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Abstract— Motivated by problems of modeling high dimensional time series, this paper considers time-invariant, discretetime linear systems which have a larger number of outputs
than inputs, with the inputs being independent stationary white
noise sequences. Moreover, different outputs are measured at
different rates (in economic modeling, it is common that some
variables are measured monthly and others quarterly). In
particular, the paper focuses on the case where the number of
measurements is extremely large compared to the number of
inputs. In the current paper, our ultimate goal is to identify the
parameter matrices of such systems from outputs covariance
data. To achieve this main goal and avoid excessively high
dimensionality in the model, we use the notion of static factor,
which roughly is a special subvector of the latent vector
i.e. those parts of output vector remaining after removal of
contaminating additive noise in the measurement. Since the
model associated with the static factor is periodic in the output
parameters, we use the well-known technique of blocking
to obtain a blocked linear time-invariant system associated
with this model. It is illustrated that this blocked system is
generically zero-free. Then we use the spectral factorization
technique to obtain the parameter matrices associated with the
blocked system. These parameter matrices can be obtained by a
finite number of rational calculations from the spectral matrix
due to the generic zero-freeness of tall spectral matrices. Finally,
we use the parameter matrices associated with the blocked
system to obtain the parameter matrices associated with the
static factor and ultimately those of the original underlying
unblocked system.

I. I NTRODUCTION
In different applications, one has to deal with dynamic
systems with a larger number of measured outputs than
inputs. For instance, in generalized dynamic factor models (GDFMs) [1] which arise in the field of econometric
modeling, usually the number of collected data sequences
(measured scalar output processes in the systems and control
terminology) is much larger than the number of shocks
(scalar white noise input sequences in the systems and
control terminology)1 . It is also very common in econometric
modeling to measure outputs at different rates. For instance,
some measured outputs may be obtained monthly while
some others may be collected quarterly or even annually.
Proofs in this paper are omitted; they are available from the first author
upon request and will be given in a full length version of this paper.
M. Zamani and B. D. O. Anderson are with Research School of Engineering, Australian National University, Canberra, ACT 0200, Australia. B. D. O.
Anderson is with National ICT Australia (NICTA). {mohsen.zamani,

brian.anderson}@anu.edu.au.
E. Felsenstein and M. Deistler are with Department of mathematical
methods in Economics, Technical university of Vienna, 8/119 Argentinierstrasse, A 1040 Vienna, Austria. {elisabeth.felsenstein,

deistler}@tuwien.ac.at
1 In
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Even though the authors of this work have been interested
in properties of these systems due to their application in
GDFMs, the paper does not focus on the application problem,
but rather on the underlying system theoretic issues involved
with tall multirate systems.
In the context of GDFMs, latent variables i.e. those parts
of output data remaining after removal of contaminating
additive noise in the measurement, are modeled by linear
time-invariant finite-dimensional systems with unobserved
white noise input. In the single-rate setting i.e. when all
latent variables are available at the same rate, it is shown
that these systems are generically zero-free [2], [3] and
[4]. This means that the latent variables can be modeled
as a singular autoregressive process whose parameters can
be straightforwardly identified using Yule-Walker equations
from covariance data [5].
In contrast to the single-rate case, the multirate case i.e.
when one or more latent variables are provided at different
rates, is more complicated. In reference [6], the authors use
the blocking or lifting technique to study the zeros of blocked
linear time-invariant systems associated with the underlying
unblocked multirate system. The authors in [6] specify a
situation under which the blocked system is generically
zero-free. Then along the same lines, the authors of [7]
study a regular autoregressive model operating at the highest
sampling frequency and use the modified extended YuleWalker equations to identify the model parameters from
the population second moments which can be observed in
principle 2 . Note that the technique used in [7] is inspired
from the method of extended Yule-Walker equations initially
introduced in [8]. It is worthwhile mentioning that the results
of [7] are also applicable to a class of singular autoregressive
models. In [9], the authors study identifiability for another
class of singular autoregressive systems.
The approaches discussed in [7] and [8] are effective,
apart from possibly one issue. When the size of the measured outputs vector becomes extremely large, direct use of
these approaches may not be practical for identifying the
underlying system parameters from the covariance matrix
associated with the latent variables. In an autoregressive
model, for example, the coefficient matrices will each contain
l2 real parameters, where l is the output dimension. This
paper deals with the problem by showing how to use the
notion of static factor to handle problems involved with
having large cross-sectional dimension in the measurements
2 Second order moments which are observed ’in principle’ are those
obtainable from sample statistics when the number of samples goes to
infinity.
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when identifying the underlying system parameters from the
output covariance data. Even though the static factor has been
used for identifying the parameter matrices of the original
underlying system when all measured outputs are available
at all times i.e. single-rate case [5], the study of the minimal
static factor in the multirate case is not a trivial extension
of available results in the single-rate case. In the multirate
case the latent vector consists of two parts, viz. the fast part
and the slow part, with one stacked over the other. The
static factor can be easily obtained from the latent vector
through some linear operations and almost always has a
much smaller dimension compared to the original output
vector. In particular, in this paper we separately define the
static factor for the fast and the slow parts of the latent
vector. These have dimensions equal to rank of the zero-lag
covariance matrix of the fast part and slow part, respectively.
We refer to them as the fast minimal static factor and
the slow minimal static factor throughout the paper. It is
worthwhile mentioning that by defining the static factor for
the fast part and the slow part separately, the resultant static
factor is not necessarily of dimension equal to the rank of the
zero-lag covariance matrix of the whole (fast plus slow part)
latent vector. The latter is due to the fact the even though
components of slow minimal static factor (fast minimal static
factor) are linearly independent from each other, they may
linearly depend on the components of fast minimal static
factor (slow minimal static factor).
In this paper, we first obtain the model associated with
the static factor; we refer to this model as the static factor
model. We then use the frequency domain approach to
identify the system parameters of the static factor model
from the spectral matrix of its associated blocked system.
We finally show situations under which the parameters of
the original underlying system can be obtained from the
parameter matrices of the associated static factor model.
This paper is structured as follows. In the next section
the main results of the paper are presented. First, in Subsection II-A, we illustrate a procedure for obtaining a system
model associated with the static factor from the original
underlying system. The blocking technique is then used
to obtain the blocked system corresponding to the static
factor model. It is demonstrated that the blocked system
associated with the static factor model and the blocked
system related to the original underlying system have the
same pole characteristic while we study a relation between
their zero properties in Subsection II-B. It is shown in
Subsection II-B that tall blocked systems associated with the
static factor model are generically zero-free. Then we use the
zero-free property to obtain the parameter matrices of the
blocked system associated with the static factor model using
the well-known technique of spectral factorization. Since the
spectral factorization only delivers the system parameters
of the blocked system, we then show how the parameter
matrices of the static factor model and ultimately those of the
original underlying unblocked system can be obtained from
the parameter matrices of the blocked system in Subsection
II-D. Finally, concluding remarks are provided in Section III.

II. M AIN R ESULTS
In this section we provide the main results of the current
paper. First, we introduce the notion of the static factor. Then
we use the well-known technique of blocking to transfer
the multirate static factor model into a blocked linear timeinvariant system.
A. Problem formulation
We suppose that there exists an underlying stable system
operating at the highest sample rate. Let the dynamics of this
system be described by:
xt+1 = Axt + But ,

(1)

yt = Cxt + Dut ,

where xt ∈ Rn , yt ∈ Rl and ut ∈ Rm is the state, the output
and the input, accordingly. For this system, yt exists for all t.
However, we are interested in the situation where not every
entry is measured for all t. In particular, we consider the
case where yt has components that are observed at different
rates. For simplicity, in this paper we consider a case where
outputs are provided at two rates which we refer to as the
fast rate and the slow rate.
loss of generality we decompose yt as yt =
 Without

f
ytf
where ytf ∈ Rl is observed at all t, the fast part,
yts
s
and for some positive integer N , yts ∈ Rl is observed at
t = 0, N, 2N, . . . , the slow part; also lf > 0, ls > 0 and
lf + ls = l. Accordingly, we decompose C and D as:
 f 
 f 
C
D
C=
,D=
.
Cs
Ds
Thus, the multirate linear system corresponding to what is
measured has the following dynamics:
xt+1 = Axt + But
ytf
yts

t = 0, 1, 2, . . .

f

f

s

s

(2)

= C xt + D ut t = 0, 1, 2, . . .
= C xt + D ut t = 0, N, 2N, . . .

Now, let us consider the zero-lag covariance matrices
associated with the fast and the slow components of yt
T

E[ytf ytf ] , Ryf (0),

(3)

T

E[yts yts ] , Rys (0).

Let us suppose that rank(Ryf (0)) = rf and
rank(Rys (0)) = rs . There exist full-column rank matrices
f
f
s
s
T
Qf ∈ Rl ×r and Qs ∈ Rl ×r such that Ryf (0) = Qf Qf
T
and Rys (0) = Qs Qs . Note that Qf is unique up to a right
multiplication by an orthogonal matrix (the same holds for
Qs ).
Define ztf and zts as:
ztf = Ξf ytf ,

t = 0, 1, 2, . . .

zts = Ξs yts ,

t = 0, N, 2N, . . .

T

T

(4)
T

T

where Ξf = (Qf Qf )−1 Qf and Ξs = (Qs Qs )−1 Qs .
We refer to ztf and zts as the fast minimal static factor

and the slow minimal static factor, accordingly. Clearly
T
rank(Ryf (0)) = rank(E[ztf ztf ]) = rf and rank(Rys (0)) =
T
rank(E[zts zts ]) = rs .
We have E[(ytf − Qf ztf ) (ytf − Qf ztf )T ] = 0 and E[(yts −
s s
Q zt ) (yts − Qs zts )T ] = 0 so,
ytf = Qf ztf ,
yts = Qs zts .

(5)

We define the following state space dynamics associated
with the fast and the slow minimal static factors:
xt+1 = Axt + But ,

t = 0, 1, 2, . . .

ztf = Czf xt + Dzf ut , t = 0, 1, 2, . . .
zts

=

Czs xt

+

Dzs ut ,

(6)

t = 0, N, 2N, . . .

where,

where
Āτ , AN ,


B̄τ , AN −1 B AN −2 B . . . AB B ,
h T
i
T
T
T
T
T T
C̄τ , C f AT C f . . . A(N −1) C f A(N −τ ) C s
,


Df
0
... 0
f
f

C
B
D
... 0 



.
.
..  .
..
..
..
D̄τ , 

.
.


 C f AN −2 B
C f AN −3 B . . . Df 
C s AN −τ −1 B
...
Ds ∗
(10)
Moreover, in D̄τ , ∗ at the lower corner denotes τ − 1 zero
matrices of size ls × m and when N − τ − 1 < 0 , C s A−1 B
is replaced by Ds and the rest of the terms in the last row
are replaced by zero matrices of size ls × m.
Similarly, we denote the blocked system associated with
the system (6) as:

Czf = Ξf C f ,
Dzf = Ξf Df ,
Czs = Ξs C s ,

xτt+N = Âτ xτt + B̂τ Utτ , t = 0, 1, 2, . . .
Ztτ = Ĉτ xτt + D̂τ Utτ , t = 0, N, 2N, . . .

(7)

(11)

where

Dzs = Ξs Ds .


We refer to the system in (6) as the static factor model. The
systems (6) and (2) are periodic in their output parameters.
Thus, we use the blocking technique for working with these
systems because this technique enables us to use the welldeveloped tools introduced in linear time-invariant systems
analysis while dealing with blocked version of the systems
(6) and (2). Moreover, some of the properties of the systems
(6) and (2) such as zeros or poles are defined as those of
their corresponding blocked versions [10].
We first specify the blocked system associated with the
system (2). For τ ∈ {1, 2, . . . , N }, we define

f
zt+τ



f
zt+τ
+1

Ztτ




..
,
.

 zf
t+τ +N −1
s
zt+N




 , t = 0, N, 2N, . . .



(12)

and
Âτ , AN

B̂τ , AN −1 B

AN −2 B

. . . AB

Ĉτ , ΦC̄τ

B


(13)

D̂τ , ΦD̄τ .


f
yt+τ
f
yt+τ +1




..
Ytτ , 
.

 yf
t+τ +N −1
s
yt+N

ut+τ
 ut+τ +1

Utτ , 
..

.








,





Furthermore, Φ = 

(8)



 , t = 0, N, 2N, . . .


ut+τ +N −1
xτt , xt+τ
Then the associated blocked system is given by:
xτt+N = Āτ xτt + B̄τ Utτ , t = 0, 1, 2, . . .
Ytτ = C̄τ xτt + D̄τ Utτ , t = 0, N, 2N, . . .

(9)

Ξf

0
0

0
..
.

...

Ξf
0

0
.
.
.
0
Ξs



. It is obvious

that Āτ = Âτ and B̄τ = B̂τ . For use in the rest of this
paper, we define an operator Z such that Zxτt = xτt+N ,
τ
τ
τ
ZUtτ = Ut+N
, ZYtτ = Yt+N
and ZZtτ = Zt+N
. The
operator Z is also used to denote a complex value.
B. Zeros
P
P
Let ¯ τ and ˆ τ denote the systems defined in (9) and
(11), respectively. As mentioned earlier, Āτ = Âτ which
implies that the poles of two systems are identical. Thus,
we focus on the zeros; in the rest of this P
part we study
P the
relation between zeros of two systems i.e ¯ τ and ˆ τ , and
show when these systems are generically zero-free. To do
this, let us first recall the definition of zeros for linear timeinvariant systems from [11] and [3].

P
Definition 2.1: The finite zeros of the system ¯ τ are
defined to be the finite values of Z for which the rank of the
following system matrix falls below its normal rank:


ZI − Āτ −B̄τ
M̄τ (Z) =
.
C̄τ
D̄τ
P
Furthermore, the system ¯ τ is said to have an infinite zero
when n + rank(D̄τ ) is less than the normal rank of M̄τ (Z)
or equivalently the rank of D̄τ is less than the normal rank
of V̄τ (Z) = C̄τ (ZI − Āτ )−1 B̄τ + D̄τ .
Remark 2.2: Note
that
when
the
quadruple
{Āτ , B̄τ , C̄τ , D̄τ } is a minimal realization of the transfer
function V̄τ (Z), the zeros are just determined by the transfer
function. Furthermore, they will coincide with those obtained
from other well-known starting points for consideration of
zeros e.g. Smith-McMillan form and coprime polynomial
matrix fraction description. It is also worthwhile mentioning
that when the realization is nonminimal, any uncontrollable
and unobservable mode is also a zero.
In a completely analogous way we can define the zeros of
the system Σ̂τ .
We need to present the next two theorems from our
previous works in [6] and [12].
Theorem 2.3: For a generic choice of matrices
{A,
B, C s , C f , Ds , Df } with lf > m. The system
P
¯ has no zeros.
τ
Theorem 2.4: For a generic choice of matrices
f
{A, B, C s , CP
, Ds , Df } with lf ≤ m and N lf + ls > N m.
¯
The system τ has no finite nonzero zeros.
P
The last two theorems studied the zero-freeness of ¯ τ . We
P
now explore the zero-freeness of ˆ τ .
P
P
Theorem 2.5: Consider the systems ¯ τ and ˆ τ defined
above. Let M̂τ (Z) denote the system matrix associated with
P
the system ˆ τ . Then the following equality holds:
rank(M̄ (Z)) = rank(M̂ (Z)).
(14)
Proof: The proof is omitted.
The following is then immediate.
P
P
Corollary 2.6: Consider the systems ¯ τ and ˆ τ . Then
P
P
¯ has a zero if and only if ˆ has a zero.
τ
τ
Theorem 2.7: Consider a transfer function matrix V̄ (Z)
with minimal realization {Āτ , B̄τ , C̄τ , D̄τ }. Suppose that
the matrices {A, B, C s , C f , Ds , Df } assume generic values.
Then
P
1) if lf > m, the system ˆ τ has no finite or infinite
zeros.
P
2) if lf ≤ m and N lf + ls > N m, the system ˆ τ has
no finite nonzero zeros.
Proof: The conclusion of the theorem becomes immediate in the light of Theorem 2.3, Theorem 2.4 and Corollary
2.6.
In this subsection
the main focus is on the zero properties
P P
of the systems ¯ τ , ˆ τ . However, in the following theorem
P
P
we study the minimality of the systems ¯ τ and ˆ τ ; the
conclusion of this theorem is important for the results which
appear in the next subsection.

Theorem 2.8: Consider the multirate static factorsystem
(6) defined by sextuple {A, B, Czf , Dzf , Czs , Dzs } and its
corresponding multirate system (2) defined P
by the sextuple
{A, B, Qf Czf , Qf Dzf , Qs Czs , Qs Dzs }. Let ˆ τ denote the
| {z } | {z } | {z } | {z }
Cf

Df

Cs

Ds

blocked system associated
P with (6) defined by the quadruple
{Âτ , B̂τ , Ĉτ , D̂τ } and ¯ τ denote the blocked system associated with (2) defined by the quadruple {Āτ , B̄τ , C̄τ , D̄τ }.
P
Then,
the system ˆ τ is minimal if and only if the system
P
¯ is minimal.
τ
Proof: The proof is omitted.
C. Spectral factorization
In the previous subsection, it is shown that the system
P
ˆ is generically zero-free. In this subsection we use
τ
this property
to obtain the parameter matrices associated
P
with ˆ τ from its corresponding real rational spectral matrix.
In general, consider a square real rational matrix function
Φ̂τ (Z) where Φ̂τ (Z) = Φ̂Tτ (Z −1 ) with Φ̂τ (ejω ) being
bounded and nonnegative definite for ω ∈ [−π, π]. We refer
to Φ̂τ (Z) as the spectral matrix. Let Φ̂τ (Z) be a spectral
matrix of size (N rf +rs )×(N rf +rs ) with normal rank N m.
Then there exists a (N rf + rs ) × N m real rational spectral
factor, call it Ṽτ (Z), such that Φ̂τ (Z) = Ṽτ (Z)ṼτT (Z −1 )
and Ṽτ (Z) has no poles in |Z| ≥ 1, including infinity,
rank(Ṽτ (Z)) = N m in |Z| > 1 including infinity. Furthermore, if Φ̂τ (Z) has rank N m on |Z| = 1 then Ṽτ (Z) has
constant rank N m in |Z| ≥ 1. The transfer function Ṽτ (Z) is
sometimes referred to as the stable minimum phase spectral
factor. Note that Ṽτ (Z) is unique up to post multiplication
by an orthogonal constant matrix [13].
We now seek to apply this knowledge to a particular
spectrum,
P namely that resulting from the output of the
system ˆ τ when it is driven by a white noise input of unit
covariance. With a slight abuse of notation we denote this
spectrum by Φ̂τ (Z) which is in fact expressible in the form:
Φ̂τ (Z) = R̂τ + Ĉτ (ZI − Âτ )−1 K̂τ + K̂τT (Z −1 I − ÂTτ )−1 ĈτT ,
(15)
where,
R̂τ = Ĉτ P̂τ ĈτT + D̂τ D̂τT ,
K̂τ = Âτ P̂τ ĈτT + B̂τ D̂τT ,
P̂τ =

Âτ P̂τ ÂTτ

+

(16)

B̂τ B̂τT ,

and P̂τ = E[xτN t xτN t T ].
P
Our interest is in determining what ˆ τ is, given knowledge of Φ̂τ (Z). To this end, we make the following assumpP
tions about ˆ τ , but without assuming we know its transfer
P
function or state variable description: ˆ τ is stable, linear
time-invariant finite-dimensional system driven by a white
noise input of unit covariance. (An additional assumption
will be made below concerning the zero properties of the
system).

P
The assumptions on ˆ τ guarantee that Φ̂τ (Z) is a real
rational spectral matrix and expressible in the form of
(15) where {Âτ , Ĉτ , K̂τ } is reachable and observable. This
P
means that ˆ τ has a state variable description in the form
{Âτ , B̂τ , Ĉτ , D̂τ }, i.e. with the same Âτ , Ĉτ , and with B̂τ ,
D̂τ and a further matrix P̂τ satisfying (16).
In general, (16) is difficult to solve for the unknown
matrices. Nevertheless, given a zero-free property, solution is
straightforward. To understand this we state some important
results initially introduced
in [13] which relate the zeroP
free property of ˆ τ to its associated spectral matrix. The
definition of zeros for the spectral matrix Φ̂τ (Z) is stated in
the following.
Definition 2.9: The spectral factor Φ̂τ (Z) has a zero at
Z0 , where Z0 ∈ C − {0}, if and only if the following matrix
has rank less than its normal rank at Z0
ZI − Aˆτ

MΦ̂τ (Z)
0
Cˆτ


0
−1
Z I − ÂTτ
K̂τ


−K̂τ
−ĈτT  .
Rˆτ

Furthermore, Φ̂τ (Z) has a zero at infinity and at zero if
and only if the following matrix has rank less than n + N m


−Âτ −K̂τ
Nτ =
.
Ĉτ
R̂τ
P
Lemma 2.10: Consider the system ˆ τ with minimal realization {Âτ , B̂τ , Ĉτ , D̂τ } and transfer function V̂τ (Z).
Suppose that all eigenvalues of Âτ lie within the unit circle,
and ut is a zero mean, whitePnoise with unit covariance
matrix applied to the system ˆ τ from time −∞. Let the
Φ̂τ (Z) be the associated power spectrum which is defined
P
by (15) using (16). Then the system ˆ τ has no zeros in
C ∪ {∞}, if and only if Φ̂τ (Z) has no zeros in C ∪ {∞}.
We remark the transfer function V̂τ (Z) of the previous
lemma is a minimum phase spectral factor of Φ̂τ (Z), as can
be seen from the earlier definition of such a spectral factor
and the assumed properties of V̂τ (Z).
In addition, the following result illustrates that if the
spectral matrix is zero-free then the parameter matrices of
the associated system can be computed in a finite number
of rational calculations using the spectral factorization technique, see [13]. Generally, determination of the minimum
phase spectral factor of a spectral matrix cannot be achieved
by rational calculation; thus the zero-free property implies
great simplification.
Lemma 2.11: Suppose that the spectral matrix Φ̂τ (Z) is
P
P
generated from the system ˆ τ . Also, assume that ˆ τ is
minimal and zero-free in C ∪ {∞}. Then there exists a
unique matrix P̂τ obtainable in a finite number of rational
calculations from the matrices Âτ , P
K̂τ , Ĉτ and R̂τ , so that
the state space representation for ˆ τ can be determined.
Moreover, the matrices B̂τ and D̂τ can only be obtained up
to post multiplication by a constant orthogonal matrix.
Formal rigorous proofs of the above lemmas can be found
in [13].

The conclusion of the above lemma states the parameter
matrices D̂τ and B̂τ can be obtained from Φ̂τ (Z) and
are only unique up to an orthogonal post multiplication.
Furthermore, the matrix D̂τ which satisfies (11) has to have a
certain structure, see (13). The following theorem establishes
a relation between different D̂τ and B̂τ .
Theorem 2.12: Let two stable minimum phase spectral
factors with the same number of columns, say V̂τ1 (Z) and
V̂τ2 (Z), associated with the same spectral matrix Φ̂τ (Z)
be defined by the quadruples Âτ , B̂τ1 , Ĉτ , D̂τ1 and Âτ ,
B̂τ1 J = B̂τ2 , Ĉτ , D̂τ1 J = D̂τ2 . Suppose that both D̂τ2 and
D̂τ1 are block lower triangular matrices and diagonal blocks
in both matrices have full column rank. Suppose further that
D̂τ1 has the same diagonal structure as D̂τ in (11). Then the
orthogonal matrix J is the direct sum of N + 1 orthogonal
matrices Jii , i ∈ {1, . . . , N + 1}, with the block sizes equal
to the number of columns in the diagonal blocks in D̂τ1 .
Proof: The proof is omitted.

D. From the parameter matrices of blocked systems to
parameter matrices of the associated unblocked systems
The previousP
subsection studied the spectral factorization
of the system ˆ τ . It argued that generically the spectral
matrix associated with a tall blocked system is zero-free
and so the parameter matrices of the blocked system can
be obtained using a finite number of rational calculations,
up to a certain orthogonal multiplier. One
P should note that
even though the parameter matrices of ˆ τ may be known,
using this information to obtain the parameter matrices of
the associated unblocked system is a nontrivial task. Thus,
in this part, we use the results of the previous section P
and
assume that the parameter matrices associated with ˆ τ
are available with the intention is of using these parameter
matrices to obtain the system parameters of the system (6).
In the following, we first provide a theorem which states
that the parameter matrices associated with the static factor
model can be recovered from the
P parameter matrices of its
corresponding blocked system ˆ τ . Then we illustrate how
the parameter matrices of the original underlying system can
be obtained from the parameter matrices of the associated
static factor model.
Theorem
P 2.13: Suppose the parameter matrices of the
system ˆ τ i.e. Âτ , B̂τ , Ĉτ , D̂τ , are available and the pairs
(Âτ , B̂τ ) and (Âτ , Ĉτ ) are reachable and observable. Then
from the matrices Âτ , B̂τ , Ĉτ , D̂τ , the associated parameter
matrices for the unblocked system i.e. A, B, C z , Dz , can be
determined.
Proof: The proof is omitted.
With the help of the above theorem the parameters A, B,
C z and Dz become available. Note that both systems (6) and
(2) have the same A and B matrices; by using the equation
(5), one can easily obtain the parameter matrices associated
with measured outputs of the original underlying systems as:

f

C =
Df =
Cs =
Ds =

f

Q Czf ,
Qf Dzf ,
Qs Czs ,
Qs Dzs .

(17)

Hence, all parameter matrices of the original underlying
system can be recovered.
III. C ONCLUSIONS
In this paper we studied tall systems whose outputs are
measured at different rates. In particular, the case of two
rates of outputs, the fast outputs and the slow outputs,
was considered. In particular, we used the notion of the
static factor to deal with the case when these systems
have measurements with an extremely large cross-sectional
dimension. We then obtained the model associated with the
static factor, the static factor model, which is periodic in its
output parameters. Hence, we used the well-known technique
of blocking to obtain the blocked system associated with the
former model. It was illustrated that tall blocked systems
are generically zero-free. Then some important results from
[13] on the spectral factorization of linear time-invariant
systems were recalled to help us to obtain the parameter
matrices associated with the blocked system. We then used
the parameter matrices associated with the blocked system to
obtain the parameter matrices involved with the static factor
model. Finally, we recovered all parameter matrices of the
original underlying system.
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CreateSpace, 2013, pp. 31–49.
[3] T. Kailath, Linear systems. Prentice-Hall, New Jersey, 1980.
[4] A. Filler, “Generalized dynamic factor models structure theory and
estimation for single frequency and mixed frequency data,” Ph.D.
dissertation, Vienna University of Technology, 2010.
[5] M. Deistler, B. D. O. Anderson, A. Filler, C. Zinner, and W. Chen,
“Generalized linear dynamic factor models: An approach via singular
autoregressions,” European Journal of Control, vol. 16, pp. 211–224,
2010.
[6] M. Zamani and B. D. O. Anderson, “On the zero properties of
linear discrete-time systems with multirate outputs,” in Proceedings
of American Control Conference (ACC), 2012, pp. 5182–5187.
[7] B. D. O. Anderson, M. Deistler, E. Felsenstein, B. Funovits,
P. Zadrozny, M. Eichler, W. Chen, and M. Zamani, “Identifiability of
regular and singular multivariate autoregressive models from mixed
frequency data,” in Proceedings of the IEEE Conference on Decision
and Control, 2012, pp. 184–189.
[8] B. Chen and P. A. Zadrozny, “An extended Yule-Walker method
for estimating a vector autoregressive model with mixed-frequency,”
Advances in Econometrics, vol. 13, pp. 47–73.

[9] M. Zamani, E. Felsenstein, M. Deistler, and B. D. O. Anderson,
“Mixed frequency structured AR model identification,” in Proceedings
of the European Control Conference, to appear.
[10] S. Bittanti and P. Colaneri, Periodic Systems Filtering and Control, ser.
Communications and Control Engineering. Springer-Verlag, 2009.
[11] J. P. Hespanha, Linear systems theory. Princton University Press,
2009.
[12] M. Zamani, W. Chen, B. D. O. Anderson, M. Deistler, and A. Filler,
“On the zeros of blocked linear systems with single and mixed
frequency data,” in Proceedings of the IEEE Conference on Decision
and Control and European Control Conference (CDC-ECC), 2011, pp.
4312–4317.
[13] B. D. O. Anderson and M. Deistler, “Properties of zero-free spectral
matrices,” IEEE Transactions on Automatic Control, vol. 54, no. 10,
pp. 2365–2375, 2009.

