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Open-loop vs. Closed-loop identification of Box-Jenkins systems in a
Least Costly Identification context
Xavier Bombois, Brian D.O. Anderson and Gérard Scorletti
Abstract— In this paper, we compare open-loop and closedloop prediction error identification. In particular, we determine
whether open-loop or closed-loop identification is optimal in
the least costly identification experiment design framework.
The least costly experiment design framework is a new framework for optimal experiment design where the objective is
to determine the cheapest identification while ensuring that
the accuracy of the identified model is above some nominated
threshold. A second contribution of this paper is to develop
a control design algorithm which ensures that the designed
controller both ensures sufficient closed-loop performance with
the true system, but also ensures that a model identified
via closed-loop identification on the designed loop has high
accuracy.

I. I NTRODUCTION
In an earlier contribution [3], we compared the open-loop
and closed-loop identification of a Box-Jenkins (BJ) true
system:
v(t)


}|
{
z
ρ0
(1)
y(t) = G(z, ρ0 )u(t) + H(z, η0 )e(t) for some θ0 =
η0

where e(t) is a white noise of variance σe2 and G(z, ρ0 ) and
H(z, η0 ) are independently parametrized rational transfer
functions. The open-loop and closed-loop identifications
were supposed to be performed in a full-order model
structure (i.e. S ∈ M) using the prediction error framework
[13]. In particular, we looked at the covariance matrix Pρ
of the identified parameter vector ρ̂N and at the covariance
matrix Pη of the identified parameter vector η̂N and we
determined ordering relations between these matrices when
obtained both through open-loop and through closed-loop
identifications. Roughly speaking, the main contribution
of [3] was to determine under which conditions the accuracy
Pρ−1 of ρ̂N is larger in closed-loop identification than in
open-loop identification; the accuracy Pη−1 of η̂N is always
smaller in closed-loop identification than in open-loop
identification.
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In the present paper, we continue the analysis begun in
[3]. The contributions of this paper are twofold. First, we
determine the consequences of the results [3] for optimal
experiment design. This is a very common subject in the
system identification literature. In [14], [1] and in Chapter
13 of [13], the authors address the problem of knowing
whether open-loop or closed-loop identification is optimal
when we want to maximize a measure of the accuracy of
the identified model under some power constraints for the
input and/or the output signals. Other typical contributions
in this literature are [9], [10].
However, in the present paper, we address the question of
knowing whether open-loop or closed-loop identification is
optimal when we consider another appealing framework for
optimal experiment design i.e. the least costly identification
experiment design framework (LCID). The LCID framework
is a new framework for optimal experiment design where
the objective is to determine the identification experiment
with the smallest economical cost while ensuring that the
accuracy of the identified model G(z, ρ̂N ) remains above
some nominated threshold i.e. Pρ−1 ≥ Radm [5], [12], [2],
[6]. This threshold is generally determined in such a way
that a robust controller for the true system can only be
designed with the identified model if the accuracy of the
identified model is above this threshold. We show in the
sequel that, when the cost of the identification is defined
by the perturbation induced by the excitation signal on the
output signal, closed-loop identification is optimal (i.e.,
under the same constraint Pρ−1 ≥ Radm , a closed-loop
identification always induces a smaller perturbation on the
output signal than an open-loop identification). When the
cost of the identification is defined by its duration, then
open-loop identification, perhaps surprisingly, turns out to
be optimal.
The second contribution of this paper consists of analyzing
qualitatively and quantitatively the role of the controller
Cid present in the loop for closed-loop identification. The
controller plays indeed an important role in the achieved
accuracy of the identified models. More particularly, we
show that, if the controller Cid implies a high correlation
between the identified parameter vectors ρ̂N and η̂N , the
achieved accuracies Pρ−1 for ρ̂N and Pη−1 for η̂N are
lessened. Indeed, we will show that the existence of this
correlation implies that the contribution of the noise to
the accuracy of ρ̂N and η̂N is not as high as it could
be. This observation evidences the benefit of forcing this
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correlation to be as small as possible, by appropriately
choosing the controller in the loop. We therefore develop
a novel control design algorithm where the objective is
not only to ensure that the designed closed loop [Cid G0 ]
has satisfactory closed-loop H∞ performance (for e.g.
tracking and disturbance rejection), but also that, if we need
to perform a closed-loop identification within this loop,
this closed-loop identification will result in the smallest
possible correlation between ρ̂N and η̂N (and thus with
high accuracy for η̂N and ρ̂N ).
To our knowledge, it is the first time that these two
objectives have been tackled together in a control design
algorithm and it is the first time that an objective relating the
correlation between ρ̂N and η̂N has been used to increase
the value of the accuracy Pρ−1 of ρ̂N and the accuracy
Pη−1 of η̂N for closed-loop identification. Generally, in
the system identification literature [9], [10], [11], [14], the
objective is to determine the optimal controller Cid for a
closed-loop identification without constraining the closedloop control performance. For some specific objectives, the
optimal controller for closed-loop identification appears to
be the minimum variance controller [9], [14] which has
(relatively) good closed-loop control performance. However,
if we determine the optimal controller Cid for other identification objectives using the methodologies developed in
[11], it is not at all guaranteed that this controller will have
satisfactory closed-loop control performance. Moreover, the
controller designed using these methods is only optimal for
the specific closed-loop identification objectives for which
it has been designed. It is not at all guaranteed that it is
optimal for other objectives. As opposed to this, our approach
pertaining to the values of the matrices Pρ−1 and Pη−1 seems
a reasonable objective in all situations (i.e. for all closed-loop
identification objectives)
II. VARIANCE

ASPECTS FOR

B OX -J ENKINS

SYSTEMS

As mentioned in the introduction, we consider the
identification of a stable linear time-invariant single input
single output Box-Jenkins system (1) with a model structure
M that is able to represent the true system i.e. S ∈ M.
In this paper, we will consider both open-loop and closedloop identification [13]. In open-loop identification, the system is excited by applying a quasi-stationary input signal
u(t) = uOL (t) to (1) and, in closed-loop identification, by
the application of a quasi-stationary signal r(t) [13] such
that:

and output data {u(t), y(t), t = 1, . . . , N }. Using these
T T
data, the estimated parameter vector θ̂N = (ρ̂TN η̂N
) is
P
∆
∆
N
1
2
given by: θ̂N = arg minθ N t=1 ǫ (t, θ) with ǫ(t, θ) =
H(z, η)−1 (y(t) − G(z, ρ)u(t)). The identified parameter
vector θ̂N is (asymptotically) normally distributed around
the true parameter vector θ0 , i.e. θ̂N ∼ N (θ0 , Pθ ) with Pθ
a strictly positive definite matrix given by [13][Chapter 9]:
Pθ =

−1
σe2  
.
Ē ψ(t, θ0 )ψ(t, θ0 )T
with ψ(t, θ) = − ∂ǫ(t,θ)
∂θ
N
(4)

If we now partition the covariance matrix Pθ according to
the
 partition of
 the parameter vector θ0 in (1) i.e. Pθ =
Pρ Pρη
, we obtain a distinct distribution for each
T
Pρη
Pη
of the identified parameter vectors ρ̂N and η̂N :
ρ̂N ∼ N (ρ0 , Pρ )

=

ye (t) + yr (t) = Sid H(z, η0 )e(t) + G0 Sid r(t) (2)

uCL (t)

=

ue (t) + ur (t) = −Cid Sid H(z, η0 )e(t) + Sid r(t)
(3)

with Cid the controller present in the (forward part of
the) loop and Sid = (1 + Cid G(z, ρ0 ))−1 . In both situations, a model Ĝ(z) = G(z, ρ̂N ), Ĥ(z) = H(z, η̂N )
of the true system is obtained by collecting N input

(5)

Based on these expressions, we can deduce parametric uncertainty regions for the unknown G(z, ρ0 ) and the unknown
H(z, η0 ) centered at the identified model G(z, ρ̂N ) and
H(z, η̂N ) (see e.g. [4]). The sizes of these uncertainty
regions are determined by the covariance matrices Pρ and
Pη . Using Gauss’ approximation formula [13], the variances
at z = ejω of the identified plant model G(z, ρ̂N ) and the
identified noise model H(z, η̂N ) are function of Pη and Pρ ,
respectively:
var(G(ejω , ρ̂N ))

=

Λ∗ρ (ejω , ρ0 ) Pρ Λρ (ejω , ρ0 )

var(H(ejω , η̂N ))

=

Λ∗η (ejω , η0 ) Pη Λη (ejω , η0 )

(6)

and Λη (z, η) = ∂H(z,η)
. The
where Λρ (z, ρ) = ∂G(z,ρ)
∂ρ
∂η
covariance matrices Pρ and Pη are thus perfect tools to
compare the accuracy of an identification experiment under
different experimental conditions, i.e., in particular, in order
to compare the variances obtained by open-loop and closedloop identification. For this purpose, it is important to derive
appropriate expressions for Pρ and Pη for both identification
conditions. To do this, we first particularize ψ(t, θ0 ) in (4)
to the BJ-case. In closed-loop identification, this becomes:
 S



id
−Cid Sid Λρ (z, ρ0 )
Λ (z, ρ0 )
ψ(t, θ0 )= H(z,η0 ) ρ
r(t) +
e(t)
Λη (z,η0 )
0
H(z,η0 )
(7)

For open-loop identification, ψ(t, θ0 ) reduces to:
ψ(t, θ0 ) =

yCL (t)

η̂N ∼ N (η0 , Pη ).



Λρ (z,ρ0 )
H(z,η0 )

0



u(t) +



0
Λη (z,η0 )
H(z,η0 )



e(t)

(8)

Based on these particular expressions for ψ(t, θ0 ), we can
deduce the expression for Pθ in open-loop and closed-loop
identifications using the definition (4):
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−1
Pθ,OL
=



ΞOL
0

0
0



+



0
0

0
Rv,22



(9)

ThA06.4

−1
Pθ,CL
=



ΞCL
0

0
0



+



Rv,11
T
Rv,12

Rv,12
Rv,22



.

(10)

with


Λρ (z, ρ0 )
N
I
,
Φ
(ω)
u
σe2
H(z, η0 )


Λρ (z, ρ0 )
N
, Φr (ω)
= 2 I Sid
σe
H(z, η0 )

ΞOL =
ΞCL

(11)
(12)

Rv,11 = N I (Cid Sid Λρ (z, ρ0 ), 1)
Z π
−Cid Sid Λρ (ejω , ρ0 )Λ∗η (ejω , η0 )
1
Rv,12 = N
dω
2π −π
H ∗ (z, η0 )


Λη (z, η0 )
, 1 and
Rv,22 = N I
H(z, η0 )
Z π
∆ 1
I(V (z), Φ(ω)) =
V (ejω )V (ejω )∗ Φ(ω)dω
2π −π

It is important for the sequel to note that the noise
−1
contribution to the inverse covariance matrix Pθ,CL
in (10)
is, in almost all cases, strictly positive-definite:


Rv,11
T
Rv,12

Rv,12
Rv,22



>0

(13)

Indeed, provided the parametrization in (1) is such that
ρ0 → G(z, ρ0 ) and η0 → G(z, η0 ) are one-to-one mappings
(as is reasonable), it is very unlikely that one element of the
vector defining the noise contribution in (7) can be written
as a linear combination of the other elements. Consequently,
in the sequel, it will be always assumed that (13) holds. It
is also important to note that the matrix Rv,12 is generally
non-zero: there is thus correlation between ρ̂N and η̂N
when those are identified in closed loop, unlike when they
are identified in open loop (see (9)).
Given the expressions (9)-(10) for Pθ−1 and the partition
of Pθ above (5), we can now deduce expressions for (the
inverse of) Pρ and Pη via a straightforward application of
the matrix inversion formula (see e.g. [18][page 14]):
−1
Pρ,OL
= ΞOL

(14)

−1
−1
T
Pρ,CL
= ΞCL + Rv,11 − Rv,12 Rv,22
Rv,12

(15)

−1
Pη,OL

= Rv,22

−1
T
= Rv,22 − Rv,12
(ΞCL + Rv,11 )−1 Rv,12
Pη,CL

2 in Proposition 1 amounts to requiring that the power
spectrum of the plant input is the same in the open and
closed-loop cases, while the spectrum equality condition in
item 3 requires that the part of the plant input spectrum
independent of the output noise to be the same in the open
and closed-loop cases. The motivation for these conditions
will become evident when, in Section IV, we will discuss
optimal experiment design.
Proposition 1 ([3]): Consider two identification experiments on the same BJ true system (1) and of the same
duration N : one in open loop with input spectrum ΦOL
u (ω)
and one in closed loop with excitation spectrum Φr (ω) and
a controller Cid in the loop. Assume further that Rv,12 6= 0
and that (13) holds. Then:
1) independently of ΦOL
u (ω), Φr (ω) and Cid , we have
that Pη,OL ≤ Pη,CL and thus that var(ĤOL (ejω )) ≤
var(ĤCL (ejω )) ∀ω
2) independently of Cid , if Φr (ω) is chosen such that
OL
ΦCL
u (ω) = Φu (ω) ∀ω, we have that Pρ,OL ≤ Pρ,CL
and thus that var(ĜOL (ejω )) ≤ var(ĜCL (ejω )) ∀ω
3) independently of Cid , if Φr (ω) is chosen
such that |Sid (ejω )|2 Φr (ω)
= ΦOL
u (ω) ∀ω,
we have that Pρ,OL > Pρ,CL and thus that
var(ĜOL (ejω )) > var(ĜCL (ejω )) ∀ω. This also
holds when Rv,12 = 0.
Proof. Item 1 follows directly from (16)-(17). To prove
Item 2, we see that, in (15), ΞCL + Rv,11 =
jω

2

)| Φr (ω)
) + I(Λρ ,
= N (I(Λρ , |Sid (eΦv (ω)
Λρ
CL
N
= σ 2 I( H0 , Φu (ω))

|Cid Sid (ejω )|2 Φv (ω)
))
Φv (ω)

e

where Φv (ω) is the power spectrum of v(t) = H0 (z)e(t) =
H(z, η0 )e(t) and where the last step follows from (2).
CL
Now, since it is assumed that ΦOL
u (ω) = Φu (ω) ∀ω, we
−1
have that ΞOL = ΞCL + Rv,11 and thus that Pρ,CL
=
−1
−1
T
Pρ,OL − Rv,12 Rv,22 Rv,12 . This delivers the result since
−1
T
Rv,12 Rv,22
Rv,12
≥ 0 by assumption. Item 3 can be proven
similarly to Item 2. Indeed, when |Sid (ejω )|2 Φr (ω) =
−1
−1
ΦOL
u (ω) ∀ω, ΞOL = ΞCL and thus Pρ,CL = Pρ,OL +
−1
T
Rv,11 − Rv,12 Rv,22 Rv,12 . This delivers the result since
−1
T
Rv,11 − Rv,12 Rv,22
Rv,12
> 0 by assumption.

(16)
(17)

Note that (15) can also be found in [8]. As evidenced
in our earlier paper [3], these formulae give interesting
insights about the accuracy of ρ̂N and η̂N when identified
in open loop or in closed loop. The following proposition
summarizes the main observations of [3]. In this proposition,
two different conditions on the input power spectrum will
be introduced to allow comparison of open loop and closed
loop identification. The spectrum equality condition of item

This proposition shows that, in closed-loop identification,
both the parts ur (t) and ue (t) of uCL (t) (see (2)) contribute
−1
to the precision Pρ,CL
of ρ̂N : the part ur (t) via ΞCL and
the part ue (t) via Rv,11 . However, the coupling between ρ̂N
and η̂N somehow decreases the contribution Rv,11 of ue (t)
−1
−1
T
to Pρ,CL
via the term −Rv,12 Rv,22
Rv,12
. Consequently, the
−1
−1
precision Pρ,CL is larger than Pρ,OL when the spectrum of
ur (t) (i.e. |Sid (ejω )|2 Φr (ω)) is chosen equal to ΦOL
u (ω) ∀ω,
(ω)
+ Φue (ω)
but the converse holds when ΦCL
(ω)
=
Φ
ur
u
is equal to ΦOL
(ω)
∀ω.
u
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The coupling between ρ̂N and η̂N is also the reason
why Pη,OL ≤ Pη,CL . Even though the coupling effect
decreases for higher SNR (corresponding to large ΞCL ), the
coupling always has a negative effect on the performance
of closed-loop identification for both the plant and the
noise model. Indeed, if the coupling matrix Rv,12 were
equal to 0, one would have Pη,CL = Pη,OL = Rv,22 and
−1
the contribution of ue (t) to Pρ,CL
would be maximized:
−1
Pρ,CL = ΞCL + Rv,11 . A trivial case where the coupling
between ρ̂N and η̂N is null is the case where no noise
model parameters are identified. This is e.g. the case when
the true system is in the Output Error form (H(z, η0 ) = 1)).
For Rv,12 to be 0 when the true system is really
Box-Jenkins, we see that each element of the vector
Cid Sid Λρ (z, θ0 ) should be orthogonal (as a function defined on the unit circle) to each element of the vector
Λη (z, η0 )/H(z, η0 ). Consequently, for a given true system,
it is the value of the controller Cid which will make the
coupling Rv,12 important or not.
III. D ESIGN OF CLOSED LOOPS WITH SATISFACTORY
CLOSED - LOOP PERFORMANCE AND HIGH ACCURACY FOR
IDENTIFICATION

A. General idea
The controller Cid which is present in the loop is generally
determined in order to achieve good H∞ performance with
the true system and not to increase the accuracy of closedloop identification in this loop. However, if one is about to
design a controller Cid for a true system (1) and one knows
that frequent re-identification of G(z, ρ0 ) and H(z, ρ0 ) will
be necessary in the future e.g. for the purpose of performance
monitoring, then, it could be worthwhile to add to the
standard H∞ performance objectives the additional objective
of obtaining a controller for which Rv,12 is as close as
possible to 0, or indeed equal to 0 (if possible). Thereby
one would increase the accuracy of the subsequent closedloop identifications. This section explains how this can be
done.
B. Youla approach to deal with H∞ constraints
Let us consider a stable BJ true system {G0 (z); H0 (z)}
(or in practice a model of this true system). We use
a methodology which was used in the early ages of
H∞ control [17] to obtain a controller achieving the
H∞ specifications and that we modify to encompass
the constraint of a matrix Rv,12 having the smallest norm
possible. This method consists of designing Cid via its Youla
parameter Q(z) [16]. The set of all controllers Cid stabilizing
Q
where
the true system G0 (z) is given by Cid = 1−QG
0
Q(z) is just constrained to be a stable transfer function.
An important property of the Youla parametrization is
that all closed-loop transfer functions are affine in Q(z).
In particular: Sid = 1 − QG0 and Cid Sid = Q. In this
paper, we will restrict the set of Q(z)
PMto the set of all
FIR extensions of length M : Q(z) = i=0 qi z −i where qi

(i = 0...M ) are the parameters to be determined.
Due to the fact that all closed-loop transfer functions are
affine in Q(z), typical H∞ constraints such as |Sid (ejω )|2 <
|W1 (ejω )|2 ∀ω and |Cid (ejω )Sid (ejω )|2 < |W2 (ejω )|2 ∀ω
can be easily formulated in this framework. Indeed, using the
Schur complement [7][pp. 7-8], the constraint |Sid (ejω )|2 <
|W1 (ejω )|2 ∀ω is seen to be equivalent to the following LMI:


|W1 (ejω )|2
( . )∗

1−

PM

i=0

qi G0 (ejω ) e−jiω
1



> 0 ∀ω
(18)

and the constraint |Cid (ejω )Sid (ejω )|2 < |W2 (ejω )|2 ∀ω is
equivalent to the following LMI:


PM

|W2 (ejω )|2
( . )∗

i=0

qi e−jiω
1



> 0 ∀ω

(19)

C. Constraints on the norm of Rv,12
The additional constraint on the norm of Rv,12 can be also
treated in the Youla framework. Here we choose as norm for
Rv,12 the largest singular value of Rv,12 . Then, the square
of this largest singular value is smaller than ε if and only if
T
Rv,12 Rv,12
< εI or equivalently via the Schur complement
again, if and only if:


εI
T
Rv,12

Rv,12
I



>0

(20)

This constraint on Rv,12 can be transformed into an LMI in
the decision variables qi (i = 0...M ):


εI
PM
i=0 qi Li

PM

i=0

qi Li

I



>0

(21)

where Li (i = 0...M ) are known matrices of the dimension
of Rv,12 . The latter is possible because each entry of Rv,12
can be written as a linear combination of the decision
variables P
qi . Any entry r of Rv,12 can indeed be written
∞
as r =
n=0 f (n)z(n) where f (n) (n = 0...∞) is the
impulse response of a particular entry of Cid Sid Λρ (z) =
Q(z)Λρ (z) and z(n) the impulse response of a particular
entry of Λη (z)H0−1 . The impulse response f (n) is a linear
combination
P of the design parameters qi (i = 0...M ):
f (n) = M
i=0 qi λ(n− i) where λ(n) is the impulse response
of the particular element of Λρ (z). This yields:
r

=

M
∞ X
X

qi λ(n − i)z(n)

n=0 i=0

=

M
X

qi

∞
X

!

λ(n − i)z(n)

n=0

i=0

|

{z
ξi

}

where ξi (i = 0...M ) can be computed. The matrix Li is
then made up of the scalar ξi for each entry of Rv,12 .
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D. Algorithm
We now determine the optimal values for the parameters
qi (i = 0...M ) as those values for which the largest
singular value of Rv,12 is minimized while guaranteeing
the H∞ constraints |Sid (ejω )|2 < |W1 (ejω )|2 ∀ω and
|Cid (ejω )Sid (ejω )|2 < |W2 (ejω )|2 ∀ω. Based on what
has been deduced above, this can be done by solving the
following LMI-based optimization problem:
min

qi (i=0...M)

ε

subject to the LMI constraints (21), (18) and (19). We
observe that the constraints (18) and (19) must be verified
at each ω. This is impossible in practice. This problem can
nevertheless be circumvented by using a finite frequency
grid or by using the Kalman-Yakubovitch-Popov Lemma
[15]. Once the optimal parameters qiopt (i = 0...M )
have been determined, the optimal controller Cid can
Qopt
thereafter be computed via: Cid = 1−Q
where
opt G
0
PM opt −i
opt
Q (z) =
i=0 qi z . To sum up, the controller
designed via this algorithm is guaranteed to achieve the
required H∞ performance, but has also been designed to
allow accurate closed-loop identification. In Section V, a
simulation example will be developed to illustrate the ideas
of this section. In this simulation example, we will use a
finite frequency grid for the LMI’s (18) and (19).
Remark. As can be seen in (15) and in (17), the accuracy
of the closed-loop identification is not only increased when
Rv,12 is made small, but is also increased when ΞCL and
Rv,11 are made large (Rv,22 cannot be influenced). As for
Rv,12 , the values of ΞCL and Rv,11 are also influenced by
the choice of the controller Cid . However, forcing ΞCL and
Rv,11 to be large would imply forcing the two-norm of
Sid and Cid Sid to be large. Consequently, unlike forcing
Rv,12 to be small, forcing ΞCL and Rv,11 to be large would
be in contradiction with closed-loop H∞ performance
specifications such as |Sid (ejω )|2 < |W1 (ejω )|2 ∀ω and
|Cid (ejω )Sid (ejω )|2 < |W2 (ejω )|2 ∀ω.
IV. O PEN - LOOP VS . C LOSED - LOOP :

THE LEAST COSTLY
IDENTIFICATION CONTEXT

We will now analyze the consequences of Proposition 1
in the context of a recently developed optimal experiment
design framework: the least costly identification framework
[5] (where the criteria for least cost need to be defined, and
this is done below for two possibilities). This framework
has as objective to identify, at the lowest economical cost, a
model of the plant transfer function G(z, ρ0 ) with a minimal
guaranteed precision i.e. a model for which
Pρ−1 ≥ Radm or var(G(ejω , ρ̂N )) ≤ radm (ω) ∀ω (22)
where Radm and radm (ω) are given and represent the
required accuracy for the intended use of the model. In earlier

papers, it is shown how to compute the excitation signal
and the duration N for the identification corresponding to
the lowest economical cost under the constraint (22) and
with a definition of cost as given below. This is shown for
both an open-loop identification (see [6]) and for a closedloop identification with a given controller in the loop (see
[5]). Here, we address the question of knowing whether the
cheapest cost will be obtained in open-loop identification or
in closed-loop identification. We will see in the next two subsections that the lowest cost will be obtained alternatively by
an open-loop identification and a closed-loop identification,
depending on how the cost of the identification is defined.
A. Cost is defined via the power of yr (t)
Suppose that the output y(t) of a real-life system such
as (1) must be kept around the set-point 0 (e.g. y is a quality
measure of a product to be sold). This is done in closed loop
with an available controller Cid (not necessarily designed
as in Section III), but can also be done, if necessary, in
open loop by forcing u(t) = 0. From the control and the
production quality points of view, the closed-loop setup
seems highly preferable since, for example, the controller
allows one to reduce the effects of the disturbances on the
output. However, the open-loop setup could be used for
identification purposes if open-loop identification appeared
optimal in some way.
In this situation of a production unit, the cost of the
identification can be measured by the extra perturbation
induced by the excitation signal on the output y(t). For a
closed-loop identification, this cost can be measured by Pyr
the power of the perturbation yr (t) = G0 Sid r(t) due to the
excitation signal r(t) while, in open-loop identification, this
cost can be measured by Pyu , the power of the perturbation
yu (t) = G0 uOL (t) due to the excitation signal uOL (t):
Pyr =
Pyu =

1
2π
1
2π

Rπ
|G0 (ejω )Sid (ejω )|2 Φr (ω) dω
R−π
π
|G0 (ejω )|2 ΦOL
u (ω) dω
−π

(23)

In this section, we show that opening the loop to do the
identification is in no way necessary since the closed-loop
configuration is also the configuration which allows one to
obtain a model of the plant G(z, ρ0 ) for which (22) holds
with the least possible perturbation on the output of the
process i.e. with the least possible economical cost:
Theorem 1: Consider the least costly experiment design
problem consisting of obtaining, at the lowest economical
cost, a model G(z, ρ̂N ) fulfilling (22) for some given Radm
and for some given identification duration N . The cost of an
open-loop identification is defined by Pyu and the cost of
the closed-loop identification is defined by Pyr (see (23)).
Then, independently of the required accuracy Radm and of
the controller Cid present in the loop, (22) can always be
obtained at a lower cost via closed-loop identification than
via open-loop identification.
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Proof. Denote by Ψ(ω) the spectrum ΦOL
u (ω) of the optimal
open-loop identification i.e. the identification with the small−1
≥ Radm . Denote also by
est Pyu while guaranteeing Pρ,OL
Copt,OL the cost Pyu of this optimal open-loop experiment.
Consider now the closed-loop experiment with Φr (ω) =
Ψ(ω)
|Sid (ejω )|2 . Note that the cost Pyr of this particular closedloop experiment is equal to Copt,OL . Moreover, according to
Proposition 1, this closed-loop experiment delivers a model
G(z, ρ̂N ) for which:
−1
−1
Pρ,CL
> Pρ,OL
≥ Radm

(24)

−1
Consequently, the accuracy Pρ,CL
of this experiment is
strictly superior to Radm while having the same cost as the
optimal open-loop identification. This implies by continuity
that there exists a spectrum Φr (ω) smaller than |SidΨ(ω)
(ejω )|2
and corresponding thus to a smaller cost Pyr than Copt,OL
−1
which delivers a model for which Pρ,CL
≥ Radm .

In the considered situation, the open-loop setup is thus
the less attractive from all points of view: there is no
disturbance rejection and the perturbation induced by the
identification excitation signal is larger than with closed-loop
identification (see Theorem 1). Note that the result of this
theorem is independent of the controller Cid present in the
loop. However, obviously, if the controller present in the
loop at the time of the identification has been designed as
in Section III, the benefit of closed-loop identification with
respect to open-loop identification will even be larger and
this independently of the value of Radm in (22). Note also
that, if one is allowed to design the controller Cid in the
loop at the moment where the closed-loop identification has
to be performed and thus knowing the accuracy objective
Radm in (22), then the optimal controller to apply in the
loop can be computed using the methods proposed in [11].
Note that the controller deduced with [11] is thus only
optimal for closed-loop identification for the chosen value
of Radm in (22) and, unlike the algorithm presented in
Section III, this controller is not guaranteed to achieve
satisfactory closed-loop H∞ performance (such as e.g.
tracking and disturbance rejection).
As proven in e.g. [14], closed-loop identification with
a minimum variance controller is optimal when the
accuracy of the estimate has to be maximized and a
constraint is posed on the maximal power of the total
output y(t) = yr (t) + ye (t) (see (3)). The illustration of
Section V will show that the minimum variance controller
is not optimal in the least costly identification experiment
framework. Moreover, since, in a nutshell, the dynamics of
this controller are similar to the inverse of the dynamics of
the system, the minimum variance controller has very poor
robustness. For these reasons, the preference should go to
a classical H∞ controller with (or without) the additional
constraint (21).

Remark. Theorem 1 also holds when, for user-chosen constants αy and αu , the cost of the identification is defined
as αy Pyr + αu Pur for closed-loop identification and as
αy Pyu + αu Pu for open-loop identification. Here Pur is the
power of the signal ur (t) in (3) and Pu is the power of the
input signal u(t). The case considered in Theorem 1 is the
case αy = 1 and αu = 0.
B. Cost is defined by the duration N
The second situation also considers a true system (1)
that has to be identified at the lowest cost in such a way
that (22) holds. However, here, the economical cost of
the identification is entirely determined by its duration N .
Assuming that the identification can be performed either in
open-loop or in closed loop, the objective of this section is
to determine which identification conditions (i.e. open-loop
or closed-loop) allows achievement of (22) with the smallest
amount of data.
In both identification conditions, the number of data
required to obtain the required accuracy can be reduced by
increasing the power of the excitation signal. A physical
limitation, though, to that increase is the limitations of
the actuators. If we denote by Υ(ω) the largest spectrum
allowed by the actuators, the optimal open-loop input
spectrum is therefore ΦOL
u (ω) = Υ(ω) ∀ω and the optimal
closed-loop excitation spectrum is the spectrum Φr (ω)
such that ΦCL
u (ω) = Υ(ω) ∀ω. Given this, the following
theorem shows that open-loop identification is optimal in
this context. Indeed, the optimal open-loop identification
described above will need less data points to obtain (22)
than the optimal closed-loop identification.
Theorem 2: Given a BJ true system (1), consider two
identification experiments, one in open loop and one in
closed-loop with a controller Cid in the loop. Suppose
furthermore that these identification experiments are such
CL
that ΦOL
u (ω) = Φu (ω) = Υ(ω) ∀ω. Then, the minimal
number of data required to obtain Pρ−1 ≥ Radm for any
given Radm is smaller in open-loop than in closed-loop
identification except when Rv,12 in (10) is equal to 0
in which case this number of data is the same for both
identification conditions.
Proof. The result for Rv,12 6= 0 is a direct consequence
of Proposition 1 (Item 2). Indeed, for each value of N , the
open-loop identification considered here gives an accuracy
which is larger than the considered closed-loop identification:
−1
−1
−1
−1
are proporand Pρ,CL
Pρ,OL
≥ Pρ,CL
. Since both Pρ,OL
tional to N , the required accuracy Radm will be attained
with a smaller N in open loop than in closed loop. The
result when Rv,12 = 0 is a consequence of the fact that, in
−1
−1
this case, Pρ,OL
= Pρ,CL
for each value of N .
This result in the least costly context is very close to the
result in classical optimal experiment design that states that
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1

10

open-loop identification is optimal when the power of the
input is constrained. Variants of this result can be found in
[14], [13][Chapter 13] and [1]. The proof of Theorem 2 is
very close to the proof in [1].
V. S IMULATION

0

10

−1

RESULTS

10

In order to illustrate the results of this paper, we consider
the following first-order true system:

−2

10

bo z −1
1 + co z −1
S : y(t) =
u(t) +
e(t)
−1
1 + fo z
1 + do z −1

(25)
−3

10

with b0 = 0.36, f0 = −0.7, c0 = 0.6, d0 = 0.1 and
σe2 = 1. We compare the variance results of open-loop
and direct closed-loop identification on that true system.
For the closed-loop experiment, we will consider different
controllers Cid in the loop: the first controller Cid,1 is an
H∞ controller achieving the following H∞ performance:
|Sid (ejω )| < |W1 (ejω )| ∀ω and |Cid Sid (ejω )| < |W2 (ejω )|
∀ω with
W1 (z) =

−3

10

,

−2

−1

10

10

0

10

ω

Fig. 1.
Modulus of the the sensitivity function Sid corresponding to
the controllers Cid,3 (blue crosses) compared to the modulus of W1 (ejω )
(black solid).
2

10

2.525z 2 −5z+2.475
z 2 −z+0.25

(26)
W2 (z) =

2.604z 2 −1.042z+0.1042
z 2 −1.333z+0.4444

1

10

These weightings are represented in Figures 1 and 2 and
guarantee that the controller has some roll-off, that the
bandwidth of the closed-loop is about 0.5 rad/s, that the
low-frequency disturbances are reduced with 60 dB, and
that the resonance peaks of the the transfer functions Sid
and Cid Sid are limited to ± 6 dB. The second and third
controllers we will test (Cid,2 and Cid,3 ) are controllers
having the same performance specifications as the first
one, but for which the norm of Rv,12 is minimized (see
Section III). For the second controller, we choose the length
M of the expansion of the Youla parameter equal to 15
and for the third controller M = 6. As an illustration, in
Figures 1 and 2, the modulus of the sensitivity function
Sid and the transfer functions Cid Sid corresponding to
the controller Cid,3 are compared with the modulus of the
weighting functions W1 and W2 , respectively. Finally, the
fourth controller Cid,4 is the minimum variance controller
for (25).
To illustrate (some of) the results of Proposition 1, we
compute the covariance matrices for ρ̂N and η̂N using
the formulae (14)-(17) when ΦOL
u (ω) is the spectrum of a
white noise of variance 1 for the open-loop identification
and when |Sid (ejω )|2 Φr (ω) = ΦOL
u (ω) ∀ω for the closedloop identification. The results obtained for open-loop
identification and for closed-loop identifications with the four
different controllers are compared in Figures 3 and 4. In these
figures, we compare the 95%-confidence region for ρ̂N − ρ0
and η̂N − η0 , obtained in the five different cases. These
uncertainty regions are Uρ = {∆ρ | ∆ρT Pρ−1 ∆ρ ≤ 5.99}
and Uη = {∆η | ∆η T Pη−1 ∆η ≤ 5.99}, respectively.
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10

−1

10

−3

,

10

−2

−1

10

10

0

10

ω

Fig. 2. modulus of the transfer functions Cid Sid corresponding to the
controllers Cid,3 (blue crosses) compared to the modulus of W2 (ejω )
(black solid).

The figures confirm the results Proposition 1 (Items 1
and 3). Indeed, we see in Figure 3 that, for each of the
four controllers, Pρ,OL > Pρ,CL and thus Uρ,OL ⊃ Uρ,CL .
In Figure 4, we see that, for each of the four controllers,
Pη,OL < Pη,CL and thus that Uη,OL ⊂ Uη,CL . We see that
the controller Cid,2 which guarantees the H∞ specifications
while minimizing the norm of Rv,12 has, as expected, the
best results for both uncertainty regions. Indeed, due to the
relatively long Youla parameter (M = 15), it was possible
to obtain a norm of Rv,12 as small as 0.05. This allows
to obtain Pη,OL ≈ Pη,CL and thus Uη,OL ≈ Uη,CL and a
relatively small Pρ,CL and Uρ,CL with respect to the other
controllers. The result with controller Cid,3 are very nice
too even if the complexity is reduced to M = 6. Finally,
we see that the three H∞ controllers (i.e. with or without
the additional constraint on the norm of Rv,12 ) give much
smaller uncertainties than the minimum variance controller
Cid,4 .
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Now, let us proceed to least costly identification
experiment design and more particularly the situation
presented in Section IV-A. We have computed using the
techniques of [5] the minimal cost Pyu in open-loop and
Pyr in closed-loop for which the largest relative error
between G(z, ρ̂N ) and G(z, ρ0 ) is guaranteed to be smaller
than 0.2 at each frequency. The corresponding minimal costs
are given in Table V. These results confirms Theorem 1 and
what was observed in Figure 3.

4

2

0

−2

Pyopt
u
for Cid,1
for Cid,2
for Cid,3
for Cid,4

Pyopt
r
Pyopt
r
Pyopt
r
Pyopt
r

1.10
0.87
0.55
0.75
1.07

−4

,

−6
−6

−4

−2

0

2

4

6

TABLE I
R ESULTS OF THE L EAST C OSTLY EXPERIMENT DESIGN

Fig. 4. Same as Figure 1 but for Uη . The ellipses corresponding to openloop identification (black solid) and closed-loop identification with Cid,2
(red dotted) overlap.
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Fig. 3.
Uρ in open-loop identification (black solid), in closed-loop
identification with Cid,1 (green circles), Cid,2 (red dotted), Cid,3 (blue
crosses) and Cid,4 (magenta dashdot). Figure scaled for N = 1

VI. C ONCLUSIONS
In this paper, we develop an algorithm to determine a
controller which both achieve good H∞ performance with
the true system and ensures that the accuracy of a closedloop identification on the designed loop is high. Moreover,
we analyze whether open-loop or closed-loop identification
is optimal in the least costly identification experiment design
framework.
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