1999 INFORMATION, DECISION AND CONTROL
DATA AND INFORMATION FUSION SMOSIIUM,
SIGNAL PROCESSING AND COMMUNICATIONS SMPOSIUM AND
DECISION AND CONTROL SI%fPOSIUM

PROCEEDINGS
Adelaide, Australia
8-lOFebmary, 1999

DsT()d
IEEE

A U S T R A L I A

..

@

cooperatin Rese-5~ Centre
for Sensor SQnai ~d
Idormetion P10ce68ing

C0pMght and Reprint P&w:
Akaaaimg is pamittd with a d i t lo the roura. Libda arc pcmtinaf rn pho~oopybeyoud the
ofUS.
copyright law for priva~~
use of pawm those ;uiicler in this volume that any a code athe botlom of& f ~ s page,
l
provided the per-copy fec
indicated b h s o d c is paid though Copylight Clearancc Ccntu. 222 Rranwod Drive, h v m , MA 01923. Fw otha copying. rrprint w
republiation prmlsimwitc to IEEE Copyrights Mauaga, IEEE Opfntwnr Cmtcr, 445 Hoe Lane. P.O. Box 1331. Piscataway, NJ 08d551331. Mri* rserved Copy+ght@1999 by the Institute ofElecuicaIand Elcctmnir. EnpinI
m

IEEE Catalos N u m k 99EX251
ISBN 0.780~52564(~o&d W o n )
ISBN 0-7803-5257-2(Micmf&c Edition)
Libraryof(bn@ts Numba98-89631

IMPLEMENTATION ISSUES FOR A NONLINEAR
VERSION OF THE HANSEN SCHEME*
Franky De Bruyne, Brian Anderson, Natasha Linard
Department of Systems Engineering a n d Cooperative
Research Centre for Robust and Adaptive Systems,
Research School of Information Sciences and Engineering,
The Australian National University, Canberra ACT 0200, Australia
Abstract
In this paper, we propose a method for the identification
of a nonlinear plant under possibly nonlinear feedback;
This procedure is a nonlinear extension of a method
known as the Hansen scheme in the literature. It is
shown that using nonlinear left fractional descriptions
one can convert a general nonlinear closed-loop identification problem to one of open-loop identification by
parametrizing the model using a Youla-Kucera parameter. The open-loop problem can be implemented by
parametrizing the nonlinear Youla parameter in terms
of a model of the plant. We provide gradient expressions
for implementation in a steepest descent algorithm.
Keywords: estimation, closed-loop identification, nonlinear system, left coprime fractional representation.

1 Introduction
It has been shown in [I] that the kt of all nonlinear
plants s t a h i i by a known h e a r controller, which also
stabilises a linear nominal model of the plant, can be
parametrised by a stable operator known as the YoulaKucera parameter.
By utilising this description it is p i b 1 e to convert the
c l d - l o o p plant identification problem to one of openloop identification. Thii paper extends previous work
by allowing the model of the nominal plant and the controller in the above scenario to be nonlinear. The ideas
rely on a concept of differential coprimeness for nonlinear
fractional system descriptions.
We consider the setting shown in Figure 1.1, where
P is a nonlinear plant to be identified, C is a nonlinear
controller, and H is a linear stable output measurement
noise generating system, driven in turn by the zero mean,
white, stationary noise process e. It is assumed that
C internally stabilies the unknown plant P. While we
restrict attention to timeinvariant C and P,there would
seem to be no difficulty in extending the ideas to the
time-varying case,-as in [I].

Figure 1.1: The closed-loop system.
We also show how the open-loop identification problem can actually be implemented by parametrizing the
Youla-Kucera parameter in terms of a model of the plant.
We provide gradient expressions that can be used to implement a steepest descent algorithm.
The theoretical results are backed up by a simulation
with a plant that has a nonlinear input backlash followed
by linear dynamics. This simulation identifies a model
from data collected while the plant is operating in closedloop with a linear controller.
The construction of a nonlinear closed-loop identification scheme is the first building block towards a nonlinear extension of an iterative identification and control
procedure known a i t h e "windsurfer" approach in the
literature; see 151 for further details.

2

Preliminaries

Right c&imeness ( l i n e a r = r nonlinksr) let N,,
D, be a .right factorisation for a wd-posed Po, i.e.
Po= N,D;' where N, and D, are BIBO stable. Then
(N,, D,) is a right coprime factorisation of P
o if there
exists a BIBO operator Cc for which

Here I denotes the identity operator.
Left wprirneness (linear or nonlinear): let Nt, Dl
be
a left factorisation for a well-posed Po,i.e. Po =
washington and by the dooperative Research Centre for ~ o b u s i
and Adaptive Syrtcms by the Australian Commonwealth Govern- D;'Nl, where N1 and Dt are BIBO stable. Then (Nt, Dl)
ment undor the Cooperative Rezearch Centres Program.
is a left coprime factorisation of P
o if there exists a BIBO
'The authors acknowledge the funding of this wearch by the
US Armv Research Offirr. Far East, the Officeof Naval Research.

L, for which

[ND~]c,=I.

(2.2)

Again, (2.2) is a Bezout identity for left coprimeness.
The existence of a left coprime factorisation is not always
guaranteed; we refer to Remark 3.1 below.
Differential coprimeness: if the pair ( N l ,Dl) is left
coprime and globally Lipschitz continuous, then we can
write

where Nl, Dl, 11, and V , are all nonlinear and W is a
unit.
Then, one can define well-posed operators

for all signals z and z f L2.. If Nl and Dl are linear, aNl(=)(.)= NI(.) V z and aDq,)(.) = Dl(.) V z ; then
(aNt(,))U, (aDl(.l)K is a unit, i.e. W .
When N1 and Dl are nonlinear, we shall say that they
are differentiallycoprime if and only if the unit property
continues to hold, though now the unit will not usually
be W. Formally, Nl and Dl are left differentially coprime
if for all 2, z E he,there exists BIBO U, and V, such
that

+

(ahr,(,))u,

+ (aDl(,,)v, = w,,,,

where W,,, is a unit operator.

Remark 2.1 We say that Ni and DI are uniformly
left differentially coprime if there exists K
that
Ilwz,.il < K and IIWzII < K independently of z and
z E L2..

(U,, V,) are right coprime factors of the controller that
are di8erentia1lycoprime and glohlly Lipschitz continuous, and (a,K ) are lefi coprime factors of the controller
that are globally Lip$dritz continuous and uniformly differentially coprime.
(ii) The nominal plant model Po is smoothing, and there
ezists Nl , Dl, N,,DIall stable, well-posedopemtors with
Dl, D, invertible such that

(N,, Dr) are right coprime factors of Po that are differentially coprime and globally Lipschitz continuous, and
(Nl, Dl) are leftcoprime factors of Pr, that are globally Lipschitz continuous and uniformly differentially coprime.
It is further assumed that Nr and Ul are smoothing and
Dl and K are of the form a1 S where aI is the scaled
identity opemtor and S is a smoothing opemtor.

+

Remark 3.1 Assumption 3.2 can be quite restrictive;
especially the req-ent
of existence of left coprime
factorisations for the nominal plant and the controller.
The concept of kernel representation introduced in 171
might prove to be useful to alleviate these restrictions.
In a sense. left coprime realizations are a special case of
kernel representations
Assumption 3.3 The controller C stabilises the nominal plant model Po.

4

Characterisation and Identification of
nonlinear plants using a left coprime
factor based description

Remark 2.2 Note that if Nl and Di are known to be left
differentially coprime in the sense that for some bounded
U, and V,, aNl(,)U, aDq,)V, is a unit for any z and
z, then by taking I= 0, z = 0 we recover the standard
coprimeness relation

+

NIU,

+ DlK = W
3

for some unit W .

Assumptions

In the results which follow, we shall invoke the following
assumptions. In the sequel, P is the real system to be
identified and Pois a nominal model for P.
Assumption 3.1 The nonlinear plant
schitx and well-posed.

P is weakly Lip-

Figure 4.1: Left coprime factorisation based description
of P.

This section shows that all nonlinear plants stabilised by
a nonlinear controller C can be represented by the setting
C
is
weakly
~
i
~
s
- depicted in Figure 4.1, with R a nonlinear BIBO,
ti^^ 3.2 (i] ~h~
well-posed operator known as the youlachitt and there elists &, 6 ,U,, Vr all stable, well-posed
Kucera parameter. Conversely, if the setup of Figopemtors with Vi, V, invertible such that
ure 4.1 defines a well-posed, smoothing P for some BIBO,
C = U , V ' = y-'Vr
(3.4) smoothing, well-posed R, then P is stabilised by C.

The theorems of Subsection 4.1 argue that the repr+
sentation of Figure 4.1 depicts the set of all plants stabilised by a given controller and hence shows how the
closed-loop identification problem can be converted to
an open-loop problem in the presence of noise. Subsection 4.2 is broken into two parts. The first part treats
the noiseless situation, i.e. u = 0. The second part treats
the case when the noise is no longer zero, and it describes
how the disturbance can be incorporated into the identification algorithm. A formal proof of these theorems can
be found in [6].
4.1

Conversion t o open-loop identification and
incorporation of measurement noise
This subsection demonstrates how the measurement
noise can be incorporated in order to enable identification. The conversion to open-loop identification requires
a small noise assumption (high SNR)so that R may be
linearised around its operating trajectory. As in [I],it
is shown that instead of identifying the plant P, we can
identify the Youla-Kucera parameter, R.
4.2

Describing the s t r u c t u r e of the set of all
plants stabilised by a given controller in a
noise free setting.

L e m m a 4 1 Adopt the assumptions in Section 3. Suppose that R is a well-posed, bounded opemtor. Then if
R is smoothing, P is smoothing. Also the closed-loop of
Figure 4.2 is well-posed and internally stable.

Figure 4.3: Rearrangement of the closed-loop system of
Figure 1.1.
Refer first to Figure 4.2. In the noise free case, i.e.
with u = 0 , there holds

Also, if 0 = Ra, then

- Figure 4.2: Closed-loop of Figure 1.1 with plant P as in
Figure 4.1 and u = 0.
The converse result is as follows.
Lemma 4.2 Adopt the assumptions in Section 3 and
suppose the closed-lwp in Figure 1.1 is well-posed and
internally stable. Then there ezists a well-posed, bounded
R given by

Stability ofthe closed-loop ensures that a and 0 are (in
principle) computable (boundedly) from rl, rz and u, y
respectively. It is now possible to identity R in astandard
open-loop fashion. The next paragraph examines how to
take measurement noise into account.
a ) Incorporation of measurement noise
When u ji 0, similar equations hold provided we replace
rl and y by r, v and y - u respectively in determining
the input and output of R. This can be seen by examining Figure 4.3. Put another way, we now have

-

with
such that in Figure 4.1
y

= Pu.

Further, if P is smwthing then R is smwthing.

= a - a&,-,)

In summary, we now have
Theorem 4.1 Adopt the assumptions in Section 3.
Then the closed-Loop in Figure 1.1 is well-posed and inlernally stable if and only if P has a description of the
form of
. Fiaure
- 4.1.
. . with R a well-posed, stable, smooth. ;ng opemtor. Further P is smoothing if and only if R is
smoothing.
Proof. Theorem 4.1 follows from Lemmas 4.1 and 4.2. U

(4.3)

and
% +D ~ (Y ") = -Nc u
@*=
= D + aDt(,)(-v).
.~.

+ DLy + aDt(,)(-U)
(4.4)

P are given by (4.2) and (4.2) and are
effectively measurable. That is, the closed-looo identification problem has been transformed into a nonstandard
As before, a and

Figure 4.5: Conversion to a standard open-loop identification problem.

Figure 4.4: Incorporation of the noise in the left coprime
factorisation based description and conversion to a nonstandard open-loop identification problem.

because it is difficult to find an appropriate model structure 'for the Youla parameter itself. It now follows from
(4.1) that

This is illustrated in the upper part of Figure 5.1.
. open-loop identification problem. From 0. = R a . we
now obtain Figure 4.4.
As in [l] where the conversion process is considered
for a nonlinear plant with a linear nominal plant model
and a linear controller, the noise enters the structure in
two places. This is opposed to the case where the plant,
nominal plant model and controller are all linear. In
such a case the noise enters in only one place.
b) Conversion to a standard open-loop identification problem.
Again assuming a high SNR, there exists a linearisation

Generation of the gradient F ( 6 )
5.1
Let us first consider the following equations

The gradients of these two signals w.r.t the j-th entry of
6 are, respectively, denoted by G j ( 8 and zLj(0). They
are the j-th component of the vectors P(0)' and r(6)' and
they satisfy, for j = 1,. ,n,

..

A R of R around the trajectory produced by the input
signal a which yields
Here

The closed-loop identification problem has been transformed into astandard nonlinear open-loop identification
problem as shown in Figure 4.5. This method requires
both reference signals to be non-zero; see [ l ] for further
details.

5

Implementation issues

Conventionally, at this point, a set 72 of permissible R(6)
is defined. As an alternative, we propose postulating a
simple parametrization via

M :y(6) = P(0, u ) .

(5.1)

It is of primary importance that the identified model is
stabilized by the known controller C,i.e. we assume that
the closed-loop system [P(0) C ] is uniformly stable over
all 6 E D.o. In a nonlinear context, the reparametrization
of the Youla parameter using a plant model is appealing

where A X ( z ) denotes the linearization of X around its
operating trajectory z. We refer t q for a full treatment of the linearization problem. It 'now follows that
g j ( 0 ) can be obtained from Figure 5.1, a t least for a st*ble P(0). We refer to [4] for a stable implementation of
the gradient when P(6) is unstable. A similar procedure
had already been proposed in [2] in a linear context.
5.2 Identification criterion
In the sequel, we restrict attention to Single-InputSingl*Output systems. The restriction to scalar systems
is inessential but notationally convenient. Here, we make
use of the identification criterion

where the disturbance signal vt is a zero mean white
noise signal of variance u2 and 4 is a nonlinear backlash
operator defined using the following equations.

&
-I
Figure 5.1: Generation of the gradient flij(9)
where the prediction error is given by r(9) = L[P-P(B)].
Here L can be any stable design data filter. To facilitate
notations, we assume that L = 1. To minimize (5.7) with
respect to the model parameter vector 9, it is standard
that one can iteratively seek a solution for 9 to

Here

w

is the width of the backlash deadzone and st is

a setpoint that is used because a backlash element has

memory. We refer to [8]for further details.
We have taken the following plant parameters a = 0.2,
b = 0.5 and w = 0.1. The stabilising controller C is the
one degree of freedom linear controller

. . .

'

1.e. In F~gure1.1, n = ,; r2 = 2 and C = I. Thus,
possible left coprime factors of the controller are I4 = I
and fi = I, i.e.
by taking steps in the negative gradient direction

where H; is some appropriate positive definite matrix,
typically an estimate of the Hessian of VN. A good (but
biased estimate) of the Hessian is obtaining using the
following expression

It is assumed earlier that closed-loop system [P(9) C]
is uniformly stable over all 0 E Dn, i.e. it is assumed
that stability of the predictor is preserved while iterating.
This is a reasonable assumption since the step size yi
can be used effectively to control how much the model is
allowed to change per iteration.

6 Numerical example
This section contains a discussion of simulations performed using the Hansen method documented in Section 4. We have chosen to illustrate this method with
a plant that has a nonlinear input backlash followed by
h e a r dynamics. This simulation identifies a nonlinear
p h t (P,vL)connected in closed-loop with a stabilising
controller (C). This controller also stabilises a linear
nominal model of the plant ( P o ) This simulation was
implemented in discrete-time.
The nonlinear plant is described by

The nominal plant model has a left coprime factorisation
given by
p0= D,-'N,
(6.6)
where

-

z+O.1
0.6
Nl = -.
(6.7)
z +0.7'
z 0.7
The choice (6.5) satislies the Bezout identity NLUI
Dl% = I which implies that Po is s t a b i l i by C. We
construct the plant in terms of left coprime factors of the
linear controller, the linear nominal plant model, and a
nonlinear operator known as the'~oul+Knceraparameter. Identifying this parameter is equivalent to identifying the plant with the advantage that it can be written
as an open-loop identification problem as shown in Section 4. Recall from Figure 4.1, that one can calculate a
and p from the data collected on the *-t.
These signals are of interest in the open-loop identikation of the
Youla-Kucera parameter. They are given by

Dl =

+

+

where 0 = R e + AR(-8Ut(-y)v) - ~ D I (( - ~
0 ) ) in a high
SNR situation. The reference signals rl = rl = 2 were
chosen to be known filtered unit variance and zero mean
white noise signals independent of the process diturbance signal v. Note that thii corresponds to an input signal u that is of similar magnitude to the backlash
width, w. With an input signal of much greater magnitude than w this quantity would be hard to identify, the

effect of the nonlinearity being swamped by the signal; if
u is of smaller magnitude there would also be a problem.
We have used a reparametrization of the Youla-Kucera
parameter using the model structure

where J(6)is the backlash defined in (6.2) with UJ replaced by lir. Here the parameter vector is 0 = [a, &, GI,
i.e. three parameters are identified. The jth component
of the derivative p(9) for j = 1.2.3 can be obtained
from (5.5)-(5.6) or, equivalently, using

where

with
-0.5 if qt > st-l,
0.5 if qt < st-1 - w,
(6.11)
0 if~t-~-w<q,<s~-~

Using the previous closed-loop system, we have generated a data set {r,, ut, yt) with signals of length
N = 2000. We started with initial parameter estimates
0[0] = [8[0] 6[0] G[o]] = 10.1 0.4 O].

(6.12)

When the simulation was run in a noise free situation
the parameter estimates converged to the true values.
Due to the type of nonlinearity implemented, the identification process was very sensitive to noise. Figure 6.1
shows the results when there is no noise (a2 = 0) and
when the noise level is increased slightly (v2 = 0.000005).
(A typical output level was 0.04, and so the SNR was a p
proximately 24dB). The accuracy of the final parameter
estimates decreases with d increasing (SNRdecreasing).

Figure 6.1: Parameter Estimates versus Number of Iterations when uZ = 0 and vZ = 0.000005 respectiveIy and

w=0.1,a=0.2andb=0.5;rS(-),ii(--),b(...)
[5]
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