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Abstract—This paper considers formation shape control of a
team of four agents in the plane, motivated by an example from
[1]. We utilize bidirectional, gradient-based interagent distance
control laws which are designed so that the agents cooperatively achieve a specified desired formation shape. When every
interagent distance is actively controlled (i.e. the information
architecture is a complete graph), there may exist equilibrium
formation shapes with incorrect interagent distances. We prove
that any incorrect equilibrium formation shape is locally unstable for formations with internal angles that satisfy an acuteness
condition and thereby establish that the desired formation shape,
for all practical purposes, is globally asymptotically stable.

I. I NTRODUCTION
Autonomous vehicle formations and mobile sensor networks have ubiquitous potential for scientific and engineering applications and present unique technical challenges.
Applications include teams of UAVs performing military
reconnaissance and surveillance missions in hostile environments, satellite formations for high-resolution Earth and deepspace imaging, and submarine swarms for oceanic exploration
and mapping. A fundamental task for autonomous vehicle
formations is formation shape control. Precisely controlled
formations can maintain mobile agents in optimal sensing
configurations.
In this paper, the formation shape is controlled by actively
controlling a certain set of interagent distances using relative
position measurements. The objective is to design motion
control laws for each agent such that the agents cooperatively and autonomously achieve a specified desired formation
shape. Early work within this framework includes [2]–[5].
In [2], Eren et al propose the use of graph rigidity theory
(see e.g. [6]) for modeling information architectures. In [3]
and [4], Olfati-Saber and Murray also utilize graph rigidity
theory and propose gradient control laws based on structural
potential functions which are generated from the graph. In
[5], Baillieul and Suri also utilize graph rigidity theory and
discuss application to formations of non-holonomic robots.
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More recently, in [1] Krick et al provide a complete
analysis showing that the desired formation shape is locally
asymptotically stable under a gradient control law, provided
that the information architecture is rigid. They emphasize that
the desired formation shape is a three-dimensional equilibrium manifold, and therefore since the resulting linearized
system is non-hyperbolic, a non-trivial application of center
manifold theory is required. The global stability properties
of the desired formation shape remain a challenging open
problem. An interesting simulation from [1] that touches on
global stability properties involves a four-agent formation
with a complete graph information architecture (i.e. all interagent distances are actively controlled). The formation appears
to converge to an incorrect shape (whereby incorrect shape
refers to a formation with interagent distances not all the
same as those in the desired shape), and they conclude that
the desired shape is not globally asymptotically stable.
In this paper, we elaborate on this four-agent example
from [1]. In particular, we show that the observed incorrect
equilibrium formation is in fact an unstable saddle. More
generally, we show that under certain acuteness conditions
on the desired formation shape, any possible incorrect equilibrium shape is unstable and thereby establish that the
desired shape is almost globally asymptotically stable. That
is, although there exist some trajectories which may converge
to the incorrect shape, the initial conditions that give rise
to such trajectories belong to a set of measure zero; any
infinitesimally small perturbation will cause divergence from
these trajectories, and the agents will converge to the desired
shape.
The paper is organized as follows. Section II presents
the equations of motion for the four-agent formation shape
control problem and examines the example from [1]. We
provide an easily checkable condition for local instability
of an equilibrium shape and consider the general class of
rectangular desired formations. In Section III, we consider
the most general classes of four-agent formations and prove
our main result. Section IV gives some concluding remarks
and future research considerations.
II. E QUATIONS OF M OTION AND E XAMPLES
In this section, we present equations of motion for the fouragent formation shape control problem. We then examine the
example from [1] that illustrates existence of an incorrect
equilibrium formation shape and show that this shape is an
unstable saddle.
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where the matrix 𝐸(𝑝) is given by
𝐸(𝑝) =
[ 𝑒 +𝑒
12













Fig. 1. A desired formation configuration and its reflection in the plane
both satisfy the same prescribed interagent distance constraints.

A. Equations of Motion
Let 𝑝 = [𝑝1 , 𝑝2 , 𝑝3 , 𝑝4 ]𝑇 ∈ ℜ8 be a vector of the four
agent positions in the plane. Following [1], we use a single
integrator agent model to describe the motion of each agent
𝑝˙ 𝑖 = 𝑢𝑖 where 𝑢𝑖 is the control input to be specified. Let 𝑑 =
[𝑑12 , 𝑑13 , 𝑑14 , 𝑑23 , 𝑑24 , 𝑑34 ]𝑇 be a vector of desired interagent
distances that define the formation shape and are to be actively
controlled. We assume that the entries of 𝑑 correspond to a
realizable shape.
We define the rigidity function as a vector of the current
interagent distances corresponding to the entries of 𝑑

13 + 𝑒14
−𝑒12
−𝑒13
−𝑒14

−𝑒12
𝑒12 + 𝑒23 + 𝑒24
−𝑒23
−𝑒24

−𝑒13
−𝑒23
𝑒13 + 𝑒23 + 𝑒34
−𝑒34

−𝑒14
−𝑒24
−𝑒34
𝑒14 + 𝑒24 + 𝑒34

]

(5)

where ⊗ is the Kronecker product. The equilibrium points of
the closed-loop system (4) are the same as the critical points
of the potential function 𝑉 . The Jacobian of the right side of
(4), which we denote as 𝐽𝑓 (𝑝), is the same as the negative
of the Hessian of 𝑉 , which we denote as 𝐻𝑉 (𝑝). These are
given by
𝐻𝑉 (𝑝) = 2𝐽𝑟 (𝑝)𝑇 𝐽𝑟 (𝑝) + 𝐸(𝑝) ⊗ 𝐼2 = −𝐽𝑓 (𝑝).

(6)

Therefore, a study of the stability of the equilibrium points of
(4) amounts to a study of the nature of the critical points of 𝑉 :
minima are locally stable and maxima and saddle points are
locally unstable. Note that the stability of an equilibrium point
is independent of rotation and translation of the formation
shape. In particular, only relative positions matter.

𝑟(𝑝) = [∣∣𝑝1 − 𝑝2 ∣∣2 , ∣∣𝑝1 − 𝑝3 ∣∣2 , ∣∣𝑝1 − 𝑝4 ∣∣2 ,
∣∣𝑝2 − 𝑝3 ∣∣2 , ∣∣𝑝2 − 𝑝4 ∣∣2 , ∣∣𝑝3 − 𝑝4 ∣∣2 ]𝑇

B. Krick Example

and the error function
𝑒(𝑝) = 𝑟(𝑝) − 𝑑2 = [𝑒12 , 𝑒13 , 𝑒14 , 𝑒23 , 𝑒24 , 𝑒34 ]𝑇

(1)

where the entries of 𝑑2 are the squares of the entries of 𝑑.
The desired formation shape is a three-dimensional manifold
in ℜ8 given by
𝑃𝑑 = {𝑝 ∈ ℜ8 ∣𝑝 = 𝑟−1 (𝑑2 )}

(2)

which is non-empty for a realizable 𝑑. Note the following
symmetry for any planar formation: two distinct formation
orientations both correspond to a correct formation shape:
one orientation and its reflection in the plane, as illustrated
in Figure 1.
Now consider the potential function
1
1
∣∣𝑒(𝑝)∣∣2 = (𝑒212 + 𝑒213 + 𝑒214 + 𝑒223 + 𝑒224 + 𝑒234 ).
2
2
The function quantifies the total interagent distance error
between the current formation and the desired formation 𝑑.
Note that 𝑉 ≥ 0 and 𝑉 = 0 if and only if 𝑒(𝑝) = 0, that is if
and only if the formation is in the desired shape. Thus, 𝑉 is
a suitable potential function from which to derive a gradient
control law. Accordingly, let the control input be given by
𝑉 (𝑝) =

𝑢 = −∇𝑉 (𝑝)𝑇 .

(3)

Then the closed-loop system is given by
𝑝˙ = −∇𝑉 (𝑝)𝑇 = −[𝐽𝑟 (𝑝)]𝑇 𝑒(𝑝)
where 𝐽𝑟 (𝑝) is the Jacobian of the rigidity function 𝑟(𝑝) (also
known as the rigidity matrix). This can be expressed in the
following form
𝑝˙ = −(𝐸(𝑝) ⊗ 𝐼2 )𝑝
(4)

In [1], Krick et al prove for an 𝑛-agent formation that
under the gradient control law (3), the desired formation is
locally asymptotically stable (in the sense that for ∣∣𝑒(𝑝(0))∣∣
sufficiently small, ∣∣𝑒(𝑝(𝑡))∣∣ → 0 as 𝑡 → ∞) if the underlying
information architecture is rigid. Since the desired formation
shape given by (2) is a three-dimensional equilibrium manifold, the linearized system is non-hyperbolic and they utilize
center manifold theory to obtain the result.
The global stability properties remain a challenging open
problem, and in exploring this issue Krick et al give an
interesting four-agent example with 𝐾4 information architecture where the formation appears to converge to an incorrect
equilibrium formation shape. The example is as follows.
Suppose the desired formation is a 1 × 2 rectangle given
by 𝑑2 = [1, 5, 4, 4, 5, 1]𝑇 . It is easy to verify that when
we use the desired distances specified by 𝑑, any forma7 4 4 7 11 𝑇
is also an
tion with distance set 𝑑21 = [ 11
3 , 3, 3, 3, 3, 3 ]
equilibrium with incorrect interagent distances. The incorrect
equilibrium is a “twisted rectangle” with the term twisted
referring to a change in agent ordering, as illustrated in
the middle formation of Figure 2 (it turns out there is
a further incorrect equilibrium shape, which we discuss
later). Krick et al concluded that the desired shape is not
globally attractive since the control law appears to cause
convergence to an incorrect equilibrium shape. However,
when we evaluate the eigenvalues of the negative of the
Hessian evaluated at the incorrect shape (i.e. 𝑒𝑖𝑔[𝐽𝑓 (𝑝∗ )] =
𝑒𝑖𝑔[−𝐻𝑉 (𝑝∗ )] where 𝑝∗ satisfies 𝑝∗ = 𝑟−1 (𝑑21 )), we obtain
{0, 0, 0, −22.78, −14.67, −6.56, 1.33, 5.33}. Since there are
both positive and negative eigenvalues, then the incorrect
equilibrium shape is in fact a saddle and is therefore unstable.
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C. General Rectangular Formations
2

We can generalize the preceding example to the case where
the desired formation is a rectangle of arbitrary size. There
are two possible incorrect equilibrium shapes which manifest
as “twisted rectangles” with a change in agent ordering.
Let us first present a sufficient condition for local instability
of an equilibrium formation shape that can be checked more
easily than the eigenvalue condition. The result, applicable
without any restriction to a rectangular desired shape, is as
follows.
Lemma 1. Let 𝑝∗ be an equilibrium point of the closed-loop
system (4). Suppose the sum of errors at 𝑝∗ is negative, that
is 𝑒𝑠𝑢𝑚 (𝑝∗ ) = 𝑒12 + 𝑒13 + 𝑒14 + 𝑒23 + 𝑒24 + 𝑒34 < 0. Then
𝑝∗ is an unstable equilibrium of (4).
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Fig. 2. The desired formation is rectangular and there are two possible
“twisted rectangles” that are incorrect equilibrium shapes. Note that each
formation has two different pairs of agents on the diagonals of the rectangle:
(a) 13 and 24, (b) 12 and 34, and (c) 14 and 23.

Proof: Because of the form of the closed-loop system
(4), an equilibrium 𝑝∗ is unstable if the matrix −𝐸(𝑝∗ ) has
eigenvalues in the right half-plane. (*LATE NOTE: We have
recently realized that there is a logical gap in this claim that
requires some rethinking and further investigation in order to
guarantee the following results. This is currently underway.)
From (5), the trace of this matrix is given by







Fig. 3. In general, four-agent formations can be (a) quadrilateral or (b)
triangular.

𝑡𝑟(−𝐸(𝑝∗ )) = −2𝑒𝑠𝑢𝑚 (𝑝∗ )
If 𝑒𝑠𝑢𝑚 (𝑝∗ ) < 0, then 𝑡𝑟(−𝐸(𝑝∗ )) > 0, and since the trace
of a matrix is the sum of its eigenvalues, then at least one
eigenvalue of −𝐸(𝑝∗ ) must be in the right half-plane.
Now suppose that the desired formation is an 𝑎×𝑏 rectangle
given by 𝑑 = [𝑎2 , 𝑎2 + 𝑏2 , 𝑏2 , 𝑏2 , 𝑎2 + 𝑏2 , 𝑎2 ]𝑇 . It is easy to
verify that the “twisted” rectangle given by
2
1
1
1
1
2
𝑑1 = [𝑎2 + 𝑏2 , 𝑎2 + 𝑏2 , 𝑏2 , 𝑏2 , 𝑎2 + 𝑏2 , 𝑎2 + 𝑏2 ]𝑇
3
3
3
3
3
3
is an incorrect equilibrium shape. Similarly, the “twisted”
rectangle given by
1
2
2
1
1
1
𝑑 2 = [ 𝑎 2 , 𝑎 2 + 𝑏 2 , 𝑎 2 + 𝑏 2 , 𝑎 2 + 𝑏 2 , 𝑎 2 + 𝑏2 , 𝑎 2 ] 𝑇
3
3
3
3
3
3
is also an incorrect equilibrium shape. The desired and both
twisted equilibrium shapes are illustrated in Figure 2 for the
Krick example where 𝑎 = 1 and 𝑏 = 2.
A simple calculation with (1) gives the interagent distance
errors for each of the incorrect equilibrium shapes. The
sum∑of errors for the incorrect equilibrium shape 𝑑1 is
∑
2 2
sum of errors for the
𝑖
𝑗 𝑒𝑖𝑗 = − 3 𝑏 < 0, and the
∑ ∑
incorrect equilibrium shape 𝑑2 is 𝑖 𝑗 𝑒𝑖𝑗 = − 32 𝑎2 < 0.
Thus, by Lemma 1, both are unstable.
If one could show that any such incorrect equilibrium
shape is unstable, then the desired formation shape would
be almost globally asymptotically stable. That is, all initial
conditions, apart from a thin set that may converge to a saddle
equilibrium, would converge to the desired shape. We will
show in the rest of this paper that this is indeed the case for
any four-agent formation under certain acuteness conditions
on the internal angles of the desired formation.

III. G ENERAL F OUR -AGENT F ORMATIONS
In this section, we consider general four-agent formations.
As illustrated in Figure 3, formations of four agents can
assume two non-degenerate types: quadrilateral, where the
four agents are corners of a convex set, and triangular, where
one agent is inside the triangular convex hull of the three other
agents. Degenerate formations have a collinearity of three or
four agents or a collocation of two or more agents. We will
assume that the desired formation is non-degenerate.
We first present two results that give conditions for a
quadrilateral or triangular incorrect equilibrium shape to be
stable. These conditions are independent of the desired formation shape. We then present cases for the various possible
combinations of desired and incorrect formation shapes and
show that under certain acuteness assumptions on the desired
formation, the conditions for incorrect equilibrium shapes to
be stable result in contradictions. We give similar results for
degenerate incorrect formation shapes. It follows that under
the acuteness assumptions on the desired shape, all incorrect
shapes are in fact unstable, and thus the desired shape is
almost globally asymptotically stable.
Throughout the following analysis, we denote the interagent distances in the desired formation and in an incorrect
equilibrium shape as 𝑑𝑖𝑗 and 𝐷𝑖𝑗 , respectively.
Lemma 2. Suppose the quadrilateral in Figure 4(b) represents a stable incorrect equilibrium shape. Then there must
hold
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𝐷12 < 𝑑12 ,𝐷34 < 𝑑34 ,
𝐷13 > 𝑑13 , 𝐷14 > 𝑑14 ,𝐷23 > 𝑑23 , 𝐷24 > 𝑑24 .

(7)
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Proof: Consider Figure 4(b). From equilibrium at agent
1 , we have











′

𝑒12 (𝑝2′ − 𝑝1′ ) + 𝑒13 (𝑝3′ − 𝑝′ 1 ) + 𝑒14 (𝑝4′ − 𝑝1′ ) = 0. (8)









A point on the line between agents 3′ and 4′ , call it 𝑝𝜆 ,
satisfies
𝑝𝜆 = 𝜆𝑝3′ + (1 − 𝜆)𝑝4′ ,


































Fig. 4. The desired formation is the quadrilateral on the left and the other
formations represent possible configurations for incorrect equilibrium shapes.

𝜆 ∈ (0, 1).

We have
𝑝 𝜆 − 𝑝1 ′

=

𝜆(𝑝3′ − 𝑝1′ ) + (1 − 𝜆)(𝑝4′ − 𝑝1′ )

𝑝2 ′ − 𝑝 1 ′

=

𝛼(𝑝𝜆 − 𝑝1′ )

(9)

Lemma 3. Suppose the triangular formation in Figure 4(d)
represents a stable incorrect equilibrium shape. Then there
must hold

for some 𝛼 > 1 and some 𝜆 ∈ (0, 1). Combining (9) with
(8), we have

𝐷12 > 𝑑12 , 𝐷23 > 𝑑23 , 𝐷24 > 𝑑24 ,
𝐷13 < 𝑑13 , 𝐷14 < 𝑑14 , 𝐷34 < 𝑑34 .

(𝛼𝜆𝑒12 + 𝑒13 )(𝑝3′ − 𝑝1′ ) + (𝛼(1 − 𝜆)𝑒12 + 𝑒14 )(𝑝4′ − 𝑝1′ ) = 0

Proof: The proof is nearly identical to that of Lemma
2 where now 𝛼 < 1 and as a result we obtain the following
sign pattern for the triangular formation

and so
𝛼𝜆𝑒12 + 𝑒13

=

0

(10)

𝛼(1 − 𝜆)𝑒12 + 𝑒14

=

0.

(11)

Adding, we have

(17)

𝑠𝑔𝑛(𝑒12 ) = 𝑠𝑔𝑛(𝑒23 ) = 𝑠𝑔𝑛(𝑒24 ) = 𝑠𝑔𝑛(𝑒𝑠𝑢𝑚 )
= −𝑠𝑔𝑛(𝑒13 ) = −𝑠𝑔𝑛(𝑒14 ) = −𝑠𝑔𝑛(𝑒34 ).
For the triangular formation to be a stable equilibrium, we
require 𝑒12 > 0, and the above sign pattern gives the result.

𝛼𝑒12 + 𝑒13 + 𝑒14 = 0
which may be expressed as

A. Quadrilateral Desired Formation

𝑒12 + 𝑒13 + 𝑒14 = (1 − 𝛼)𝑒12 .

We begin with the following lemma.

Since 𝛼 > 1,
𝑠𝑔𝑛(𝑒12 + 𝑒13 + 𝑒14 ) = −𝑠𝑔𝑛(𝑒12 ).

(12)

By (10),
𝑠𝑔𝑛(𝑒12 ) = −𝑠𝑔𝑛(𝑒13 ) = −𝑠𝑔𝑛(𝑒14 ).
A similar argument from the equilibrium condition at agent
2 yields
𝑠𝑔𝑛(𝑒12 )

=
=

−𝑠𝑔𝑛(𝑒12 + 𝑒23 + 𝑒24 )
−𝑠𝑔𝑛(𝑒23 ) = −𝑠𝑔𝑛(𝑒24 )

(13)

and similar arguments from the equilibrium conditions at
agents 3 and 4 yield
𝑠𝑔𝑛(𝑒34 )

=

−𝑠𝑔𝑛(𝑒13 + 𝑒23 + 𝑒34 )

(14)

=

−𝑠𝑔𝑛(𝑒14 + 𝑒24 + 𝑒34 )

(15)

=

𝑠𝑔𝑛(𝑒12 )

(16)

Combining (12), (13), (14), (15), and (16), we have
𝑠𝑔𝑛(𝑒𝑠𝑢𝑚 ) = −𝑠𝑔𝑛(𝑒12 )
which implies via Lemma 1 that if 𝑒12 > 0 at the incorrect
equilibrium, then it is unstable. Note that if 𝑒12 = 0, then by
the above sign pattern all other errors are also zero, which
implies that the equilibrium is correct. Thus, for the incorrect
equilibrium to be stable, we must have 𝑒12 < 0, and the sign
pattern above gives the result.

Lemma 4. Suppose the quadrilateral in Figure 4(a) represents the desired formation and the twisted quadrilaterals in
Figure 4(b) and (c) and the triangular formation in Figure
4(d) represent incorrect equilibrium shapes. Suppose the
diagonals in the desired formation make acute angles with the
sides. Then the incorrect equilibrium shapes are all unstable.
Proof: Figure 4(b). Suppose the incorrect equilibrium
shape in Figure 4(b) is stable. Then from Lemma 2, (7) holds.
Now we claim that the angle 1′ 4′ 2′ must be acute. To establish
a contradiction, suppose this angle is not acute. Then since
angle 142 is acute by assumption, there holds
2
2
2
𝐷12
− 𝑑212 =𝐷14
− 𝑑214 + 𝐷24
− 𝑑224 − 2𝐷12 𝐷24 cos(1′ 4′ 2′ )

+ 𝑑12 𝑑24 cos(142) > 0
which contradicts 𝐷12 < 𝑑12 . Similarly, angles 1′ 3′ 2′ , 3′ 2′ 4′ ,
and 4′ 1′ 3′ are acute and since the sum of these with 1′ 4′ 2′ is
2𝜋, we have a contradiction. Thus, the incorrect equilibrium
shape is unstable.
Figure 4(c). Same as above with agents 2 and 4 exchanging
roles.
Figure 4(d). Suppose the incorrect equilibrium shape in
Figure 4(d) is stable. Then from Lemma 3, (17) holds.
Arguing again as before, angles 1′ 2′ 4′ and 3′ 2′ 4′ are both
acute. Since their sum with 1′ 2′ 3′ is 2𝜋, then 1′ 2′ 3′ > 𝜋,
which is impossible.
Remark. Proof of instability for incorrect triangular formations with either agent 1′ , 3′ , or 4′ in the convex hull of the
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Fig. 5.





 


















Two triangles with different distance sets.

remaining three is almost identical to the last case above and
is omitted.
We now consider the case in Figure 4(e) where an incorrect
equilibrium shape has the same configuration as the desired
shape (i.e. it is not twisted). We will make use of the following
lemma.
Lemma 5. Consider the two triangles in Figure 5 and let 𝑑𝑖𝑗
be interagent distances on the left and 𝐷𝑖𝑗 be the interagent
distances on the right. Suppose angles 123 and 132 are acute,
𝑑12 < 𝐷12 , 𝑑13 < 𝐷13 , and 𝑑23 > 𝐷23 . Then 2′ 1′ 3′ < 213.
Proof: We have

Fig. 6. The desired formation is the triangle on the left and the other figures
represent possible configurations for incorrect equilibrium shapes.

yields
𝐷13 < 𝑑13 ,𝐷24 < 𝑑24 ,
𝐷12 > 𝑑12 , 𝐷14 > 𝑑14 ,𝐷23 > 𝑑23 , 𝐷34 > 𝑑34 .
Then a direct application of Lemma 5 shows that angles
1′ 2′ 3′ , 2′ 3′ 4′ , 3′ 4′ 1′ , and 4′ 1′ 2′ are smaller than angles 123,
234, 341, and 412, respectively, establishing a contradiction.

B. Triangular Desired Formation

2
2
2
𝐷23
− 𝑑223 =𝐷12
− 𝑑212 + 𝐷13
− 𝑑213

Now we consider cases where the desired formation is
− 2𝐷12 𝐷13 cos(2′ 1′ 3′ ) + 2𝑑12 𝑑13 cos(213) < 0 triangular.
Using the length inequalities, it follows that
Lemma 7. Suppose the triangle in Figure 6(a) represents
′ ′ ′
−2𝐷12 𝐷13 cos(2 1 3 ) + 2𝑑12 𝑑13 cos(213) < 0.
(18) the desired formation and the triangles in Figure 6(b) and
(c) represents an incorrect equilibrium shape. Suppose the
or equivalently
angles 134, 341, and 413 are all acute. Then the incorrect
equilibrium shapes are unstable.
𝑑12 𝑑13
cos(213).
cos(2′ 1′ 3′ ) >
𝐷12 𝐷13
Proof: Figure 6(b). Suppose the incorrect equilibrium
shape
in Figure 6(b) is stable. Then from Lemma 3, (17)
′ ′ ′
′ ′ ′
If 2 1 3 is a right angle or is obtuse, then evidently 2 1 3 <
holds.
Then
a direct application of Lemma 5 shows that angles
213. If it is acute, we need a longer argument to show the
124,
123,
and
324 are greater than angles 1′ 2′ 4′ , 1′ 2′ 3′ , and
same conclusion. First, it is immediate from this equation that
′ ′ ′
3 2 4 , respectively, leading to a contradiction.
2′ 1′ 3′ is also acute. Further, since
Figure 6(c). Suppose the incorrect equilibrium shape in
𝑑23
𝐷23
sin(2′ 1′ 3′ )
sin(213)
Figure
6(c) is stable. With the new agent ordering, Lemma 3
=
>
=
sin(123)
𝑑13
𝐷13
sin(1′ 2′ 3′ )
now yields
whence
𝐷12 < 𝑑12 , 𝐷13 < 𝑑13 , 𝐷23 < 𝑑23 ,
sin(213)
sin(123)
(19)
>
𝐷14 > 𝑑14 , 𝐷24 > 𝑑24 , 𝐷34 > 𝑑34 .
sin(2′ 1′ 3′ )
sin(1′ 2′ 3′ )
′ ′ ′
′ ′ ′
′ ′ ′
To obtain a contradiction, suppose that 2′ 1′ 3′ ≥ 213. Then Note that at least two among 1′ 4′ 2′ , 2 4 3 , and 1 4 3 must
sin(1′ 2′ 3′ ) > sin(123) Since 123 is acute, this means that be obtuse. Suppose first that 1 4 2 is obtuse. Since 142 is
1′ 2′ 3′ > 123, whether or not 1′ 2′ 3′ is acute. A similar acute, and in light of (19) there holds
argument will show that 1′ 3′ 2′ > 132, and then the sum
of the three angles of the triangle 1′ 2′ 3′ will exceed the sum
for the triangle 123, which is impossible. So 2′ 1′ 3′ < 213.
Now we have the following result.
Lemma 6. Suppose the quadrilateral in Figure 4(a) represents the desired formation and the quadrilateral in Figure
4(e) represents an incorrect equilibrium shape. Suppose the
diagonals in the desired formation make acute angles with
the sides. Then the incorrect equilibrium shape is unstable.
Proof: Suppose the incorrect equilibrium shape in Figure
4(e) is stable. With the new agent ordering, Lemma 2 now

2
2
𝐷14
− 𝑑214 + 𝐷24
− 𝑑224 − 2𝐷14 𝐷24 cos(1′ 4′ 2′ )
+ 2𝑑14 𝑑24 cos(142) > 0

On the other hand, the cosine law shows that the expression
2
on the left is 𝐷12
− 𝑑212 , which is negative by (19). This is
a contradiction. Thus 1′ 4′ 2′ cannot be obtuse. Similarly, if
2′ 4′ 3′ were obtuse, there would hold holds
2
2
𝐷24
− 𝑑224 + 𝐷34
− 𝑑234 − 2𝐷24 𝐷34 cos(2′ 4′ 3′ )
+ 2𝑑24 𝑑34 cos(243) > 0
2
The left side is however 𝐷23
− 𝑑223 , which is negative by
(19), again resulting in a contradiction. Thus 2′ 4′ 3′ cannot
be obtuse, and a contradiction is obtained.
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Lemma 8. Suppose the triangle in Figure 6(a) represents
the desired formation and the quadrilateral in Figure 6(d)
represents an incorrect equilibrium shape. Suppose the angle
314 is acute. Then the formation on the right is unstable.
Proof: Suppose the incorrect quadrilateral in Figure 6(d)
is stable. From Lemma 2, there must hold
𝐷12 < 𝑑12 ,𝐷34 < 𝑑34 ,
𝐷13 > 𝑑13 , 𝐷14 > 𝑑14 ,𝐷23 > 𝑑23 , 𝐷24 > 𝑑24

(20)

Suppose 𝑧𝑖 and 𝑣𝑖 are the positions for the agents of the
triangle and quadrilateral formations, respectively. As the stability properties of the control law are rotation and translation
invariant in both the desired and incorrect formation, we can
without loss of generality assume that 𝑧1 = 𝑣1 = 0. Then
(20) implies
∣∣𝑧2 ∣∣

>

∣∣𝑣2 ∣∣

(21)

∣∣𝑧3 − 𝑧4 ∣∣
∣∣𝑧3 ∣∣

>
<

∣∣𝑣3 − 𝑣4 ∣∣
∣∣𝑣3 ∣∣

(22)
(23)

∣∣𝑧4 ∣∣

<

∣∣𝑣4 ∣∣

(24)

Further, for the triangle formation for some 0 < 𝑎𝑖 < 1 there
holds
𝑧 2 = 𝑎 3 𝑧3 + 𝑎 4 𝑧4 .
(25)
On the other hand, for the quadrilateral formation for some
𝑏𝑖 > 1 there holds
𝑣 2 = 𝑏3 𝑣 3 + 𝑏4 𝑣 4 .

(26)

From (21), (25), and (26) we have
𝑎23 ∣∣𝑧3 ∣∣2 + 𝑎24 ∣∣𝑧4∣∣2 + 2𝑎3 𝑎4 𝑧3𝑇 𝑧4 >𝑏23 ∣∣𝑣3 ∣∣2 + 𝑏24 ∣∣𝑣4∣∣2
+ 2𝑏3 𝑏4 𝑣3𝑇 𝑣4
Since angle 314 is acute, then
𝑧3𝑇 𝑧4 > 0.
Thus, from (23) and (24), and since 0 < 𝑎𝑖 < 1 and 𝑏𝑖 > 1,
we have
𝑧3𝑇 𝑧4 > 𝑣3𝑇 𝑣4 .
From (22) there also holds
∣∣𝑧3 ∣∣2 + ∣∣𝑧4 ∣∣2 − 2𝑧3𝑇 𝑧4 > ∣∣𝑣3 ∣∣2 + ∣∣𝑣4 ∣∣2 − 2𝑣3𝑇 𝑣4
From (23) and (24) this implies
𝑧3𝑇 𝑧4 < 𝑣3𝑇 𝑣4
which establishes a contradiction.
Remark. Similar analysis is possible to show instability of
all degenerate formations, in which three or more agents are
collinear, or two or more agents are collocated. This analysis
is omitted due to space limitations and will be included in a
forthcoming journal version.
We have shown that with certain acuteness conditions
on the desired formation, any possible incorrect equilibrium
shape is unstable. In particular, if the desired formation is
quadrilateral, any incorrect equilibrium shape is unstable if

the diagonals make acute angles with the sides, and if the
desired formation is triangular, any incorrect equilibrium
shape is unstable if the angles of the large triangle are
acute. It follows that the desired formation is almost globally
asymptotically stable. While there may be initial conditions
that converge to a saddle equilibrium, these belong to a set
of measure zero; any perturbation results in convergence to
the desired shape.
IV. C ONCLUDING R EMARKS
This paper has considered a four-agent formation shape
control problem using gradient-based interagent distance control laws with relative position measurements where the
information architecture is a complete graph. We examined
examples that feature equilibrium formation shapes with
incorrect interagent distances and showed that these were
unstable. More generally, we established that if the desired
formation satisfies certain acuteness conditions, then any possible incorrect equilibrium shape is unstable. It follows from
previous local stability results that despite the existence of
possible incorrect equilibria, the desired formation is almost
globally asymptotically stable.
Our preliminary study in this paper suggests several interesting further considerations. The first is an examination
of whether or not the acuteness assumption is necessary,
and if it is not then there is the challenge of removing it.
Second, while we have shown that any unstable incorrect
equilibrium shape is unstable, we have not counted how many
there may be for a given desired shape. Morse theory may
lead to a characterization (see e.g. [9]). Finally, one could
determine whether and how there results might generalize
to formations with more than four agents, and along these
lines a particularly interesting question is what role is played
by the information architecture properties, e.g. global rigidity.
More precisely, one could ask whether similar results as those
of this paper should be expected for a globally rigid 5 vertex
graph, or might one need to consider the complete graph 𝐾5 ?
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