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localization and mapping (SLAM) [6], where a mobile robot
equipped with a GPS receiver moves in a two-dimensional
environment, measures relative location information to various
objects, and then determines the locations of these objects;
herein, the positions where the robot makes measurements can
be abstracted as anchors, such that the localization procedure
is single-hop. Additionally, in [7], a mobile anchor(s) is used
to assist in sensor localization by providing relative location
measurements to sensors at multiple positions, which is evidently single-hop. Therefore, it is meaningful to study singlehop sensor localization.

Abstract—In this paper, we analyze the performance limit
of sensor localization from a novel perspective. We consider
distance-based single-hop sensor localization with noisy distance
measurements by time of arrival (TOA). Differently from the existing studies, the anchors are assumed to be randomly deployed,
with the result that the trace of the associated Cramér-Rao Lower
Bound (CRLB) matrix becomes a random variable. We adopt this
random variable as a scalar metric for the performance limit
and then focus on its statistical attributes. By the Central Limit
Theorems for 𝑈 -statistics, we show that as the number of anchors
goes to inﬁnity, this scalar metric converges to a random variable
which is an afﬁne transformation of a chi-square random variable
of degree 2. In addition, we provide the quantitative relationship
among the mean, the standard deviation, the number of anchors,
parameters of communication channels and the distribution of
the anchors. Extensive simulations are carried out to conﬁrm
the theoretical results. On the one hand, our study reveals some
fundamental features of sensor localization; on the other hand,
the conclusions we draw can in turn guide us in the design of
wireless sensor networks.

Apart from localization algorithms, the performance limit
of sensor localization, namely the lowest achievable error
bound for location estimates, also attracts much attention. On
the one hand, it provides a measure of theoretically optimal
performance no matter what sensor localization algorithm is
applied; on the other hand, it reﬂects fundamentals of sensor
localization. Since the Cramér-Rao lower bound (CRLB) establishes a lower limit (or bound) on the variance for any unbiased
estimator, it has been widely used in the performance (limit)
analysis of sensor localization, see e.g. [8], [9]. For single-hop
sensor localization in a two-dimensional plane, the CRLB is
a 2 × 2 matrix and turns out to be dependent on multiple
factors, including measuring techniques, noise statistics of
measurements and sensor-anchor geometries (i.e. relative node
locations, or their coordinates). Since the trace of the CRLB
matrix is the minimum mean square estimation error (MSE),
it is often used as a scalar metric for the performance limit
[8], [9]. Provided that the measuring technique and the noise
statistics of measurements are both known, the scalar metric
can be regarded as a function of the sensor-anchor geometry.
An obvious problem arising is to minimize the scalar metric,
equivalent to identifying optimal sensor-anchor geometries for
sensor localization, and it has been widely studied [10]–[14].
The metric can also give valuable qualitative information. It
can be very large, implying that a localization problem is badly
conditioned (e.g. the anchors are nearly collinear with the
sensor) and localization algorithms almost fail. Evidently, we
should avoid the situations where the scalar metric takes large
values. In short, the CRLB provides much useful information
regarding sensor localization.

I. I NTRODUCTION
Wireless sensor networks have a wide range of applications
nowadays, including military operations, medical treatments,
environmental sensing, water quality monitoring and many
others [1]. Location information plays a vital role in those
applications, for it is useful to report the geographic origin
of events, to assist in target tracking, to achieve geographic
aware routing, to manage sensor networks, to evaluate their
coverage, and so on. A sensor network generally consists of
two types of nodes: anchors and sensors. Anchor locations are
known a priori through GPS or manual conﬁgurations, while
sensor locations are not known and need to be determined
through the procedures of sensor localization. Up to now,
considerable efforts have been invested into the development
of localization algorithms, see e.g. [2]–[5]. Take trilateration,
the most basic localization technique, for example: in a twodimensional plane, the location of a sensor is estimated from
the known locations of at least three non-collinear anchors
and the measured distance, derived e.g. from received signal
strength (RSS) or time of arrival (TOA), to each anchor; this
is also termed single-hop distance-based sensor localization.
Single-hop sensor localization can be found in many practical localization scenarios, such as source localization and target
tracking. Effectively, another example arises in simultaneous
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The conventional CRLB studies assume a deterministic
sensor-anchor geometry. But, prior to deploying a sensor
and several anchors in a domain, the sensor-anchor geometry is usually unknown; hence, it is difﬁcult to evaluate
the localization performance. Yet, a probability measure for
the sensor-anchor geometry might be available. Indeed, it is
natural to model the senor-anchor geometry by assuming a
random and uniform distribution for the anchors’ positions,
and consequently, the scalar metric itself becomes random and
offers a broad, statistical view on the localization performance,
in contrast to one deterministic quantity for a given sensoranchor geometry. For instance, if the scalar metric hardly
takes large values, there is less reason to worry about the
sensor-anchor geometry; otherwise, one must impose proper
control on it. In addition, the mean of the scalar metric further
establishes a lower limit on the performance of single-hop
sensor localization given a ﬁxed number of anchors with
undetermined locations; in the situations where sensor-anchor
geometries are unknown, e.g. prior to system deployment,
this performance limit is certainly useful. Furthermore, the
novel statistical sensor-anchor geometry modeling method not
only provides insights into single-hop sensor localization and
in turn guides us in the design and deployment of wireless
sensor networks, but also as a prototype paves the way for
dealing with more complicated scenarios of sensor localization.
For instance, in a mobile environment, as may arise with
ad-hoc networks, SLAM, mobile anchors assisting in sensor
localization and so on, it is trivial to concentrate on localization
performance in one particular time instant, whereas it is
evidently more attractive to grasp the knowledge about the
average localization performance over a period of time and/or
in a wide region. Hopefully, these challenges can be addressed
by the statistically modeling method. In summary, statistical
sensor-anchor geometry modeling is a powerful method for
investigating the performance limit of sensor localization.
Hence, we are motivated to study the scalar metric based on
the statistical sensor-anchor geometry modeling method.
In this paper, we take into account single-hop TOA-based
sensor localization, and show that the scalar metric is essentially a function of 𝑈 -statistics [15]. Based on the theory
of 𝑈 -statistics, we make the following contributions: (i) it
is proved that as the number of the anchors increases, the
scalar metric converges to a random variable which is an afﬁne
transformation of a chi-square random variable of degree 2 in
the TOA case; (ii) the asymptotic formulas for the mean and
standard deviation of the scalar metric are derived; (iii) last
but not the least, these formulas are analyzed to demonstrate
some properties of sensor localization and the conclusions
are veriﬁed by extensive simulations. [The more extensive
treatment of the ideas in this paper has been submitted to a
journal, but a decision has not yet been delivered on the status
of the journal submission.]
The remainder of this paper is organized as follows. The
next section introduces the problem formulation. Section III
presents the main results about statistical attributes of performance limits. Finally, we conclude this paper and shed light

Fig. 1.

Localizing a sensor using 𝑛 anchors.

on future work in Section V.
II. P ROBLEM F ORMULATION
In this section, we formulate the scalar metric of the
performance of single-hop sensor localization using TOA measurements and deﬁne a random sensor-anchor geometry model.
Throughout this paper, we shall use the following mathematical
notations: 𝑇 𝑟(⋅) denotes the trace of a square matrix; 𝐸(⋅)
denotes the expected value of a random variable; 𝑉 𝑎𝑟(⋅)
denotes the variance; 𝑆𝑡𝑑(⋅) denotes the standard deviation.
A. One-hop Sensor Localization Using TOA Measurements
In a two-dimensional plane, consider a single sensor (or
source, target) located at some unknown position and 𝑛
distance (or angle) measurements made to this sensor at 𝑛
known locations, as illustrated in Figure 1. Here, the 𝑛 known
locations are abstracted as anchors and are labeled 1, ⋅ ⋅ ⋅ , 𝑛
with the 𝑖-th anchor’s location denoted by s𝑖 = [𝑥𝑖 , 𝑦𝑖 ]𝑇 . The
true distance between the sensor and the 𝑖-th anchor is denoted
by 𝑑𝑖 = ∥s𝑖 ∥. The true angle subtended at the sensor by the
𝑖-th anchor and the positive 𝑥-axis is denoted 𝛼𝑖 .
For a speciﬁc localization problem, the precise locations of
the 𝑛 anchors, i.e. [𝑥𝑖 , 𝑦𝑖 ]𝑇 , are given in advance; pair-wise
distance measurements {𝑑ˆ𝑖 , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛} between the sensor
and the anchors are made and obey certain error models. Then,
the aim of single-hop sensor localization is ﬁnding an estimate
of the true sensor position using the observable set of distance
measurements {𝑑ˆ𝑖 , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛}. In this paper, we consider
the performance limit of sensor localization over a family
of random anchor locations other than a speciﬁc localization
problem with given anchor locations.
TOA refers to the travel time of a radio signal through
a medium from a transmitter to a remote receiver. By the
relation between signal propagation speed in this medium, the
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Deﬁnition 1: Let {𝑋𝑖 , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛} be i.i.d. 𝑝dimensional random vectors. Let ℎ(𝑥1 , ⋅ ⋅ ⋅ , 𝑥𝑟 ) be a Borel
function on ℝ𝑟×𝑝 for a given positive integer 𝑟 ≤ 𝑛 and be
symmetric in its arguments. A 𝑈 -statistic 𝑈𝑛 is deﬁned as
∑
𝑟!(𝑛 − 𝑟)!
𝑈𝑛 =
ℎ(𝑋𝑖1 , ⋅ ⋅ ⋅ , 𝑋𝑖𝑟 )
(4)
𝑛!

time is a measure for the distance between the transmitter
and the receiver. Without loss of generality, we let the sensor
be a transmitter and the 𝑛 anchors be receivers. Denote by
{𝑇𝑖 , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛} the measured TOA between the sensor
and the 𝑛 anchors. As in both theoretical studies [16], [17]
and experimental studies [8] on TOA-based sensor localization
under line-of-sight conditions, we assume
Assumption 1: {𝑇𝑖 , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛} are statistically independent and Gaussian with means { 𝑑𝑐𝑖 , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛} (𝑐 is the
speed of propagation) and same variance 𝜎𝑇2 .
Given the TOA measurements, one can obtain associated
distance measurements to estimate the sensor location. Regarding the location estimation problem, the Fisher information
matrix (FIM) 𝐹𝑇 𝑂𝐴 can be formulated as follows:
(
)
∑𝑛
∑𝑛
1
cos2 𝛼𝑖
cos 𝛼𝑖 sin 𝛼𝑖
𝑖=1
𝑖=1
∑
∑
.
𝐹𝑇 𝑂𝐴 = 2 2
𝑛
𝑛
2
𝜎𝑇 𝑐
𝑖=1 cos 𝛼𝑖 sin 𝛼𝑖
𝑖=1 sin 𝛼𝑖
(1)
Let (ˆ
𝑥, 𝑦ˆ) be the unbiased sensor position estimate and
𝐶𝑇 𝑂𝐴 be the CRLB on the covariance of (ˆ
𝑥, 𝑦ˆ). If 𝐹𝑇 𝑂𝐴
is non-singular, 𝐶𝑇 𝑂𝐴 equals to 𝐹𝑇−1
and
satisﬁes
𝑂𝐴
𝐸𝜐 (ˆ
𝑥2 + 𝑦ˆ2 ) ≥ 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ),

1≤𝑖1 <⋅⋅⋅<𝑖𝑟 ≤𝑛

and ℎ(𝑥1 , ⋅ ⋅ ⋅ , 𝑥𝑟 ) is called the kernel of 𝑈𝑛 .
It is obvious that 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) equals to the inverse of
a 𝑈 -statistic according to (3), which motivates us to study
𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) through an asymptotic analysis based on the theory
of 𝑈 -statistics.
III. M AIN R ESULTS
Due to the complexity of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ), it is very difﬁcult to
give its accurate distribution directly. As such, we endeavor to
present an asymptotic analysis at ﬁrst. Due to the space limit,
proofs are omitted.
According to (3), a key property of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) is that it
is the inverse of the sum of random variables, which can be
processed by using the following lemma.
Lemma 1: Given i.i.d. random variables {𝑋𝑖 , 𝑖 =
1, ⋅ ⋅ ⋅ , 𝑛} with bounded values, deﬁne a sequence of random
variables
∑
2
sin2 (𝑋𝑖 − 𝑋𝑗 ).
(5)
𝑆𝑛 =
𝑛(𝑛 − 1)

(2)

where 𝜐 = {𝑇𝑖 , 𝑖 = 1, ⋅ ⋅ ⋅ , 𝑛}. That is, 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) is the
scalar metric for the performance limit with the expression:
𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) = ∑

𝜎𝑇2 𝑐2 𝑛
.
2
1≤𝑖<𝑗≤𝑛 sin (𝛼𝑖 − 𝛼𝑗 )

1≤𝑖<𝑗≤𝑛

(3)

Then, as 𝑛 → ∞,
1
1
=
+ 𝑀𝑛 + 𝑅 𝑛
𝑆𝑛
𝑚𝑋

B. A Random Sensor-Anchor Geometry Model
To carry out this study, we deﬁne the random sensor-anchor
geometry model by assuming
Assumption 2: The 𝑛 anchors are randomly and uniformly
deployed within a circle of radius 𝑅 (𝑅 > 0) centered at the
sensor.
In Assumption 2, 𝑅 is the upper bound on practical
distances used in the wireless communication system. By
Assumption 2, each possible sensor-anchor geometry is equiprobable, in the sense that the sensor-anchor geometry follows
a “uniform” distribution. As a result, 𝜔 = {𝑑𝑖 , 𝛼𝑖 , 𝑖 =
1, ⋅ ⋅ ⋅ , 𝑛} are mutually independent random variables and the
scalar metric 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) is random. In what follows, we
shall study the distribution, mean and standard deviation of
𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) and analyze the properties of sensor localization.

where 𝑚𝑋 = 𝐸(sin2 (𝑋1 − 𝑋2 )),
𝑀𝑛

=

2
𝑛(𝑛 − 1)

𝑔(𝑋𝑖 , 𝑋𝑗 )

=

1
−
𝑚𝑋

(6)

∑

𝑔(𝑋𝑖 , 𝑋𝑗 ),
1≤𝑖<𝑗≤𝑛
sin2 (𝑋𝑖 − 𝑋𝑗 )
,
𝑚2𝑋

(7)
(8)

and 𝑅𝑛 is the remainder term. For any 𝜀 > 0, 𝑅𝑛 satisﬁes
𝑃 𝑟 {∣𝑛𝑅𝑛 ∣ ≥ 𝜀}
𝑃 𝑟 {∣𝑛(ln 𝑛)𝑅𝑛 ∣ ≥ 𝜀}

=

𝑂(𝑛−1 ),

=

𝑜(1),

(9)
(10)

In Lemma 1, by letting 𝑋𝑖 = 𝛼𝑖 , we have 𝑚𝑋 = 0.5.
By using Lemma 1, our main result is further summarized as
follows.
Theorem 1: Let 𝜎𝑇 and 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) be the same variables
as deﬁned in the previous subsection and deﬁne a sequence of
random variables
)
(
𝑛(𝑛 − 1)
𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) − 2𝑛 + 2.
(11)
𝑉𝑛 =
2𝜎𝑇2 𝑐2

C. 𝑈 -statistics
𝑈 -statistics are very natural in statistical work, particularly in the context of independent and identically distributed
(i.i.d.) random variables, or more generally for exchangeable
sequences, such as in simple random sampling from a ﬁnite
population. The origins of the 𝑈 -statistics theory are traceable
to the seminal paper [15], which proved the Central Limit
Theorems for 𝑈 -statistics. Following the publication of this
seminal paper, the interest in this class of statistics steadily
increased, crystallizing into a well-deﬁned and vigorously
developing line of research in probability theory. Its formal
deﬁnition is presented as follows:

Then, as 𝑛 → ∞, 𝑉𝑛 converges in distribution to a chi-square
random variable of degree 2.
Remark 1: According to Theorem 1, if 𝑛 is sufﬁciently
large, the pdf of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) can be approximated by
𝑛(𝑛 − 1)
𝑛(𝑛 − 1)
𝑓𝜒 (
𝑥 − 2𝑛 + 2),
2𝜎𝑇2 𝑐2
2𝜎𝑇2 𝑐2
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(12)

where 𝑓𝜒 (⋅) is the pdf of the chi-square random variable of
degree 2. Therefore, we can approximate the moments of
𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) using (12), namely,

𝑆𝑡𝑑𝜔 (𝑇 𝑟(𝐶𝑇 𝑂𝐴 ))

≈
≈

4𝜎𝑇2 𝑐2
,
𝑛−1
4𝜎𝑇2 𝑐2
.
𝑛(𝑛 − 1)

n=20
Cumulative Probability

𝐸𝜔 (𝑇 𝑟(𝐶𝑇 𝑂𝐴 ))

1

(13)
(14)

IV. S IMULATIONS
In this section, we report on simulations to verify Theorem 1
and the accuracy of using (13) and (14). In the simulations, we
let 𝜎𝑇 𝑐 = 1 m which was measured in a typical environment
in [8].
In the ﬁrst place, we plot the distribution functions and
pdfs of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) from both simulations1 (with the legend
“Simulation”) and the random variable deﬁned by (12) (with
the legend “Formula”) for 𝑛 = 5, 10, 15, 20 in Fig. 2. It can
be seen that the discrepancies between the pairs of distribution functions (or pdfs) are quite small, and vanish with 𝑛
increasing, which is certainly consistent with Theorem 1. Note
that every curve of the pdf from the simulations contains a
sharp curvature, but the corresponding curve from the given
random variable is perfectly smooth; this does not invalidate
Theorem 1, due to the fact that as 𝑛 increases, the curve
associated with 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) tends to become an impulse such
that the minimum of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) will overlap with the value
of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) attaining the maximum of the pdf.
From Fig. 2(a), we can obtain a clear understanding about
𝑇 𝑟(𝐶𝑇 𝑂𝐴 ). When 𝑛 = 5, 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) has a lower limit around
0.8 m2 and can be far greater than (𝜎𝑇 𝑐)2 = 1 m2 (𝜎𝑇 𝑐
denotes the accuracy of distance measurements from TOA);
when 𝑛 ≥ 10, the lower limit of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) reduces to be less
than 0.4 m2 and 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) could hardly take values above 1
m2 .
In the second place, we plot 𝐸𝜔 (𝑇 𝑟(𝐶𝑇 𝑂𝐴 )) and
𝑆𝑡𝑑𝜔 (𝑇 𝑟(𝐶𝑇 𝑂𝐴 )) from simulations2 and formulas (13) and
(14) in Fig. 3(a), as well as the associated relative errors3
in Fig. 3(b). It is clear that the accuracies of both formulas
improve with 𝑛 increasing; in addition,, both formulas produce
overestimates and the relative error of (13) is much smaller
than that of (14). Assuming that a relative error below 10%
is acceptable, (13) is applicable if 𝑛 ≥ 6, whereas (14) is not
applicable even if 𝑛 = 20.
In what follows, we present some useful remarks on the
properties of sensor localization provided that (13) and (14)
are applicable.
Remark 2: Equation (13) quantitatively characterizes the
average performance limit over all possible sensor-anchor
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Fig. 2. The distribution functions and pdfs of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) with 𝑅 = 10m
and 𝜎𝑇 𝑐 = 1m.

geometries and is indicative for evaluating the average localization performance over a period of time and/or in a wide
region. In addition, because the mean is in inverse proportion
to 𝑛, a critical value 𝑛∗ differing from the parameters 𝜎𝑇 𝑐
can be determined, such that having more anchors than 𝑛∗
contributes little to the quality of sensor localization.
Remark 3: The dispersion of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) reﬂects its sensitivity to sensor-anchor geometries. Speciﬁcally, with a large
dispersion, the chance of having two different sensor-anchor
geometries which leads to a big difference in the resulting
values of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) is large, implying a large sensitivity,
and we should be careful about sensor-anchor geometries; by
contrast, with a small dispersion, the chance is certainly small,
so is the sensitivity, and there is less reason to worry about
sensor-anchor geometries even if the anchors are randomly
deployed. Given a random variable, the coefﬁcient of variation,
deﬁned to be the ratio of its standard deviation to its mean, is a
normalized measure of dispersion of its distribution. Therefore,
the coefﬁcient associated with 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) is 𝑛1 and the less is
the coefﬁcient, the smaller is the sensitivity. In particular, if
the coefﬁcient equals its minimum, i.e. 0, all the sensor-anchor

1 100000 single-hop sensor localization scenarios are generated, the CRLB
in each scenario is then evaluated, and the distribution function of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 )
is approximately computed using the Matlab routine “ksdensity”.
2 𝐸 (𝑇 𝑟(𝐶
𝜔
𝑇 𝑂𝐴 )) and 𝑆𝑡𝑑𝜔 (𝑇 𝑟(𝐶𝑇 𝑂𝐴 )) are respectively approximated
by the sample mean and sample standard deviation of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) which are
evaluated based on the simulation results in the previous step.
3 The relative error is deﬁned to be the ratio of the difference between the
quantity from the simulations and that from the corresponding formula to the
former one.

45

tributions, as well as considering other types of measuring
techniques, including time difference of arrival (TDOA), etc. In
addition, it is more attractive, but of course extremely difﬁcult,
to conduct similar studies for multi-hop sensor localization.

1.4
Simulation Mean
Analytical Mean
Simulation Std
Analytical Std

1.2
1
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Fig. 3. The means and the standard deviations of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ) from the
simulations and formulas, and the corresponding relative errors, with 𝑅 =
10m and 𝜎𝑇 𝑐 = 1m.

geometries will result in one unique value of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 ), so
that the minimum sensitivity is attained. Alternatively, we can
observe the sensitivity from Fig. 2(b): the range of 𝑇 𝑟(𝐶𝑇 𝑂𝐴 )
with a non-trivial probability becomes narrower and narrower
with 𝑛 increasing, implying that the sensitivity is reducing.
V. C ONCLUSION AND F UTURE W ORK
In this paper, we investigated the performance limit of
single-hop sensor localization with the TOA measurements by
statistically sensor-anchor geometry modeling. That is, the positions of anchors are assumed to be random and the statistical
attributes of the trace of the CRLB matrix embodies essential
features of sensor localization. With strict mathematical proofs,
we showed that the trace of the CRLB matrix converges to a
random variable which is an afﬁne transformation of a chisquare random variable of degree 2. Based on this study, we
analyzed the features of sensor localization and carried out
extensive simulations.
In future work, we would like to take into account other
distributions of anchor positions other than the uniform dis-
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