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Abstract—This paper proposes a systematic approach to the
problem of restoring rigidity after loss of an agent, for twodimensional rigid multi-agent formations based on a particular
graph operation, the edge contraction operation. A rigidity
maintenance method is proposed, for the cases where an agent is
lost in an arbitrary two-dimensional rigid formation, to restore
rigidity by transferring all links to which this agent was incident
on to one of its neighbors. From a graph theoretical point of
view, this corresponds to contraction of a certain edge incident
to the vertex representing the agent being lost.

I. I NTRODUCTION
Distributed formation control of autonomous multi-agent
systems has gained significant attention in the last decade
in parallel with the interest in the practical applications of
such systems involving teams of unmanned aerial and ground
vehicles, combat and surveillance robots, underwater vehicles,
wireless sensor networks, etc [1]–[5]. For various reasons,
multi-agent systems, where each agent can be a vehicle, a
robot, or a sensor unit, constitute a more effective sensor than a
single vehicle in many cases [6]. One example motivator from
surveillance applications is that multiple mobile sensors can
cover a region of interest more quickly than a single sensor,
even with limited individual sensing range. Other examples in
different application areas can be seen in [6].
In most of the multi-agent system applications mentioned
above, accurate knowledge and control of the agents’ relative
positions in the formation is essential, where we use the term
formation for a collection of agents moving in real 2- or 3dimensional space to fulfill certain mission requirements. Correspondingly, many multi-agent system applications require
the shape of the corresponding formation to be preserved.
For example, target localization by a group of unmanned
airborne vehicles (UAVs) using either angle of arrival data
or time difference of arrival information is best achieved (in
the sense of minimizing localization error) when the UAVs
are located at the vertices of a regular polygon [7], [8].
This objective can be achieved by explicitly keeping some
inter-agent distances constant. In other words, some interagent distances are explicitly maintained constant so that all
the inter-agent distances remain constant. The information
structure arising from such a system can be efficiently modeled
using graph theoretical notions as detailed below.
In this paper, we consider the motion of the entire formation
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rather than individual agent behaviors and assume a pointagent system model [1], [9], noting that agent dynamics and
dynamic interactions are major issues in real world multivehicle formation control and some further discussions on
these issues can be found in [1] and the references therein.
We represent each multi-agent formation F by a graph GF =
(VF , EF ) with a vertex set VF and an edge set EF where each
vertex i ∈ VF corresponds to an agent Ai in F and each edge
(i, j) ∈ EF corresponds to an information link between a pair
(Ai , Aj ) of agents. GF is also called the underlying graph of
the formation F . Here, GF for a particular F can be directed
or undirected depending on the properties of information links
of F , as will be discussed below.
A formation F with an underlying graph GF = (VF , EF )
is called rigid if by explicitly maintaining distances between
all the pairs of agents which are connected by an information
link, i.e., whose representative vertices are connected by an
edge in EF , the distances between all other pairs of agents
in F are consequentially held fixed as well, and hence F
moves as a cohesive whole. Typically the agent pairs in F
whose inter-distances are explicitly maintained are the ones
having information (i.e., sensing and communication) links in
between, corresponding to the edges in the underlying graph
GF . Hence in (a geometric representation of) the underlying
graph GF , explicit maintenance of the distance between an
agent pair (Ai , Aj ) at a desired value dij with an information
link in between the two corresponds to keeping the length of
the edge (i, j) ∈ EF constant at dij . A rigid formation is
further called minimally rigid, if minimum possible number
of links are used to maintain the rigidity of the formation.
In many autonomous multi-agent formation applications,
one needs to analyze certain scenarios that have a significant
likelihood in practice, as a matter of guaranteeing robustness in
the presence of such scenarios [1]. In [3] three key categories
of such operations on rigid formations have been analyzed,
with focus on preservation of rigidity during these operations:
Merging, splitting and closing ranks.
The merging operation is out of the scope of this paper,
and the details can be found in [3]. In splitting, the case is
considered where a rigid formation F with underlying graph
GF = (VF , EF ) is split into two formations F1 , F2 with
underlying graphs GF 1 = (VF 1 , EF 1 ), GF 2 = (VF 2 , EF 2 ),
respectively, (where VF = VF 1 ∪ VF 2 ) due to loss of some
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information links in F (or some edges in EF ). The task is to
establish new links within each of F1 , F2 (add new edges to
EF 1 , EF 2 ) such that both F1 and F2 become rigid.
The operation focused in this paper, the closing ranks operation can be thought as a special (pseudo-)splitting operation.
The case of interest is the loss of an agent (and the links
associated to this agent) from a rigid formation, and the closing
ranks problem is to establish new links between certain pairs
among the remaining agents such that the new formation
(formed after establishment of the new links) is rigid as well.
Note here that splitting can be thought as a generalized closing
ranks operation (defined for the loss of a set of agents instead
of a single agent), observing that the scenario of the above
splitting problem for, e.g., the post-split formation F1 can be
equivalently reformulated as F1 being what is left when F ,
having initially F2 as its sub-formation, then loses the agents
in the sub-formation F2 . This observation is useful in treating
splitting problems using certain results derived for the closing
ranks problem, including the results of this paper.
The closing ranks problem is approached in two different
ways in [3], [10]. In [3], based on the graph theoretic results
of [11], it is shown that, in the case of loss of an agent from
a minimally rigid formation, there exist new links between
the neighbors of the lost agent such that insertion of those
links results in preservation of minimal rigidity. Although
[3] provides existence results and the minimal number of
edges needed to maintain minimal rigidity, it does not provide
a closing ranks algorithm that can be implemented using
only local information. [10] introduces two closing ranks
algorithms, named double patch and wheel patch, which can
be implemented using only local information (i.e., knowing
only the set of neighbors of the lost agent), although these
two algorithms require a non-minimal number of new links.
In this paper, we propose a new systematic approach to the
closing ranks problem based on a particular graph operation,
the edge contraction operation, whose details are given in
Section III. We prove that when an agent is lost in an
arbitrary two-dimensional rigid formation, rigidity can always
be restored by transferring all links to which this agent was
incident to one of its neighbors. From a graph theoretical
point of view, this corresponds to contraction of a certain edge
incident to the vertex representing the agent being lost.
II. R IGID F ORMATIONS AND C LOSING R ANKS
In this section, we give formal definitions of the rigidity
and closing ranks notions and present a brief review of the
fundamental characteristics of rigid formations and available
results on the closing ranks problem to the extent needed for
the analysis in the following sections. For details the reader
may refer to [3], [9], [12], [13].
In the paper we focus on formations in <2 (2-dimensional
Euclidean space), noting that discussions on extension of the
results to be presented in the following sections to <3 can be
found in [14], extended version of this paper. Hence, the rigidity and closing ranks notions and characteristics are introduced

in <2 in this section, although most of them can be generalized
for arbitrary dimensional space <d (d ∈ {2, 3, . . . }) [9].
A. Rigidity of Multi-Agent Formations
We formally call a formation F in <2 rigid if its underlying
graph GF is generically 2-rigid, where generic 2-rigidity of
a graph is defined in the sequel. In <2 , a representation of
a graph G = (V, E) with vertex set V and edge set E is a
function p : V → <2 , associating a position pi to each vertex
i ∈ V . The graph-representation pair (G, p) above is called
a 2-dimensional framework. A framework (G, p) is rigid if
for any deformation p̃ : V + : (i, t) → p̃i (t), continuous with
respect to t, and such that p̃i (0) = pi for all i, if kp̃i (t) −
p̃j (t)k = kpi − pj k holds for all t and every edge (i, j) ∈
E, then it also holds for all t and for every pair of vertices
i, j ∈ V , where k · k denotes the Euclidean norm. In other
words a framework is rigid if any continuous deformation that
preserves the “length” of its edges also preserves the distance
between every two agents. A graph is said to be generically 2rigid or simply 2-rigid if almost all its frameworks in <2 are
rigid. Some discussions on the need for using the qualifiers
“generic” and “almost all” can be found in [11], [15]. One
reason for using these terms is to avoid the problems that may
arise when three or more vertices have collinear positions.
An important notion in rigidity analysis is minimal rigidity.
A graph G is called minimally 2-rigid if it is 2-rigid and has
no 2-rigid subgraph with the same set of vertices as G and
a smaller number of edges than G. Provably equivalently, a
graph is minimally 2-rigid if it is 2-rigid and if no single
edge can be removed without losing 2-rigidity. Fundamental
characteristics of rigid and minimally rigid graphs and some
of their applications in autonomous formation control can be
found in [3], [11]–[13]. Theorem 1 and Lemmas , 1, 2 below
are three key results related to these characteristics.
Theorem 1: Any graph G = (V, E) with at least 2 vertices
is 2-rigid if and only if there exists a subset E 0 ⊆ E of edges
such that the graph G0 = (V, E 0 ) is minimally 2-rigid and
satisfies the following:
(i)
|E 0 | = 2|V | − 3.
(ii)
Any subgraph G00 = (V 00 , E 00 ) of G0 with at least n
vertices satisfies |E 00 | ≤ 2|V 00 | − 3.
Two operations on rigid graphs play a central role in the
results below: vertex addition and edge splitting. Let G be
a 2-rigid graph. Vertex addition consists of adding a vertex
k to G, and connecting it to 2 distinct vertices of G; edge
splitting consists of removing an edge (v, w) from G, adding
a vertex k, and connecting it to v, w and one other distinct
vertex of G. Both operations, see Figure 1, preserve rigidity,
indeed minimal rigidity:
Lemma 1: Let G be a 2-rigid graph. Every graph G0
obtained by performing a vertex addition or an edge splitting
operation on G is 2-rigid. If G is minimally 2-rigid then G0
is minimally 2-rigid.
The next lemma is a form of converse. Both together can
show that every minimally rigid graph can be constructed by
sequential vertex additions and edge splittings.
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Lemma 2: Let k be a vertex in a 2-rigid graph G. If k has
degree 2, then the graph G−k obtained by removing k and its
incident edges, from which G can be obtained by performing
a vertex addition operation, is 2-rigid. If k has degree 3, then
there exists a 2-rigid graph G0−k from which G can be obtained
by adding k using an edge splitting operation, and at least two
of the neighbor vertices of k in G are adjacent in G0−k . If G is
minimally 2-rigid then G−k and G0−k are minimally 2-rigid.
Based on Lemma 2, we can define the minimal rigidity
preserving operations reverse vertex addition and reverse edge
splitting: For a minimally 2-rigid graph G having at least one
vertex with degree 2, the reverse vertex addition operation
consists of deleting a 2-degree vertex k and its incident edges
from G. For a minimally 2-rigid graph G = (V, E) having
at least one vertex with degree 3, the reverse edge splitting
operation consists of deleting a 3-degree vertex k that is
originally adjacent to vertices h, i, j ∈ V , and adding one
edge among (h, i), (i, j), and (h, j) in such a way that the
graph obtained is minimally 2-rigid. Note that the reverse
edge splitting operation can be performed on every vertex
with degree 3 in a minimally rigid graph [11], [15], but one
cannot freely choose the edge to be added [15]. Examples of
the vertex addition,edge splitting, reverse vertex addition, and
reverse edge splitting operations can be seen in Figure 1.
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Figure 1. (a) Vertex addition and reverse vertex addition, and (b) edge
splitting and reverse edge splitting.

B. Closing Ranks Problem
As introduced in Section I, the closing ranks problem
deals with the addition of links to a rigid formation that is
“damaged” by losing one of its agents, in order to regain
its rigidity. The rigidity preserving closing ranks problem
for a 2-dimensional formation F can be formally defined in
terms of its underlying graph GF as follows: Suppose that
GF = (VF , EF ) is 2-rigid, and let G0F = (VF \{vr }, EF \Er )
be a graph obtained from GF by removing a vertex vr ∈ VF
and all the edges in EF incident to vr . The closing ranks
problem is the problem of finding a set En of edges that, if
added to G0F , would render it 2-rigid, i.e. finding En such
that GF n = (VF \ {vr }, (EF \ Er ) ∪ En ) is 2 − rigid.
The minimal rigidity preserving closing ranks problem can
be defined similarly, replacing each “2-rigid” in the above
definition with “minimally 2-rigid”. In [3], based on [11],
the following existence and necessary lower bound results
are established for the (number of) new edges to be added
in minimal rigidity preserving closing ranks problem:

Theorem 2: [3] Assume that a vertex v of degree k and its
incident edges are removed from a minimally 2-rigid graph,
where k ≥ 2. To regain minimal 2-rigidity, k − 2 new edges
(or no edges if k = 2) should be inserted and those new edges
can be inserted between only the neighbors of v, without using
any other vertex as an end-vertex of those inserted edges.
Although Theorem 2 provides existence results and the minimal number of edges needed to maintain minimal rigidity, it
does not tell which edges are to be added among the neighbors
of the removed vertex. Implementation of an algorithm purely
based on Theorem 2 would require a search over all possible
sets of k − 2 edges between neighbors of the removed vertex
v for checking minimal rigidity of the graph obtained by
insertion of each of these edge sets. The results of the next
section provide a more systematic and computationally more
effective closing ranks algorithm, yet requiring a number of
new edges (links) that is either equal to or only one more than
the lower bound indicated in Theorem 2.
III. E DGE C ONTRACTION F OR C LOSING R ANKS
In the graph theory literature, edge contraction is defined
as the operation by which two adjacent vertices v1 , v2 ∈ V
of a graph G = (V, E) are merged into one vertex, which is
adjacent with all the vertices in V that v1 and v2 were adjacent
to, and the edge e = (v1 , v2 ) ∈ E is removed [16]. The merged
vertex and the resultant graph are denoted, respectively, by
v1 \ v2 and G \ e. Above, for each vertex v3 ∈ V to which v1
and v2 are both adjacent in G, G \ e will have a double edge
between v1 \ v2 and v3 . In our study, we do not allow double
edges in a graph, hence re-define edge contraction as the above
operation plus merging of any double edges between v1 \ v2
and another vertex v3 in a single edge (v1 \ v2 , v3 ). In the rest
of the paper, we use this re-defined form of edge contraction,
and to make distinction from the more widely used form of
it (allowing double edges) in the literature, for a given graph
G = (V, E) and an edge e ∈ E, we denote the graph obtained
from G by (re-defined) contraction of e as Gc(e) . We say that
an edge e ∈ E in a 2-rigid graph G = (V, E) is 2-contractible
if Gc(e) is also 2-rigid (see Figure 2 for examples).
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Figure 2. Edge contraction of rigid graphs with application to closing ranks
of rigid formations: Starting with the 2-rigid graph G, Ḡ4 = Gc((v,v4 )) is
obtained by contracting the edge (v, v4 ) in Case (a) and Ḡ1 = Gc((v,v1 ))
is obtained by contracting (v, v1 ) in Case (b), which are both 2-rigid graphs
as well. Each case corresponds to a closing ranks scenario, where a rigid
formation with underlying graph G loses an agent represented by v and it is
desired to maintain the rigidity by establishing new links among the neighbors
of the lost agent.Dashed lines indicate deleted double edges.

Remark 1: For a given graph G = (V, E) and an edge e ∈
E, the number of edges in Gc(e) is always less than |E|.
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In this section, our aim is to prove the following proposition,
which is later used to form a basis for establishing a class of
algorithms to solve closing ranks problems:
Proposition 1: Consider a 2-rigid graph G = (V, E) and a
vertex v ∈ V with incident vertices v1 , . . . , vm . There exists
i ∈ {1, . . . , m} such that Ḡi , Gc((v,vi )) is 2-rigid.
A stronger form of this proposition, Theorem 4, is proven
in the sequel, i.e., Proposition 1 is an immediate corollary
of Theorem 4 below. In proving Theorem 4, we use the
following lemmas, whose proofs are omitted here due to space
limitations and can be found in [14]:
Lemma 3: Let G(V, E) be a minimally 2-rigid graph in
which no vertex has degree 2. Then, there is no vertex in
V that is incident to all vertices with degree 3.
Lemma 4: Let k be a vertex of degree 2 in a minimally 2rigid graph G, and G−k be the minimally rigid graph obtained
by removal of k applying a reverse vertex addition. Let v, w
be the neighbors of k in G. A 2-contractible edge of G−k
that is incident to at most one vertex among {v, w} is also
2-contractible in G.
Lemma 5: Let k be a vertex of degree 3 in a minimally
2-rigid graph G, and G−k be the minimally 2-rigid graph
obtained by removal of k applying a reverse edge splitting.
Let v, w, z be the neighbors of k in G. A 2-contractible edge
of G−k that is incident to at most one vertex among {v, w, z}
is also 2-contractible in G.
Theorem 3: Let G = (V, E) be a minimally 2-rigid graph
with at least three vertices. For any vertex i ∈ V , there
exist j1 , j2 ∈ V , neighbors of i, such that both Gc((i,j1 ))
and Gc((i,j2 )) are rigid. In other words, all vertices in V are
incident to at least two 2-contractible edges in E.
Proof: We prove the theorem by induction on |V |, the
number of vertices: The result obviously holds for |V | = 3.
Suppose, for proof by induction, that it holds for all minimally
2-rigid graphs with |V | = n − 1 vertices for a given integer
n. Below, we prove that it then also holds for any arbitrary
minimally 2-rigid graph G = (V, E) with |V | = n for the
following two cases separately: (1) G contains a vertex k of
degree 2 and (2) G contains no vertex of degree 2.
Case (1) G contains a vertex k of degree 2: Let v, w be
the neighbors of k. In this case, by Lemma 1, the graph
G−k obtained by performing a reverse vertex addition, that
is removing k and its incident edges, is minimally 2-rigid (see
Figure 1(a)). We consider three subcases:
Subcase (1.a) i = k: The contraction of (k, v) or of (k, w)
leads to a graph containing G−k as a subset (actually, to G−k
plus an edge (v, w) if it is not already present in G−k ) and
which is therefore rigid. Hence, i = k is incident to two 2contractible edges (k, v) and (k, w).
Subcase (1.b) i = v or i = w: Without loss of generality
assume that i = v. By the induction hypothesis, in G−k ,
v is incident to at least one 2-contractible edge different
from (v, w), which, by Lemma 4, is also 2-contractible in
G. Moreover, we know from Subcase (1.a) that (v, k) is 2contractible G. Hence v is incident to two 2-contractible edges.

Subcase (1.c) i ∈
/ {k, v, w}: By the induction hypothesis,
there exist two distinct 2-contractible edges (i, j1 ) and (i, j2 )
in G−k , and each of them is adjacent to at most one vertex
among v and w since i ∈
/ {k, v, w}. Lemma 4 implies then
that they are also 2-contractible in G.
Case (2) G contains no vertex of degree 2: Since the average
degree in a minimally 2-rigid graph is smaller than 4, it must
contain vertices of degree 3. Let k be such a vertex of degree
3 with neighbor vertices v, w, z. Lemma 2 implies that there
exists a minimally 2-rigid graph G−k that can be obtained
from G performing a reverse edge splitting operation removing
k and adding an edge (v, w) between two vertices v, w that
are not adjacent to each other in G but both adjacent to k
(see Figure 1(b)). By the induction hypothesis, every vertex
of G−k is incident to at least two 2-contractible edges; and by
Lemma 5, every 2-contractible edge of G−k which is incident
to less than two vertices among {v, w, z} is also 2-contractible
in G. Therefore, all vertices of G different from {v, w, z, k}
are incident to at least two 2-contractible edges.
Consider z, and a vertex k 0 of degree 3 that is not incident
to z. The existence of such a vertex is guaranteed by Lemma 3.
By the induction hypothesis, z is incident to two 2-contractible
edges in G−k0 , the graph obtained from G by removing k 0
using a reverse edge splitting. Each of these two edges is
incident to at most one neighbor of k 0 in G, as z is not
a neighbor of k 0 . Therefore, by Lemma 5, they are also 2contractible in G, so that z is incident to two 2-contractible
edges in G. The same argument applies to v and w, hence it
remains to prove that k is incident to two 2-contractible edges
to complete the proof: Since each of Gc((k,v)) and Gc((k,w))
contains G−k as a subgraph (see Figure 3) and hence is 2-rigid,
(k, v) and (k, w) are 2-contractible. Therefore, k is incident
to two 2-contractible edges.
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Figure 3. Contraction of (k, w) in the minimally rigid graph G: Gc((k,w)) ⊇
G−k .

Theorem 4: Let i be a vertex of a rigid graph G = (V, E)
with at least three vertices. There exist j1 , j2 , neighbors of i,
such that both Gc((i,j1 )) and Gc((i,j2 )) are 2-rigid. In other
words, all vertices in V are incident to at least two 2contractible edges in E.
Proof: Let G0 = (V, E 0 ) be a minimally 2-rigid subgraph
of G having the same vertex set V . Existence of such a subgraph is guaranteed by Theorem 1. By Theorem 3, there exist
j1 , j2 , neighbors of i, such that both G0c((i,j1 )) and G0c((i,j2 ))
are 2-rigid. Consider the graphs Gc((i,j1 )) and Gc((i,j2 )) . They
satisfy G0c((i,j1 )) ⊆ Gc((i,j1 )) and G0c((i,j2 )) ⊆ Gc((i,j2 )) .
Hence, since G0c((i,j1 )) and G0c((i,j2 )) are 2-rigid, both Gc((i,j1 ))
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and Gc((i,j2 )) are 2-rigid, which completes the proof.
Remark 2: In a minimally 2-rigid graph G = (V, E), there
does not necessarily exist an edge e ∈ E such that Gc(e) is
also minimally 2-rigid, as demonstrated in Figure 4.
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Figure 4. Edge contraction in G = K3,3 : G is minimally 2-rigid; however
Gc(e) is non-minimally 2-rigid for any edge e, noting that all edges in G are
topologically equivalent.

IV. O N D ESIGNING A S YSTEMATIC C LOSING R ANKS
A LGORITHM

(b)

Figure 5. Illustration of the fact that knowing whether or not an edge is
2-contractible may require the knowledge of the structure of the graph at an
arbitrarily large distance from the edge considered. In the minimally rigid
graph (a), the edge (v1 , v2 ) is not 2-contractible, while the edge (v1 , v3 ) is
2-contractible. In (b), (v1 , v3 ) is 2-contractible and (v1 , v2 ) is not. The two
graphs can however not be distinguished without exploring vertices and edges
at a hop-distance of m (where m can be arbitrarily large) from the vertex v1 .

B. Special Cases

In a minimal rigidity preserving closing ranks problem, if
one agent of degree dv (i.e., having dv neighbors) is lost
in a minimally rigid formation F with underlying graph
GF = (VF , EF ), where v ∈ VF represents the lost agent,
Theorem 2 implies that we just need to add dv − 2 edges
between the (former) neighbors of v, without telling which
dv − 2 edges are to be added. A pebble game algorithm might
be used to choose dv − 2 edges among the dv (dv − 1)/2
possible. Using the results of Section III, however, to solve
the closing ranks problem in case of loss of an agent in a 2dimensional rigid formation F , that is represented by v in the
underlying graph GF = (VF , EF ), we just need to find a 2contractible one among the dv edges incident on v in GF . With
a crude approach, this search can be performed by checking
the 2-rigidity of each of the dv graphs GF c(e1 ) , . . . , GF c(edv ) ,
where {e1 , . . . , edv } ⊂ EF is the set of edges incident on
v. Moreover, several heuristic approaches can be used to
discard some edges which cannot be contracted without losing
rigidity. In this section, we discuss design of a more systematic
closing ranks algorithm based on edge contraction, which
would involve a better way of finding the 2-contractible edges.
A. Checking 2-Contractibility of An Arbitrary Edge
Unlike many recurrence proofs, our proofs of Theorems 3
and 4 are not constructive. As such, they do not allow one to
just build a minimally rigid graph using vertex addition and
edge splitting operations, and keep track of all contractible
edges at each step. Further work needs to be dedicated to
the development of efficient methods to determine whether
an edge is 2-contractible or not, or to find the 2-contractible
edges, leading to decentralized algorithms. It is not known
yet whether a decentralized algorithm to check if an edge
is 2-contractible can be designed. Such an algorithm would
however, in some cases, need to use information on vertices
and edges that can be at arbitrarily large distance from the
edge considered, as shown by the example in Figure 5.

Despite the demonstrations of Section IV-A about potential
requirements of massive information by closing ranks algorithms based on edge contraction, there exist classes of generic
cases where one can easily determine that an edge is or is not
2-contractible, as implied by the following two propositions
and their corollary, whose proofs are omitted here due to space
limitations and can be found in [14]:
Proposition 2: Let v be a vertex in a minimally 2-rigid
graph G = (V, E), such that the subgraph Gn = (Vn , En )
containing only the neighbors of v (but not v) and the edges
induced by these neighbor vertices in G is a tree (viz. connected acyclic graph). Then, performing an edge contraction
on (v, w) leads to a minimally 2-rigid graph, where w is any
leaf (viz. vertex of degree 1) of Gn .
Proposition 3: Let v be a vertex in a 2-rigid graph G =
(V, E), such that the subgraph Gn = (Vn , En ) containing
only the neighbors of v (but not v) and the edges induced by
these neighbor vertices in G is a tree. Then, edge contraction
of (v, w) leads to a 2-rigid graph, where w is any leaf of Gn .
Corollary 1: Consider an arbitrary vertex v in a graph
G = (V, E). Let Vn = {w1 , . . . , w|Vn | } denote the vertices
of V that are adjacent to v in G, and define Evw =
{(v, w1 ), . . . , (v, w|Vn | )} and Vvn = Vn ∪ {v}. Assume that
there exists a minimally 2-rigid subgraph Gvn = (Vvn , Evn )
of G, where Evw ⊂ Evn . Then:
(i)
(ii)

The graph Gn = (Vn , Evn \ Evw ) is a tree.
For any leaf w of Gn , the graph Gc((v,w)) , which is
obtained performing an edge contraction on (v, w) on
G, is 2-rigid if G is 2-rigid. Gc((v,w)) is minimally
2-rigid if G is minimally 2-rigid.

Proposition 2, Proposition 3, and Corollary 1 can be easily
applied to find a 2-contractible edge and solve the closing
ranks problem, once the stated hypotheses are satisfied, which
can be checked using a local test just using information (of
links) among the lost agent (removed vertex) and its neighbors.
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settings, which can be used in selection of the edge to contract
in order to solve the corresponding closing ranks problems.
Discussions and results on extension of the established twodimensional results to three dimensions can be found in [14],
the extended version of this paper. Two other potential future
research topics are extension of the results for the agent loss
problems involving more than one lost agents, and application
of similar tools in agent loss scenarios for robust multi-agent
formations with asymmetric control structures [9], [15].

v4
v3

G1

v5

v1

v2

Figure 6.
Non-contractible edges: In the minimally 2-rigid graph G1 ,
(v1 , v3 ) and (v1 , v4 ) are not 2-contractible.

C. Elimination of Non-Contractible Edges
In this subsection we discuss conditions for an edge of a
(minimally) 2-rigid graph not to be 2-contractible. First, we
establish a sufficient condition in the following lemma, whose
proof is omitted here and can be found in [14].
Lemma 6: Consider a minimally 2-rigid graph G = (V, E).
Let v, w ∈ V and (v, w) ∈ E. If ncn (v, w) ≥ 2, ncn (v, w)
denoting the number of vertices in V \ {v, w} adjacent to both
v and w, then (v, w) is not 2-contractible in G.
Lemma 6 is illustrated in Figure 6: Assume that G1 is
minimally 2-rigid, and consider the closing ranks problem with
loss of agent 1 (removal of vertex v1 ). In finding an edge to
be contracted, applying Lemma 6 with v = v1 , (v1 , v3 ) and
(v1 , v4 ) are not 2-contractible, and hence can be eliminated.
Then, by Theorem 3, both of the remaining edges (v1 , v2 ) and
(v1 , v5 ) are 2-contractible, i.e., any one of (v1 , v2 ) and (v1 , v5 )
can be contracted to solve the closing ranks problem.
Lemma 6 provides an easy test requiring only local information. However, the condition in Lemma 6 is only necessary.
A more general result involving the concept of implicit edges
[11] is given in the extended version of this paper, [14].
V. C ONCLUDING R EMARKS
In this paper, we have proposed use of a particular graph
operation, the edge contraction operation, as a tool for systematic solution of the closing ranks problem, i.e. preservation
of rigidity during loss of an agent, for rigid multi-agent
formations. We have established, for any vertex v of any 2rigid graph G, existence of at least two 2-contractible edges
incident on v, contraction of which preserves 2-rigidity. From
rigid multi-agent formation perspective, this corresponds to
restoration of rigidity of an arbitrary two-dimensional rigid
formation, after loss of an agent, by transferring all links to
which this agent was incident on to one of its neighbors.
The practical implementation of the above graph operation
tool is discussed. Despite establishment of existence of at least
two 2-contractible edges incident on each vertex in any 2-rigid
graph in this paper, it is not known yet whether a decentralized
algorithm to check if an arbitrary edge is 2-contractible can be
designed. It is demonstrated, however, that such an algorithm
would need information on vertices and edges that can be at
arbitrarily large distance from the edge considered. Later, a set
of graph theoretical results are established for several general
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