53rd IEEE Conference on Decision and Control
December 15-17, 2014. Los Angeles, California, USA

Formation movements in minimally rigid formation control with
mismatched mutual distances
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Abstract— When a gradient descent control law is employed
for stabilizing undirected minimally rigid formations, mismatched desired distances between neighboring agent pairs
will cause additional motions of the whole formation. By
reviewing and extending the results in [1], [2], we show that
in general rotational motions and helical motions will occur
for 2-D formations and 3-D formations, respectively. We then
consider the problem of how to compute the formulas for the
motions caused by constant mismatches. A novel idea based
on the angular-momentum concept in rigid body dynamics is
proposed for deriving the formation formulas, e.g., angular
velocity, rotational radius, etc. in terms of the distance mismatch
terms. This has implications on steering and controlling rigid
formation motions.

I. I NTRODUCTION
Formation control of networked multi-agent systems has
received considerable attention in recent years due to its
extensive applications. One of the key problems in this area
is how to design a controller to maintain a geometrical shape
of the formation. By using rigid graph theory, the formation
shape can be achieved by controlling a certain set of interagent distances [3], [4]. A commonly-used control method is
the gradient descent control law, which is derived from some
specified potential function which involves the squared errors
between actual distances and desired distances. The stability
analysis of this gradient control has been studied extensively
in the literature; see e.g. [5], [6], [7], [8].
The stabilization of formation shape for multi-agent systems is a typical distributed and cooperative task, in which
each agent pair associated with one prescribed inter-agent
distance needs to work cooperatively to achieve that desired
distance. This cooperative task requires that agent pairs
should have the same view of the desired distance, and
need to measure correctly the actual distance between them.
One may ask what will happen if the mutual distances
between two joint agents are not equal, i.e. if there exist
unequal views for the distance that two associated agents are
required to maintain, and whether it is possible or effective
to achieve the distance control by using gradient control in
such scenarios. It has been briefly mentioned in [9] that
such distance mismatches may lead to formation control
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failure. The authors also introduced the concept informationbased instability to illustrate this control problem arising in
distributed control; see also the review in [10]. Recently, the
papers [1], [2] have presented more elaborate discussions on
these robustness issues arising in undirected formation shape
control. In fact there are several dynamical systems involved,
and the stability concept may have different interpretations.
It has been shown that the formation shape will converge but
additional motions will occur due to mismatched distances.
Some interesting formation movements for 2-D triangular
formations and 3-D tetrahedral formations have been discussed in [1] and [2], respectively.
In this paper the results in [1] and [2] are reviewed and
extended and some more general results are presented by
addressing general formation shapes. Then the main focus
of this paper is to derive formulas for the motion parameters
in terms of mismatched distance values, which have been
regarded as open problems in [1], [2]. As a by-product,
these motion formulas also suggest a possible formation
motion control method, which deliberately introduces the
mismatches as control inputs so that the formation orientations, angular velocity, etc., can be controlled.
The paper is organized as follows. Section II introduces
the background and problem description, and sets up several
main equations. Then some general motions for minimally
and infinitesimally rigid formations caused by mismatched
distances are reviewed and discussed. In Section III, we
focus on the motion formula calculations in terms of distance
mismatches. Finally, Section IV concludes this paper.
II. F ORMATION MOTIONS INDUCED BY MISMATCHED
MUTUAL DISTANCES

A. Problem setup and motion equations
We omit here some background introduction of graph theory and rigidity theory, but more details can be found in e.g.
[4], [11]. The formation is often modeled by a graph, with
vertices corresponding to agents and edges corresponding to
specified inter-agent distances which should be maintained.
Consider an undirected graph with m edges and n vertices,
denoted by G = (V, E) with vertex set V = {1, 2, · · · , n}
and edge set E ⊂ V × V. The neighbor set Ni of agent i
is defined as Ni := {j ∈ V : (i, j) ∈ E}. Let pi ∈ Rd
denote a point in d-dimensional space that is assigned to
i ∈ V. The stacked vector p = [pT1 , pT2 , · · · , pTn ]T ∈ Rdn
represents the realization of G in Rd . Let zkij ∈ Rd denote
the relative position vector for the vertex pair i and j defined
by the k-th edge. The direction of the vector zkij is defined
as zkij = pi − pj when i > j.
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We assume in this paper that each agent’s dynamics are
described by a simple kinematic model in the form ṗi = ui ,
where ui ∈ Rd is the control input for agent i. The control
goal in formation shape stabilization is to drive all the agents
to reach a configuration, such that the desired distances
between the specified agent pairs can be satisfied. We denote
the desired distance for the k-th edge as dkij , which agent
pairs i and j should work cooperatively to achieve. However,
due to measurement bias or differing views of the same
distance, agent pairs may unknowingly use mismatched
distances in their control law. Without loss of generality,
we suppose that when i < j, dkij is the desired distance
perceived by agent i, while the same distance perceived by
agent j may be different. Thus, for i < j, the actual desired
distances used by agents i and j in formulating their controls
are
d2ij = d2kij , d2ji = d2kij + µkij
(1)

matrix R can be expressed as z = H̄p and R = Z T H̄,
where Z = diag{z1 , z2 , · · · , zm }T ; see [11]. Define J and
J¯ to be the matrices obtained from H and H̄ by replacing
all −1 entries by zeros, which means that J¯ = J ⊗ Id . With
¯ we can define a m × dn matrix S(z) by
the definition of J,
T ¯
S(z) = Z J. By doing this, we can obtain a compact form
of the motion equation:

where µk denotes the distance mismatch corresponding to
edge k between its two associated agents. We further define
the squared distance error as

ė = −2R(z)RT (z)e + 2R(z)S T (z)µ

ekij = zk2ij − d2kij = kpi − pj k2 − d2kij

(2)

For ease of notation we will use ekij and ek interchangeably;
this also applies to dkij , µkij and zkij in the following
context. The error vector, distance vector and mismatched
value vector are constructed as e = [e1 , e2 , · · · , em ]T , d =
[d1 , d2 , · · · , dm ]T and µ = [µ1 , µ2 , · · · , µm ]T , respectively.
The control law is the commonly-used gradient descent
control [6], derived from the potential function
2
1 X 
kpi − pj k2 − d2kij
(3)
V =
4
(i,j)∈E

In the absence of any mismatch, the control input for agent
i is obtained as
X
ṗi = −
(pi − pj )ekij (z)
j∈Ni

X

= −

j∈Ni ,j<i

zkij ekij (z) +

X

zkij ekij (z) (4)

j∈Ni ,j>i

Note that for the case j > i in the right hand side of the
above equation, the term has a plus sign +, which is in
accordance with the definition of the vector zkij .
Similar to [1] and [2], in the presence of mismatched
distances, the equations of agent motions should be modified
as
X
X
ṗi = −
zkij (ekij (z) − µkij ) +
zkij ekij (z)
j∈Ni ,j<i

j∈Ni ,j>i

(5)
In the following, we will use similar techniques as in [2] to
obtain some compact forms of the equations. According to
[2], [11], we denote the incidence matrix corresponding to
the formation graph as H ∈ Rm×n , with the orientation in
accordance with each vector zkij . By defining H̄ = H ⊗
Id , the staked relative position vector is denoted as z =
T T
[z1T , z2T , · · · , zm
] ∈ Rdm . Then the vector z and rigidity

ṗ = −RT (z)e + S T (z)µ

(6)

According to the construction of relative position vectors
z = H̄p, multiplying both sides of (6) by H̄ yields the
following equation
ż = −H̄RT (z)e(z) + H̄S T (z)µ

(7)

Furthermore, with the definition of ekij in (2) and the
equation (7) for the relative positions z , it is straightforward
to obtain the differential equation for the vector e
(8)

Remark 1: It can be proven that the non-zero entries of
the coefficient matrix R(z)RT (z) and R(z)S T (z) in (8)
can be expressed as some smooth functions of e, when
the formation shape is close to the target formation shape.
Details can be found in [12]. Thus, the distance error system
is a self-contained system, which can be rewritten as ė =
g(e, µ) = A(e)e + B(e)µ, where A(e) = −2R(z)RT (z)
and B(e) = 2R(z)S T (z), and g(.) is a smooth function.
B. Exponential stability and its consequences
Our first result shows an exponential convergence of the
distance error system (8) without and with distance mismatch
terms µ. Note that the result holds locally for a minimally
and infinitesimally rigid formation.
Theorem 1: The nominal distance error system (8), i.e.
ė = A(e)e, converges locally to zero exponentially fast.
Furthermore, for small and constant µ 6= 0, the perturbed
error system (8) (i.e. ė = g(e, µ) = A(e)e + B(e)µ) will
approach an exponentially stable equilibrium which is close
to e = 0.
The above Theorem can be seen as an extended result
of the 2-D triangular formation case treated in [1] and 3-D
tetrahedron case reported in [2]. The proof of Theorem 1
is omitted here and will be reported in [12]. We denote the
equilibrium as ē(µ), or shortly as ē. Thus, with small µ, the
agents will form a formation which is close to the desired
one. However, in general the formation will not actually
come to rest when the error system converges to ē. We call
the formation motion at the equilibrium state e(t) = ē an
equilibrium motion. Different equilibrium motions for 2-D
and 3-D formations are summarized as follows.
Lemma 1: Additional motions will occur due to constant
and small mismatched interagent distances. Specifically,
• for 2-D formations, generically all the agents and the
final formation will undergo a rotational motion with a
specific radius and constant angular velocity; in special
cases translation motion can occur which is not generic;
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for 3-D formations, the motion involves a rotational
motion with constant angular velocity and a fixed axis,
and a simultaneous translation motion with constant
translational velocity whose direction is parallel to the
rotational vector, which, in fact, indicates a helical
movement. In special cases translation-only movement
and rotation-only movement can occur which are not
generic.
The proof for the above results requires quite lengthy
analysis, which is omitted here and is reported in [12]. A
geometrical method for the stability and motion analysis in
this mismatched formation control problem can be found in
[13].
•

III. M OTION FORMULA CALCULATIONS
This section aims to provide another perspective of the
mismatch problem. By assuming that the distance mismatch
terms for each edge are known and constant, we would like
to derive some formulas for the angular velocity, rotational
radius, etc., in terms of the distance mismatch values. The
basic idea of the formula derivation method in this section
is inspired by the rigid body angular momentum concept
in classical mechanics [14]. This may have implications to
actively steer the formation (change of orientation, control of
rotation motion, etc) by using small number of inputs. A first
attempt of this formation manipulation method is reported in
[15].
A. Method description in 2-D case
We denote the centroid of the formation as pc ∈ R2 ,
and the vector ri denotes the relative position vector ri =
pi − pc . Let Ω denote a vector orthogonal to the plane
containing the agents, with upward direction corresponding
to counterclockwise angular velocity in the plane (see Fig.
1). With this definition and the derivation of particle velocity
in rigid body dynamics (Chapter 16, [14]), agent i’s motion
can be described as:
ṗi = ṗc + Ω × ri ,

i = 1, 2, ..., n

(9)

where × denotes the vector cross product operation. Note
that the cross product × is formally defined for operating
vectors in R3 , and here in 2-D case we can think of pi , pc
and ri as vectors in R3 by simply adding a zero third element
into each vector. We also emphasize that equation (9) holds
whether or not pc is stationary, rotating on a circle around a
fixed point, translating, etc. From (9) one has
n
X

ri × ṗi =

i=1

n
X

ri × ṗc +

i=1

n
X

ri × (Ω × ri )

(10)

i=1

Pn
Note that because i=1 ri = 0, one has i=1 ri × ṗc = 0.
Furthermore,
m
n
n
X
X
X
(Ωkri k2 − ri (riT Ω)) =
Ωkri k2
ri × (Ω × ri ) =
Pn

i=1

i=1

Therefore

n
X
i=1

ri × ṗi = Ω

i=1
n
X
i=1

kri k2

(11)

p1
pc

p2

p3

P

Fig. 1. Formation movements in the plane induced by constant mismatches
(a triangular shape example)

The above equation resembles the angular-momentum formula in mechanics. Here each agent can be seen as a particle
with unit mass. The left hand side sums the contribution from
each of the point masses to the overall angular momentum,
and the right side is the usual expression of the angular
momentum involving the inertia. In the following, we aim
to expand the left side and right side of (11) to obtain
more explicit expressions in terms of µ and formation shape
information. Some straightforward calculations will show
that the left hand side of (11) does not involve the distance
error vector e, which can be simplified as
n
X

ri × ṗi =

n
X

X

ri × zkij µkij

(12)

i=1 j∈Ni ,j<i

i=1

For the right hand side of (11), the following equality
holds
n
X
1 X
kri k2 =
kpi − pj k2
(13)
n
i=1
1≤i<j≤n

The proof for the above equalities will be presented elsewhere due to space limit.
By combining the results of the above two lemmas, one
can use the following equation to derive Ω in terms zk and
µk .
Pn P
i=1
j∈Ni ,j<i ri × zkij µkij
P
Ω=
(14)
1
2
1≤i<j≤n kpi − pj k
n
Furthermore, the velocity for the centroid can be obtained as
n

ṗc =

n

1X
1X
ṗi =
n i=1
n i=1

X

zkij µkij

(15)

j∈Ni ,j<i

c
Thus the radius rradius
of the rotation with respect to the
formation centroid is derived as
c
rradius
= kṗc k/kΩk

(16)

c
From the above equation, it is obvious that rradius
is also
independent of e.

B. Method description in the 3-D case
As shown in Lemma 1, the motion in the 3-D case is generally a combination of rotation and translation, and the axis
around which all the agents rotate is in the same direction
of the translation (see Fig. 2). The following equation which
describes the motion of each agent still holds in the 3-D
case:
ṗi = ṗc + Ω × ri ,
(17)
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Fig. 2. Formation movements in 3-D space induced by constant mismatches (a tetrahedron shape example). Above: simulation result showing
helical movements of the formation caused by distance mismatches; below:
decomposition of the movements which involve a rotational motion and a
simultaneous translation in a direction parallel to the rotation vector.

where the definitions of pi , pc and ri are the same as
those in previous sections, except that they are all 3-vectors.
The vector Ω is the angular velocity vector indicating the
rotational motion about a fixed axis. By doing some similar
calculations as in the 2-D calculation, one can obtain
n
X

ri × ṗi =

n
X

ri × ṗc +

ri ×(Ω×ri ) =

n
X

ri ×(Ω×ri )

i=1

i=1

i=1

i=1

n
X

(18)
Pn
Similar
where i=1 ri = 0 by the definition of the centroid.
Pn
to the 2-D case, the left hand summation term i=1 ri × ṗi
in (18) does not involve the error vector e, which can be
shown as
n
X

ri × ṗi =

n
X

i=1

X

ri × zkij µkij

(19)

i=1 j∈Ni ,j<i

We would like to examine the last term in the right hand side
of (18). To this end we follow a similar way of defining the
inertia matrix [Chapter 18, [14]] by introducing the skewsymmetric matrix Ri , which is constructed from the vector
ri = [rix , riy , riz ]T :


0
−riz riy
0
−rix 
Ri =  riz
−riy rix
0
The above skew-symmetric matrix Ri is used to perform the
cross product operation: ri × Ω = Ri Ω. Thus one has
n
X

ri × (Ω × ri ) = −

i=1

n
X
i=1

Ri (ri × Ω) = −

n
X

The followingPLemma shows the non-singularity of the
n
matrix Rsum := i=1 Ri2 .
Lemma 2: The matrix Rsum is non-singular and its inverse
exists for 3-D formation objects with positive volume.
Proof: The proof is based on some facts of the kernel
of the matrix Ri2 . Note that the matrix Ri2 is negative
semidefinite and kernel(Ri2 ) = kernel(RiT Ri ) = kernel(Ri ),
where the kernel of the skew symmetric matrix Ri is spanned
by the vector ri . Further note that the matrices Ri2 and
Rj2 do not share the same kernel if the vectors ri and rj
are linearly independent. In any 3-D formation objects with
positive volume, there always exist three linearly independent
vectors ri , rj , rk which span the 3-D space. Hence the kernel
of the matrix Rsum is trivial, i.e. Rsum is negative definite and
its inverse exists.
By using the above results, the angular velocity can be
calculated as
n
X
X
−1
Ω = −Rsum
(
ri × zkij µkij )
(22)
i=1 j∈Ni ,j<i

which involves the shape geometrical information and mismatch terms µ, but not e.
Since the axis along which the agents rotate is also the
same direction in which all the agents translate, we can
find the translational part of the velocity by projecting the
velocity onto the rotational axis. To this end, we first obtain
the velocity of the centroid described as
n

ṗc =

n

1X
1X
ṗi =
n i=1
n i=1

X

zkij µkij

(23)

j∈Ni ,j<i

Then the translational velocity can be obtained as
ΩΩT
ṗc
(24)
ΩT Ω
c
The rotational velocity vrotation and the radius rradius
of the
rotation with respect to the centroid are
vtranslation =

c
vrotation = ṗc − vtranslation , rradius
= kvrotation k/kΩk

(25)

Note that the above motion formulas (23), (24) and (25) are
determined by the formation geometry and mismatch terms
µ, while the error vector e is not involved. In the following
we will show how to use the methods just described to study
the motions in 2-D and 3-D cases by two examples.
C. Example: 2-D triangle formation
According to Eq. (5) of [1], the motion equation for each
agent is

Ri2 Ω (20)

i=1

ṗ1 = −z1 e1 + z3 (e3 + µ3 )
ṗ2 = −z2 e2 + z1 (e1 + µ1 )
ṗ3 = −z3 e3 + z2 (e2 + µ2 )

where
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p1

where i, j ∈ {1, 2, 3, 4}. Some notations are shown in Fig.
4. The left hand side of (18) can be calculated as

z1 r1
pc

p2

r2
z2

4
X

z3
r3

The notations and directions of each zi are shown in Fig.
3. Note that in [1] the definition of the incidence matrix is
slightly different to the definition in this paper, but this does
not effect the main result shown below.
Inserting the above equations forPṗi in (11), one can
3
rewrite the left hand side of (11) as i=1 ri × ṗi = µ1 r2 ×
z1 +µ2 r3 ×z2 +µ3 r1 ×z3 . In a triangle, by using the fact that
the centroid divides the triangle area into three equal areas
(the magnitude of r2 × z1 , r3 × z2 or r1 × z3 is two thirds
of the area of the triangle), one can show that the magnitude
of the vector on the right side of the above equation is in
fact equal to 23 (µ1 + µ2 + µ3 )S, where S is the area of the
triangle. Furthermore, according to Lemma 5, there holds
kr1 k2 + kr2 k2 + kr3 k2 = 1/3(kz1 k2 + kz2 k2 + kz3 k2 ) . Thus
one has
2S(µ1 + µ2 + µ3 )
ω=
(26)
kz1 k2 + kz2 k2 + kz3 k2
The rotational radius can be obtained as
k(kz1 k2 + kz2 k2 + kz3 k2 )(z1 µ1 + z2 µ2 + z3 µ3 )k
|6S(µ1 + µ2 + µ3 )|
(27)

Remark 2: We make some remarks about the motions in
the triangle case:
•

•

•

From (27) it can be seen that for an arbitrary triangle
the radius can be arbitrarily large even with very small
µ.
P3
Note that i=1 µi = 0 corresponds to ω = 0, which
indicates an infinite radius and also corresponds to a
translation-only movement. In this case the translation
velocity is equal to ṗc = z3 µ3 +z13µ1 +z2 µ2 which should
be constant.
For fixed µ, it can be shown that for an equilateral triangle, the formation can achieve fastest rotation among
all triangle
shapes. In this case the frequency is ω max =
√
(1/ 3) µ1 +µ22 +µ3 .

D. Example: 3-D tetrahedron formation
We record here the motion equations for the 3-D tetrahedron formation from [2]:
X
X
zkij ekij (z) (28)
ṗi = −
zkij (ekij (z) − µkij ) +
j<i

= µ1 r1 × z1 + µ4 r1 × z4 + µ6 r1 × z6
+µ2 r2 × z2 + µ5 r2 × z5 + µ3 r3 × z3 (29)

p3

Fig. 3. A triangular formation example: rotational movement caused by
distance mismatches. Note that the orientation in each edge indicates the
direction of the relative position.

c
rradius
=

ri × ṗi

i=1

j>i

The rotational velocity, translational velocity, etc. can be
calculated by using (22)-(25).
In the following, we will explore some conditions which
ensure translation-only movement and rotation-only movement. For translation-only movementPwhich corresponds to
4
Ω = 0 , one needs to ensure that
i=1 ri × ṗi = 0. By
observing the expression in the right hand side of (29) and
using the fact that the vectors z4 , z5 , z6 can be described
by three linearly independent vectors z1 , z2 , z3 , all the
six cross product terms in (29) can be reduced to three
linearly independent ones. Then the condition for ensuring a
translation-only movement can be described in the following
equations (any three implying the fourth):
µ1 + µ2 = µ4
µ3 + µ4 = µ6
µ1 + µ5 = µ6

(30)

µ2 + µ3 = µ5
which is independent of the formation shape. An intuitive
interpretation of the above condition is that the mismatch
values in each triangular face should sum to zero in order
to have a translation-only movement. In this case, the translational velocity
is described by the velocity of the centroid
P6
ṗc = 14 k=1 µk zk . We mention that the above condition
has also been recorded in [2] but without proof.
For the rotation-only movement, one needs to explore
the condition vtranslation = 0 in (24). By considering the
expression of the ṗc in (23), P
the necessary and sufficient
6
condition can be expressed as k=1 µk (ΩT zk ) = 0, which
involves both the selection of µ and formation shape terms.
However, from the expression of vtranslation = 0 in (24), a
simple condition ensuring no translation movement is that
ṗc = 0, which can be described in terms of the following
equations involving only µ (any three implying the fourth):
µ1 + µ4 + µ6 = 0
µ2 + µ5 − µ1 = 0
µ2 + µ4 − µ3 = 0

(31)

µ3 + µ5 + µ6 = 0
This set of conditions ensures that for any tetrahedron formation at all, there will be no translation movement. Hence
these conditions are sufficient in relation to a particular
tetrahedron. To ensure no tetrahedron of any shape will
translate, these conditions are both necessary and sufficient.
A proof will be reported in an extended version of this
paper. An intuitive interpretation of the above rotation-only
condition (31) is that any three µk corresponding to three
adjacent edges should algebraically sum to zero for each
vertex (the sign being obtained from the direction of the
edges).

6165

body dynamics. This has potential applications on controlling
formation motions by using small number of control inputs.

p1
z1

r1

z6
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p2

r4

r2
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p4

r3
z2

z3

p3
Fig. 4. A tetrahedron formation example. Note that the orientation in each
edge indicates the direction of the relative position.

E. Steering formations by manipulating mismatches
From previous subsections, we have obtained formulas on
rotational speed, rotation radius, translational velocity, etc, in
terms of µ and shape geometry. Furthermore, we also show
that in the 2-D case, a special choice of µ can guarantee
a translation only movement. In the 3-D case, by using a
tetrahedron shape as an example, we show some conditions
for ensuring rotation-only movements and translation-only
movements. All these discussions suggest that one can assign
different values of µ to obtain the control objective in relation to formation orientations, angular velocity, translation
direction, etc.
Let us consider the triangle formation as an example. In
the special case when µ3 = 0 and µ1 = −µ2 , i.e. the two
edges incident on vertex 2 have associated mismatch values,
it is easy to check that ṗc = 31 (z1 − z2 )µ1 = (p2 − pc )µ1 ,
i.e. the motion is in a direction defined by the vector p2 −pc ,
which is a fixed direction in body coordinates.
This analysis can be of course extended to more general
formations. For example in the 2-D case, with one µk
nonzero and the others zero, one can use the resulting
expression of Ω to change the formation orientation. With
two µk corresponding to two adjacent edges chosen so that
the associated Ω is zero, the motion will be along a direction
defined with respect to body centred coordinates. In the
3-D case, by using the expression of Ω derived in (22),
one can manipulate two µk corresponding to two adjacent
edges successively and set the others to zero to change
the rotational axis and formation orientation. Furthermore,
with three µk from three adjacent edges chosen so that the
associated Ω is zero, the formation will translate along a
fixed direction defined in body coordinates.
IV. C ONCLUDING REMARKS
In this paper we have considered the shape control
problem for minimally rigid formations in the presence of
mismatched distances. The results in the previous work [1]
and [2] have been generalized and we show some general
formation motions induced by distance mismatches. We
have then discussed in detail how to derive the movement
formulas to describe the motions in terms of mismatches
for 2-D formations and 3-D formations, respectively. The
method resembles the concept of angular-momentum in rigid
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