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Abstract— We consider Generalized Linear Dynamic Factor
Models in a stationary context, where the latent variables and
thus the static and dynamic factors are the sum of a linearly
regular and a linearly singular stationary process and the noise
process is linearly regular. The linearly singular component
may be useful for modeling e.g. business cycles or seasonal
fluctuations in the observed variables. We present a structure
theory for this case. The emphasis is laid on the autoregressive
case. In general the stationary solutions of the autoregressive
models considered here consist of a linearly regular and a
linearly singular part. The linearly singular part corresponds
to the homogeneous solution of a system having stable roots as
well as roots of modulus one. We discuss the solutions of the
Yule Walker equations for this case.
Index Terms— Generalized Dynamic Factor Models, Linearly
Regular and Linearly Singular Stationary Processes, Yule
Walker Equations, Identification, High Dimensional Time Series

I. I NTRODUCTION
Modeling high dimensional time series is an important
issue in many applications. As is well known traditional
approaches for modeling high dimensional time series are
plagued by the so called “curse of dimensionality”. For
instance if unrestricted autoregressions with maximum lag
p are used and N is the cross-sectional dimension, the
dimension of the parameter space is equal to N 2 p whereas
the amount of the data is NT , where T is the sample size.
There are several approaches to overcome this curse of
dimensionality in modeling of high dimensional time series,
such as grey box models, panel time series models or
factor models. In this contribution we deal with Generalized
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Linear Dynamic Factor Models (GDFMs) which have been
introduced in [7], [8] and, in a slightly different form, in
[15], [16]. The idea is to generalize and combine linear
dynamic factor models with strictly idiosyncratic1 noise
as analyzed in [13] and [14] and generalized linear static
factor models, introduced in [3] and [4].
The basic idea of GDFMs is that the N-dimensional
observation at time t, ytN say, can be represented as
ytN = ŷtN + utN

(1)

where (ŷtN ) is the process of latent variables, which
only depend on a few factors and thus are co-moving
and a noise part (utN ) which now, in contrast to strictly
idiosyncratic dynamic factor models, is weakly dependent
in the cross-sectional dimension and therefore is called
weakly idiosyncratic. The generalization from strict to weak
idiosyncratic noise is crucial in defining the difference
between GDFMs and “classical” dynamic factor models.
The focus of this contribution is on structure theory.
In structure theory, we treat identification in an idealized
setting, where we commence from population rather than
from sample second moments. Although this is an idealized
setting, certain problems occurring in actual estimation from
finite data can already be solved at the level of structure
theory ([8],[5]). Up to now GDFMs have been used for
applications in macro economics and finance, both for
forecasting, but recently also for analysis of economic
relations. We think, that these models are of great potential
use for engineering too, in particular in case of “oversensoring”, e.g. in situations where a sensor network is used
to collect many data to cooperatively monitor physical or
environmental conditions [11].
The novelty of the analysis given in this paper is that
we allow for a linearly singular component (harmonic
process) to be present in the latent variables.
In section II we discuss the model class in detail and in
setion III we are concerned with finding a model for the
latent variables ŷt . This is decomposed in two steps, finding
a linear static transformation between the latent variables and
the static factors and then finding a linear dynamic model for
1 “Idiosyncratic” means specific for a particular univariate time series, as
opposed to “co-moving”. We use the term “strictly idiosyncratic” noise if
the noise components are mutually uncorrelated in cross-section, i.e. if the
noise spectrum is diagonal.
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the static factors from the Yule Walker equations. Moreover
the second moments of the linearly regular part and of the
linearly singular part of the static factors are described.
II. T HE M ODEL C LASS

Assumption 4. The double-indexed sequence (yit | i ∈ N,t ∈
Z) corresponds to a nested sequence of models, in the sense
that ŷit and uit do not depend on N for i ≤ N, where e.g. yit
denotes the i-th component of ytN .

We impose the following assumptions:
Assumption 1. EŷtN = EutN = 0
�

Assumption 2. E[ŷtN uNs ] = 0

∀t

∀s,t

Assumption 3. (ŷtN ) and (utN ) are wide sense stationary,
where (utN ) is (linearly) regular with absolutely summable
covariances and (ŷtN ) is a sum of a (linearly) regular part
(ŷtrN ) and a (linearly) singular part (ŷtsN ) according to Wold
decomposition (see [12],[9]). In addition we assume that
(ŷtrN ) has absolutely summable covariances and while (ŷtsN )
is a harmonic process (see [6]) of the form
ŷtsN =

h

∑ eiλ j t CNj z j

of Generalized Dynamic Factor Models, indexed by N. While
the assumptions 1 - 3 are rather unspecific, the additional
assumptions 4 - 10 below are central for the definition of
GDFMs.

(2)

j=1

where CNj ∈ CN×1 and the complex valued one dimensional
random variables z j satisfy
• |z j | = 1, j = 1, ..., h
• Ez j = 0, j = 1, ..., h
• Ez j z̄l = 0, ∀ j �= l, where ¯ denotes complex conjugation
N
• λ j+1 = −λh− j , z j+1 = z̄h− j and CN
j+1 = C̄h− j for j =
0, 1, · · · , h/2 − 1
and the frequencies are ordered in decreasing size, i.e. λ j >
λ j+1 .
As in general a harmonic process is non ergodic and as
we only consider a single trajectory, the randomness may
be confined to the phases of the z j . Thus the normalization
condition |z j | = 1 can be justified.
By these assumptions, the spectral densities of the respective
linearly regular parts exist and in an obvious notation we can
write
fyN (λ ) = fŷN (λ ) + fuN (λ ).
(3)
Clearly the linearly singular parts of (ytN ) and (ŷtN )
are identical with spectral distribution function F sN (λ ) =
N N∗
∗ means con∑ j:λ j ≤λ CNj Ez j z̄ jCN∗
j = ∑ j:λ j ≤λ C j C j , where
jugation and transposition, and thus the spectral
distribution
�λ N
function FyN of (ytN ) is of the form FyN (λ ) = −π
fy (ω)dω +
F sN (λ ).
By inclusion of the linearly singular component we allow
for exact oscillations in the observed data. Note that we
consider the case where the frequencies of the oscillations
are not necessarily known a priori. Of course, the task of
parameter identification is greatly simplified by knowing
such frequencies.
In the applications we have in mind not only the sample
size T but also the cross-sectional dimension N is large. For
instance in typical economic situations N is 100 or 120. This
is a justification for developing an asymptotic theory where
both the sample size T and the cross-sectional dimension N
are tending to infinity. Accordingly we consider a sequence

Assumption 5. There is an N0 such that for all N ≥ N0 , fŷN
is a rational spectral density with constant rank q < N on
[−π, π], and with q independent of N.
Assumption 6. The number of oscillations h in (2) is
independent of N (N ≥ some N0 ).

Assumption 7 (Strong dependence for the linearly regular
part of the latent variables). The first q (i.e. the q largest)
eigenvalues of fŷN diverge to infinity for all frequencies, as
N → ∞.

Assumption 8 (Strong dependence for the linearly singular
part of the latent variables). The nonzero eigenvalues of
N
N∗
CNj+1CN∗
j+1 +Ch− jCh− j diverge for N → ∞.

Assumption 9 (Weak dependence for the noise). The largest
eigenvalue of the spectral density of utN is uniformly bounded
for all frequencies and N.
In addition in our analysis we assume
Assumption 10. The dimension, n say, of a minimal state
space realization of a stable and mini-phase spectral factor
of fŷN is independent of N (N ≥ some N0 ).
Let us discuss some of the assumptions now. As can be
shown, weak dependence means that the influence of the
noise can be filtered out by letting N going to infinity. On the
other hand strong dependence means that the space spanned
by the latent variable is not affected by such a filtering
operation (see [8]). A practical example would be a technical
system endowed with a large number of sensors. Here the
latent variables would represent the unobserved true variables
and the idiosyncratic noise would be the vector of measurement errors. The linearly singular component describes
sinusoidal variations in the latent variables. The intuitive
meaning of strong dependence is that there is sufficient
comovement on a sufficient number of latent variables, both
for the linearly regular and the linearly singular component.
A simple mathematical example for this would be as follows




1+i
1−i
 
 1
1 − i
1 + i
1
ut




 .. 
 .. 
N
iλ1 t 1 + i
−iλ1 t 1 − i
yt =  .  εt + e 
z +e

 z̄ +  . 
1 − i 1
1 + i 1




1
utN
..
..
.
.
(4)
Here εt as well as uti , i = 1, ..., N are white noise processes
which are mutually uncorrelated and both of these processes
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are uncorrelated with the complex variables z1 , z̄1 . Eεt2 =
E|uti |2 = 1. Therefore


1 ... 1


fŷ = 1/(2π)  ... . . .

1

1

and thus the largest eigenvalue of fŷ is N/(2π); thus
the linearly regular part of the latent variables is
strongly dependent. An analogous statement holds for
the linearly singular part. Clearly the noise in this
example
By premultiplying (4) with
� is weakly dependent.
�
1 1 1 1 ...
1/N
we obtain the static factor (as
1 −1 1 −1 . . . � �
� �
�
�
ε
z
z̄1
defined in Section III) zt = t + eiλ1 t 1 + e−iλ1 t
.
0
iz1
−iz̄1

From now on, unless the contrary is stated explicitly,
for the sake of simplicity of notation, we will omit the
superscript N.
Let us discuss the linearly singular components in more
detail. Note that st = ∑hj=1 eiλ j t z j is a one dimensional
(minimal) dynamic factor2 for the linearly singular
component ŷts . Because of assumption 3 we can write st as
st =

h/2

∑ 2(Re(z j ) cos λ j t − Im(z j ) sin λ j t)

(5)

j=1

where Re and Im denote the real and the imaginary part of
a complex number respectively. Note that the consideration
of vectors z j (of dimension larger than one) doesn’t make
sense in our context, since the covariance matrix Ez j z∗j
could not be estimated consistently. Even if there are two
independent vectors affecting different outputs, with the
same frequency, for a single sample function this would be
indistinguishable from the rank 1 situation argued here. For
this reason, z j is assumed to be one dimensional.
The linearly singular part of the latent variables
ŷts is obtained by a linear dynamic transformation
s
of st with
� a transfer function w (λ ) described by
C j for λ j , j = 1, .., h
ws (λ ) =
. Then clearly EC j |z j |2C∗j
0 λ �= λ j
is of rank one.
III. M ODELING THE S TATIC FACTORS , THE Y ULE
WALKER EQUATIONS
As has been said already, by our assumptions, asymptotically,
the noise can be filtered out from the observations (see
[8]). For this reason, in our structural analysis, we restrict
ourselves to the problem of finding a model for the latent
variables. In addition, we commence from the population
rather than from the sample second moments of the latent
variables.
2A

(minimal) dynamic factor is a process (of minimal dimension) which
gives the latent variables (or its linearly regular and singular components
respectively) as a linear dynamic transformation.

A static factor zt is a random variable such that
ŷt = Hzt , H ∈ RN×r

(6)

holds. We are primarily interested in minimal static factors,
i.e. in static factors of minimal dimension. As is easy to see,
minimal static factors can be obtained from
Eŷt ŷt� = HEzt zt� H �

(7)

where r = rk Eŷt ŷt� , and they are unique up to
premultiplication by constant nonsingular (real) matrices.
In general, static factors consist of a linearly regular
and a linearly singular part. By assumptions 6 and 10, the
dimension r of a minimal static factor is independent of
N, and clearly r < N holds, from a certain N0 onwards.
For this reason, it is convenient to decompose the modeling
procedure for (ŷt ) into two steps:
1) modeling of the linear static relation between latent
variables and minimal static factors. As is seen from
(7) this is straight forward.
2) modeling the dynamics of the static factors, which is
the core problem considered here.
Consider the decomposition of the static factors, corresponding to Wold decomposition
zt = ztr + zts

(8)

where (ztr ) is linearly regular and (zts ) is linearly singular. The
analysis of the linearly regular part is described in detail in
[5]. The linearly regular part has a Wold representation
ztr =

∞

∑ k j εt− j , k j ∈ Rr×q , Eεt εt� = I

(9)

j=0

The coefficients k j in (9) are unique up to postmultiplication
by an orthogonal matrix which independent on j. By (6) and
assumption 5 the spectral density fz of (ztr ) is rational and
has the same rank q as fŷ . Note that r ≥ q holds. Clearly,
εt is a dynamic factor for the linearly regular part ŷtr of ŷt .
Also note, that the dimension, rr say, of a static factor for
the linearly regular part ŷtr may be smaller than r, because
�
the rank of Eŷtr ŷtr may be smaller than the rank of Eŷt ŷt� . As
has been shown in [1], for rr > q, generically the linearly
regular part ŷtr can be represented by an autoregression.
Given the dynamic factor in (5) a static factor for the
linearly singular part can be obtained as


(Rez1 − Imz1 ) cos λ1t
 (−Imz1 − Rez1 ) sin λ1t 


(10)
zts = 2 

..


.
(−Imzh/2 − Rezh/2 ) sin λh/2t
Note that this static factor is not necessarily a minimal one.
The relation between the static and the dynamic linearly
singular factor is the following
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1
i

0


s
zt = 0





0
0
1
i

...
...
0
0
..
.

... ...

1
i

1
−i

as otherwise ã−1 (z)b = a−1 (z)b would have a pole inside
or on the unit circle. Note that ã(z) isn’t a solution of
the Yule Walker equations if the linearly singular part zts
is nonzero. Further note, that the transfer function a−1 (z)b,
which corresponds to the Wold decomposition (9), is unique
up to postmultiplication by constant orthogonal matrices.
Thus we can summarize the results in the following theorem.



... 0
1
. . . 0 −i
 s

0
1
0
 k1 (λ )
 . 
0 −i 0 
  ..  st

.
 ks (λ )
..
 h


(11)
�
1 λ = λj
where
=
is the transfer function for z j ,
0 else
i.e. z j = ksj (λ )st . Since zts is a harmonic process, it can be
obtained as the homogeneous solution of an autoregression
with innovation equal to zero, where all zeros of the autoregression polynomial are of modulus one. Now it is easy to
show, that the best linear least squares forecast of zt given
zt−1 , zt−2 , ... only depends on the finite past zt−1 , ..., zt−p and
the forecasting error is of the form k0 εt ; In other words, zt
is the stationary solution of an autoregressive system of the
form
zt = a1 zt−1 + ... + a p zt−p + bεt
(12)
ksj (λ )

where a j ∈ Rr×r and b = k0 ∈ Rr×q , with

det(I − a1 z − ... − a p z p ) �= 0, |z| < 1

(17)

An analogous result has been obtained from a slightly
different point of view in [10].
From (17)
 r 
zt
�
�
 ..  r�
r
r�
Γ p = E  .  zt , ..., zt−p+1
r
zt−p+1

Γsp = Γ p − Γrp

(13)

The Yule Walker equations of the process zt are of
the form
(14)

Σ = γ0 − (a1 , . . . , a p )(γ1 , . . . , γ p )�
(15)


γ0
· · · · · · γ p−1
.. 
 ..
 .
γ0
. 
�


where γ j = Ezt zt− j , Γ p =  .
..  and
.
.
.
 .
.
. 
�
γ p−1
··· ···
γ0
Σ = Ebεt (bεt )� = bb� .
Let a(z) = I − a1 z − ... − a p z p where (a1 , . . . , a p ) is a solution
of the Yule-Walker equations (14). Since (zt ) is stationary its
linearly regular part (ztr ) is stationary too with innovations
(εt ) corresponding to Wold decomposition (9). The fact that
(bεt ) is linearly regular implies that a(z)zts = 0 holds and thus
a(z)ztr = bεt must hold. Let k(z) = ∑∞j=0 k j z j and ztr = k(z)εt ,
then a(z)k(z)εt = bεt . Since (εt ) is persistently exciting, the
transfer function a−1 (z)b has poles only outside the unit
circle. Now we define ã(z) by
a(z) = c(z)ã(z), b = c(z)b

fz (λ ) = 1/(2π)a−1 (e−iλ )bb� a−1∗ (e−iλ )

can be obtained and then

where z is both the backward shift and a complex variable,
and, for r > q, the variance matrix of the one step ahead
forecast error is singular. For the case of (linearly) regular
processes, such systems have been discussed in detail in [5].

(a1 , . . . , a p )Γ p = (γ1 , . . . , γ p )

Theorem 1. Every solution of the Yule Walker equations (14)
together with every matrix b of full column rank q satisfying
bb� = Σ, with Σ defined in (15), uniquely defines the transfer
function a−1 (z)b corresponding to the linearly regular part
ztr and the spectral density fz of ztr given by

(18)

is the corresponding block Toeplitz matrix of the linearly singular process (zts ). Analogously to (2), the linearly singular
process zts is given by
zts =

h

∑ eiλ j t D j z j , D j ∈ Cr×1

(19)

j=1

and its spectral distribution function Fzs is given by
Fzs (λ ) =

∑

j:λ j ≤λ

D j D∗j

(20)

As Γsp uniquely determines all covariances of (zts ) and as
these covariances are in a one-to-one relation with the spectral distribution function (20), D j D∗j is uniquely determined
from Γsp .
IV. C ONCLUSIONS
In this contribution we have presented a Generalized Linear
Dynamic Factor Model where the latent variables are the
sum of a linearly regular and a linearly singular component
whereas the noise is a linearly regular process only. By
inclusion of the linearly singular component we allow for
exact oscillations in the observed data. We analyze the Yule
Walker equations for the static factors for this case and
describe how to obtain the second moments of the linearly
regular and the linearly singular part of the static factors.

(16)

where c(z) is a greatest common left divisor of (a(z), b) with
c(0) = I. The existence of such a left coprime pair (ã(z), b)
has been shown in [2]. Since (ã(z), b) is left coprime,
ã(z) defined by (16) is stable, i.e. det(ã(z)) �= 0, |z| ≥ 1,
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