent group, then the set of formation
distances should satisfy the triangle inequality [16]. Thus, in
order to well define the feasibility problem, we need to first
assume that the formation constraints are non-conflicting and
realizable.
III. C ONDITIONS FOR FEASIBLE MOTION
A. Constraints on inter-agent formations
For ease of notation, we collect all of the agents’ states
together, denoting them by the composite state vector P =
>
> >
[p>
1 , p2 , · · · , pn ] . We collect the formation constraints for
all the edges and define an overall formation constraint
denoted by
>
CE = [· · · , c>
ij , · · · ] = 0.

(9)

where LP CE denotes the Lie derivative of CE along P .
If we group all the constraints for all the edges by writing
down a compact form
TF = −[· · · , (

∂cij >
) , · · · ]> ,
∂t

ωi,j (pi )ṗi = qi,j , j = 1, · · · , ni − l,

(14)

where the parameter qi,j is due to the existence of the drift
term fi,0 . We collect all the row covectors ωi,j as


ωi,1
 ωi,2 


ΩKi = 
(15)
,
..


.
ωi,ni −l
and similarly define
TKi = [qi,1 , qi,2 , · · · , qi,ni −l ]> .

(16)

By doing this, one can rewrite (14) in a compact form as
follows
ΩKi ṗi = TKi .

(17)

From the above, we collect all the kinematics constraints for
all the agents in a composite form
>
> >
ΩK = [Ω>
K1 , ΩK2 , · · · , ΩKn ] ,

(18)

>
>
> >
TK = [TK
, TK
, · · · , TK
] .
1
2
n

(19)

and

Thus, the overall kinematic constraint for all the agents can
be stated in a compact equation
ΩK (Ṗ ) = TK .

(20)

Remark 2: Note that if the system i has a drift (as in (3))
but the drift satisfies
(11)

Thus, the vector field Ṗ defined by the above equation
represents possible motions for all the agents that respect
the formation constraint.
B. Constraints on individual agents’ kinematics
The kinematics constraints of the drift-free agent model
(4) can be described in an equivalent form
ωi,j (pi )ṗi = 0, j = 1, · · · , ni − l.

(13)

As opposed to the system constraint transformation shown in
(12) for drift-free systems, for the system (3) with drifts, one
can obtain a corresponding transformation with equivalent
constraints via the construction of covectors:

(10)

we can reexpress equation (9) as
ΩF (Ṗ ) = TF .

∆i = fi,0 + span{fi,1 , fi,2 , · · · , fi,l }.

(8)

Formation feasibility means that the constraints are satisfied
along the formation trajectories. Thus, one can obtain
∂CE
d
CE = LP CE +
= 0,
dt
∂t

drifts can be equivalently described by the following affine
distribution

(12)

The above transformation is based on the idea that a distribution generated by vector fields of a nonlinear control system
can be equivalently defined by its annihilating codistribution.
Note that each ωi,j (pi ) in (12) is a row covector in the dual
space (Rni )? .
We consider a group of n heterogeneous agents, each
modelled by the general control system in the form of
(3). Note that an affine nonlinear control system (3) with

fi,0 ∈ span{fi,1 , fi,2 , · · · , fi,l }

(21)

then one can choose a control ui to cancel the drift. In such
case the system with drifts (3) can be transformed to be the
drift-free system (4), and the codistribution can be defined
by using the covector ωi,j in (12). Note that the constantspeed agent model (5) does not meet the above assumption
(21).
C. Main results on motion feasibility
By including both kinematic constraints and formation
constraints for all the agents into a unified expression, the
motion feasibility problem then becomes one of establishing
existence of a solution to the following equation
Ω(Ṗ ) = T

(22)

where
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Ω=

ΩF
ΩK




,T =

TF
TK


.

(23)

We remark that the expression of the codistribution Ω is
coordinate-free and is also independent of the enumeration
of edge sets.
The formation feasibility condition is shown in the following theorem.
Theorem 1: The undirected formation has feasible motions if the above equation (22) has solutions, or equivalently
if T belongs to the range of Ω.
Remark 3: As we remarked before, the condition is applicable for networked heterogeneous systems as the model
of (3) includes different types of agent dynamics. Also, to
determine and calculate the condition, symbolic toolboxes
from certain popular software (e.g. Matlab or Mathematica)
are readily available. Note that the condition stated in (22)
of Theorem 1 can be reexpressed in an equivalent way in
terms of the rank condition of the form as below

codistribution as ωi,1 and ωi,2 . Direct calculation shows the
following:



 ẋ


sin(θi ) −cos(θi ) 0  i 
0
ẏi
(27)
=
cos(θi ) sin(θi ) 0
vi
θ̇i

rank(Ω) = rank([Ω, T ]).

ωi,2 = cos(θi )dxi + sin(θi )dyi

ωi,1 = sin(θi )dxi − cos(θi )dyi

(24)

This alternative condition could facilitate calculations using
available software.
Remark 4: For the time-invariant formation case we have
∂CE
∂t = 0 and thus TF = 0; in the drift-free model case there
holds TK,i = 0 for all i and thus TK = 0. Under these two
special cases, one has


TF
= 0,
(25)
T =
TK
and the feasibility condition in Theorem 1 reduces to the
condition statement in Theorem 4.1 of [6].
IV. A PPLICATION TO COORDINATION CONTROL OF
MULTIPLE CONSTANT- SPEED AGENTS
Coordination and formation control of constant-speed
agents (e.g. fixed-wing UAVs with constant cruising speeds)
has been discussed in [9], [17], [10], [18], [11], etc. However,
a complete solution to such a control problem is not yet
available. In this section, this coordination control problem
is revisited with insights obtained from the above formation
feasibility analysis.
A. Affine distribution and codistribution generated by
constant-speed dynamics
Following similar notations as in Section II, we denote
each agent’s state as pi = [xi , yi , θi ]> , with the system
dynamics described in (5) and (7). The vector fields shown
in (6) generate the following affine distribution:
∆i = fi,0 + span(fi,1 )

which is an instance of system constraint transformation
shown in (14). Thus, according to (17), we let TKi =
[qi,1 , qi,2 ]> = [0, vi ]> in the construction of the corresponding codistribution. Based on the constraint transformation
concept presented in Section III-B, the above (27) presents
an equivalent way to describe the kinematics constraint for
a constant-speed agent. Note that a basis for describing any
covector in the dual space is (dxi , dyi , dθi ), which gives the
following expression of the covectors

By denoting

ΩK,i =


,

(29)

B. Example: rigid formation maintenance and coordination
by constant-speed agents
In this example, we suppose the formation is defined
by a certain set of inter-agent distances (as the problem
formulation in [20]) and the control task is to coordinate
a group of constant-speed agents while maintaining the rigid
target formation. We consider a 3-agent group for such
control task. The inter-agent distances are denoted as dij
with i, j = 1, 2, 3, i 6= j, and the constraint function for
edge (i, j) is defined as
1
1
(xi − xj )2 + (yi − yj )2 − d2ij .
(30)
2
2
According to the analysis in Section III-A and Section IV-A,
the matrices ΩF and ΩK for characterizing codistributions
can be calculated as shown in (31) and (32), respectively. 3
The overall constraint matrix Ω is now constructed as Ω =
> >
9×9
[Ω>
.
F , ΩK ] ∈ R
cij =



ΩK

2 The codistribution that is dual to an affine distribution is termed as tcodistribution in [19].

ωi,1
ωi,2

there holds ΩK,i fi,1 = 0 and ΩK,i fi,0 = TKi . These
covectors and their equivalent forms in formulating distributions/codistributions will be useful in later analysis on
coordination control with constant-speed agent groups.

(26)

We now construct the covectors for the codistribution2
∆⊥
i . Note that the dimension of the affine distribution ∆i
is 1, which implies that the dimension of the codistribution
is 2. We denote two linearly independent covectors of the

(28)




=




sin(θ1 )dx1 − cos(θ1 )dy1
cos(θ1 )dx1 + sin(θ1 )dy1
sin(θ2 )dx2 − cos(θ2 )dy2
cos(θ2 )dx2 + sin(θ2 )dy2
sin(θ3 )dx3 − cos(θ3 )dy3
cos(θ3 )dx3 + sin(θ3 )dy3










(31)

3 We would like to clarify that Ω and Ω
F
K are matrices and not vectors,
with ΩF ∈ R6×9 and ΩK ∈ R3×9 . Note that we have used the standard
basis (dx1 , dy1 , dθ1 , · · · , dx3 , dy3 , dθ3 ) in the dual space to write down
each row covector in ΩF and ΩK .
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(x1 − x2 )dx1 + (y1 − y2 )dy1 + (x2 − x1 )dx2 + (y2 − y1 )dy2
ΩF =  (x1 − x3 )dx1 + (y1 − y3 )dy1 + (x3 − x1 )dx3 + (y3 − y1 )dy3 
(x2 − x3 )dx2 + (y2 − y3 )dy2 + (x3 − x2 )dx3 + (y3 − y2 )dy3



(x1 − x2 ) (y1 − y2 )
R =  (x1 − x3 ) (y1 − y3 )
0
0


(x2 − x1 ) (y2 − y1 )
0
0
0
0
(x3 − x1 ) (y3 − y1 ) 
(x2 − x3 ) (y2 − y3 ) (x3 − x2 ) (y3 − y2 )

The matrix T is calculated as
>

T = [0, v1 , 0, v2 , 0, v3 , 0, 0, 0] ∈ R

9×1

.

(34)

Thus, the motion feasibility problem is now transformed to
the problem of determining whether there exists a vector field
Ṗ that satisfies ΩṖ = T . After these matrices are constructed
with the specified parameters vi and dij describing both
kinematics constraints and formation constraints, available
computation approaches could then be employed to assist
the analysis of determining the solution issue.
For the aim of demonstration, in the following analysis
we assume that d12 = d23 = d31 = d, that is, the target
rigid formation is an equilateral triangle. We then consider
different sets of cruising speeds to determine the solution
property. In the case that all agents have identical cruising
speeds, i.e. v1 = v2 = v3 , a simple calculation shows that
the motion solution is that either
θ̇1 = θ̇2 = θ̇3 = 0, θ1 = θ2 = θ3

(35)

[ẋ1 , ẏ1 , ẋ2 , ẏ2 , ẋ3 , ẏ3 ]> ∈ span(1 ⊗ I2 )

V. M OTION GENERATION FOR NETWORKED
HETEROGENEOUS AGENTS WITH FEASIBLE FORMATIONS
We mention the fact that the theory developed in the
previous sections is not limited to any specific type of agent
dynamics, and it provides a unified analysis and framework
to the coordination control with distinct agent dynamics.
Actually, agent dynamics considered here include, but are
not limited to, the following types:
•
•

θ̇1 = θ̇2 = θ̇3 , θ1 = θ2 +

(37)

where null(R) denotes the null space of the rigidity matrix
R associated with a realization of the target formation. For
a 2-D infinitesimally rigid formation, the dimension of the
null space of the associated rigidity matrix R is 3 (see

(38)

and the feasible rotational motion corresponds to the rotational part in the null space of R. This gives another
viewpoint to confirm the above analysis.

•

[ẋ1 , ẏ1 , ẋ2 , ẏ2 , ẋ3 , ẏ3 ]> ∈ null(R)

(33)

[21]), corresponding to rotational and translational motions.
Thus, the motion solution of a feasible translational motion
mentioned above is that

or
4π
2π
= θ3 +
(36)
3
3
which correspond to (i) a translational motion with the
same direction or (ii) a rotational motion around the triangle
centroid. In the case that v1 = 0, v2 = v3 , a feasible motion
exists such that agents 2 and 3 rotate around agent 1 with the
same angular velocity. These two types of feasible formations
are shown in Figure 1. In the case that all agents have
non-identical cruising speeds, there usually do not exist a
solution to the feasibility condition except for some special
cases, which agrees with our intuition that maintaining a
rigid shape by using non-identical constant-speed agents is
generally impossible.
We also remark that the codistribution matrix ΩF for
characterizing the formation constraint can be interpreted as
a rigidity matrix R (see [21] for detailed definitions). For
ease of demonstration, R is written in (33). A reinterpretation
of the above motion feasibility result is that any feasible
velocity (ẋi , ẏi ) should satisfy

(32)

fully actuated agents;
agents with drift-free, nonholonomic dynamics;
agents with nonholonomic dynamics and drift terms.

Thus, the general framework developed in previous sections
can be applied in the coordination control problem for a
multi-agent group with heterogeneous dynamics. We then
consider Problem 2, i.e., how to derive feasible motions for
networked heterogeneous agents.
Suppose the formation feasibility condition is satisfied, i.e.
there holds rank(Ω) = rank([Ω, T ]). One can first calculate
a special solution to the feasibility equation (22), denoted by
K̄. Further we suppose the null space of Ω is spanned by
κ vectors, denoted by K1 , K2 , · · · , Kκ . Then any feasible
motion for the overall heterogeneous networked system can
be generated by the following equivalent dynamical system
Ṗ = K̄ +

κ
X

Kl wl

(39)

l=1

where wl is an input that activates the associated vector field
Kl .
Due to the space limit, we do not provide a full and
detailed analysis on the application of the above motion
generation theory in coordination control of networked heterogeneous agents under both kinematic constraints and
formation constraints. These will be provided in the full
version of this paper.
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(a) A translational motion
with the same direction
Fig. 1.

(b) A rotational motion around
the triangle centroid

Two feasible formations with a group of constant-speed agents.

VI. C ONCLUDING REMARKS
In this paper, we have discussed the formation feasibility
problem in the coordination control of multi-agent systems
whose dynamics are heterogeneous and may contain drift
terms. Based on concepts from elementary differential geometry and tools of (affine) distribution and codistribution,
we formulate the constraints from the formation aspect
and kinematics aspect into a unified form, and propose an
algebraic condition to determine the existence of feasible
motions. Furthermore, in the case that the feasibility condition holds, we propose a systematic approach to obtain an
equivalent dynamical system that can generate all feasible
motions. Through several examples, we have shown how this
general and unified framework can be applied to coordination
control of constant-speed agent groups with nonholonomic
constraints in achieving a feasible formation.
We remark some future directions based on this work.
One extension is the development of formation feasibility
theory with inequality constraints. This is motivated by the
coordination control problem of multiple agents with almost
constant speeds (as in [17]). Also, the motion generation
algorithm reported in Section V assumes that all agents are
initially at the feasible trajectory, which would be a restrictive
condition in practice. It will be interesting to develop control
approaches to stabilize all agents’ motions to one of the
feasible motions if they exist.
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