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' , control problem with
This paper treats this sort of H
a more general formulation (see Figs. 2 and 3 ) .

Abstract
This paper treats a design method of n, controllers
which contain
poles at
points. such controllers are needed if, for example, the closed-loop system
is to meetnot only an ' H ~ - ~ but~ aiso~ some
steady-state performance specifications such as rejection
of constant and sinusoidal disturbances. Presented in this
paper are the existence conditions for the controllers, a
characterization of them, and a computational approach
to the design method.

1 Introduction
In this paper we shall discuss a design method of 7im controllers which contain jw-axis poles at specified points.
The need of this sort of 31, controllers naturally arises
when the closed-loop system is t o meet not only an 7
-1,
norm constraint but also some steady-state performance
specifications such as (1) rejection of constant and sinusoidal disturbances and (2) asymptotic perfect tracking
of step and ramp reference signals.
The method we shall treat in this paper is based on the
use offrequency-dependent weightings which have one or
more jw-axis poles [9, 10, 11, 141. For example, rejection
of a constant disturbance reauires a ole at the oriein in a
plant P or controller C or both. This implies that because
of the requirement of closed-loop stability, the sensitidy
function S := (I- PC)-' must have a zero at the origin,
i.e. 11
11 < m. Absorbing the integrator l J sinto a
weighting W ( s ) which reflects an %,-norm constraint,
,
problem 11 W S 11, < 1, where W ( 0 ) =
we have the %
oo, from which the title of this paper comes. In a similar

.,

*The author wishes to acknowledge the funding of the aetivities of the Cooperative Research Centre for Robust and Adaptive
Systems by t h e Auatraliaa Commonwealth Government under the
Cmperative ~
c Centres
h ~mgram.

The precise btatement of the problem to be solved will
be given in Section 2. As we shall see, in order to treat the
pmblem properly, we are forced to make significant modifications of standing assumptions on an augmented plant.
Section 3 will be devoted to this Purpose. In Section 4,
we explain the concept of a quasi-stabiiig solution to
an algebraic Riccati equation. The main result of this paper appears in Section 5. The result involves necessary
and suffiaent conditions for the controllers to exist and a
characterization of them. A computational approach
the main result will be suggested in Section 6. Section 7
contains the concluding remarks. For lack of space, we
shall omit all proofs of the theorems etc; the reader may
find them in [a].
Other methods for introducing jw-axis poles into 7
1
,
controUers are found in [ 5 , 6 , 1 3 ] .
F~~a real function m a t eq s ) , G - ( ~is) defined to be
@(-8).
The symbol RX, stands for the family of real
rational function matrices that are proper and stable (8.e.
of
poles lie in R~ < 0). F~~G ERE,, the
G , denoted by (1 GI[,, is defined to be max, a ( G ( j w ) ) .
B~ G E
we mean that G is an RX, matrix with
norm strictly less than one. Let G ( s ) be a proper ratio(A, 5,C , D ) , n=
nal function matrix with a
G ( ~=) D + ~ ( A)-'B.
~ 1 we then use the following
convention:

m,

-

A B

'(') =

or

= (A, 5,C, D).

The Laplace variable s will sometimes be suppressed. For
matrices M and N of appropriate size, the lower and the
upper linear fractional transformations (LFTs) on N by
the coupling matrix M are respectively defined to be

3 4 M , N ) := Mll

+ M 1 2 N ( I- M ~ ~ N ) - ' M ~ ~ ,

3 " ( M , N ) := M22

+Mzi(1-

NMII)-~NMI~~

M'l M1z . Finally, we W z ( s )=
[MZI M z ~ ]
(4)
introduce a manipulation on two coupling matrices for
and, if 'CV,(s) has jw-axis poles, there exists a full column
the LFT. Consider
rank T,for which
GII Glz
Mli Miz
G = [GZI GZZ]'
M=
Mn]
A,T, = T,Ap,
(5)
with the product Gl2MI1 well-defined
I GZ2Ml1 6 t h Api precisely capturing the eigenvalues of -4, on the
~h~
star
product
of
G
and
M,
denoted by jw-axis. Apart from these eigenvalues, all other eigenvalinvertible.
ues of A, are in %(s) < 0.
G * M, is defined to be (see Fig. 1)
where M is partitioned as

[Mil

-

This notation allows us to write
31(G,Fl(M, N)) = 3!(G* M, N).

Figure 2: Equivalent Open-loop Interconnections

Figure 1: Star Product of G and M

2

Problem Formulation

We work with the augmented plant
Figure 3: Closed-loop Interconnection

In view of the structure depicted in Fig. 2, it is evident
that no state of Ww is controllable from u, i.e. (A, Bz)
will not be controllable. If A,,,,, is not empty, (A, Bx) will
not be stahiiable. Similarly, no state of W, is observable from y, and if Apr is not empty, then (Cz, A) is not
detectable. Thus it would be appear that key assumptions
of the standard theory of H
', Control are violated. Herein
of course lies the crux of the problem.
Because the weighting functions are not part of the
is assumed to have no poles in R(s) > 0, to be described
by a minimal realization, and it may have one or more closed-loop system which involves the physical plant and
jw-axis poles. If so, there exists afull column rank matrix prospective controller (which is connected as shown in
Fig. 3), the physical closed-loop system can be stable
Twfor which
even if Ww(s) and, W,(s) have jw-axis poles. We shall
say
The matrix A arises by combining together the dynamics
of the physical (unaugmented) plant, the input weighting
W,(s), and the output weighting W,(s), see Fig. 2. The
input weighting

and Apw has all eigenvalues on the jw-axis; there are no
other jw-axis eigenvaiues of A, on the imaginary axis
apart from those captured by Apw. Similarly, there is a
minimal realization of the output weighting

Definition 1 The closed-loop system (G, K ) is essentially stable if the interconnection of the physical plant
p ( s ) and controller K(s) is internally stable, or equivalently, if the only non-internally stable modes of (G, K)

D ~ = ~I. D ~
are those associated w t h the input weighting tV,(s) (via DT2DIZ= I.
(9)
.Ap,) or the output weighting W,(s) (via A,,).
We shall retain assumption A1 in our work.
problem 2 (
~ problem)
~
iF~~the
~ sdeme
of ~ i ~AS-already indicated, the key point of this paper is to
assumption A2 and, consequently, A3. he general
ure 2, where one or both of W,(s) and W,(S) possesses
way this should be done is hinted at in the last section.
one or more jw-auis poles (all other poles being
find necessary and
conditions for the efistence Let US make this more precise here. In the light of asof an essentially stabilizing controller K(s) such that sum~tiollAO'. it is reasonable to replace A2 by
G,, := Fl(G,K) E BH, (2.e. G,,(s) is stable (after ~ 2 9
cancellation) and 11 G,, ,1 < 1). Assuming s u d K ( s )
exists, characterize them.
stabilimble:

([,/& ] . [Bfj12])
([DgC,
C$1 . [
$;, u:.]) detectable:

3 Variation to Standard Assumptions
At the outset, let us clarify the basic set-up in all assumptions:
AO' The physical plant Pu(s) is defined by

At least one of A, and A, has one or more jw-axis
eigenvalues, and the set of such eigenvalues are also eigenvalues of A, and/or A,* as in (3) and ( 5 ) , where T, and
T, are full column rank matrices. The failure of A2 is of
course limited to the jw-axis poles of W,(s) and W,(s).
We also need to adjust A3, if the problem is to have
and G(s), the plant with attached input and output
any chance of being solved. The motivation for the arguweightings, and originally specified in (1) is
ment is as follows. If the Main Problem can be solved,
it is clearly necessary that the closed-loop transfer function from w to 2 , call it GIW(s), have no pole on the
jw-axis. Reference to Figure 3 shows that if W,(s) has a
jw-axis pole, there must be a canceling zero in the transfer function matrix from the output of W,(s) to t, z.e.
an unobservable mode. Similarly, if W,(s) has a jw-axis
pole, there will have to be an uncontroUahle mode. In
the following lemma. we identify these modes and multiplicities, and subsequently relate them to invariant zeros
of
Glz(s) and Gzi(s).
The weightings W,(s) and W,(s) are as specified in
(2) through ( 5 ) , with no poles in % s > 0, and with Lemma 3 Adopt assumptions AO', A1 and A2'. Let
A,, and 4. capturing all jw-axis poles of W,(s) K(s) be any essentially stabilizing controller such that
also G,,(s) E RX,. Then if A,, is r x r, there exists a
and W,(s).
full column rank matrix V of r ~coluolumosfor which
Now for the standard problems, we have
(A- B ~ D ~ , C ~=
) VVA,,,
D:,C~V = 0.
(10)
A1 The matrices Dlz and Dzl are of full column rank
If A,, is s x s, there exists a full row rank matrix U of s
and full row rank, respectively.
rows for which
A2 (A, Bz) is stabilizable and (Cz, A) is detectable.
U(A B ~ D ~ , C=~A,&
)
UB~D:, = 0.
(11)
A3 G12 = (A3BzrC~,D12)
and Gzi = ( A , B I , C ~ , D ~ I ) The following is due to [7]:
have no jw-axis invariant zeros.
Lemma 4 Let Glz = (A,B2, Cl, 012) be any tall transWe conclude that A l guarantees the existence of ma- fer function with Dl2 of full column rank. Then the
trices Df2, D h , D;, and D& such that
invanvanant
zeros of Glz coincide with the unobservable
modes of (D&Cl, A - B ~ D ~ ~ cwhere
~ ) , D& and Dl2 are
defined in accordance with (8a).
Let Gzl = (A,BlrC2,D21) be any fat transfer funczetion with DZ1 of fuU row rank. Then the invanvanant
ros of G21 coincide with the uncontroUable modes of
C ~ , where D$ and Dil are defined
(A B ~ D ~ , BID$),
Also, without loss of generality, one can assume
in accordance with (8b).

-

-

Together, Lemmas 3 and 4 show that jw-axis poles in S := (V h],
(15)
the input weighting function force some jw-axis invariant zeros into ~ ~ ~consequently,
( ~ 1 . assumption A3 can where '1 is a full column rank matrix satisfying (131,
no lancer hold. rnstead. we re~laceit bv a minimal re- and 1'2 is an arbitrary matrix that makes S square and
zeros:

S- A

-

P'

Alz
-Az2]

(16)
cs=[ O C121
3
A3' If A,,.,
is r x r . there exist ~reciselvr invariant ~ u r e"l v
rimaginary zeros of GIZ = (A, B2, CI, DIZ), char=- for some Alz, A22 and C12. Write the transformed version
terized by a rank T matrix V satisfying (10). If A,,
R conformably as
is s x s, there exist precisely s invariant purely imaginary zeros of G21 = (A, BI,CZ,D21)rcharacterized S-IR(S-I)T =
(17)
by a rank s matrix U satisfying (11).

S-

.

[o

Let X be a quasi-stabilizing solution t o (12). It is clear

4

Quasi-stabilizing Solution of Riccati from the definitional requirement X I r = 0 that
Equations
0 0

= [O x2,]
(18)
A quasr-stabzlizmg solutzon of a Riccati equation plays
a crucial role in this paper. Accordingly, we shall give for some symmetric Xz2. Substituting (16)-(18) into (12)
here its definition and properties before stating the main yields a reduced-order ~ i ~equation
~ ~ t i
result of this paper.
A?ZXZ~ XzzAz2 X2zRzzXzz C ~ C=I0.~
Let us consider a Riccati equation in the form
(19)

+

+

+

+

(12) By the definition of a quasi-stabilizing solution, A22
RzzXzz must be stable since
where A and R = RT are n x n real matrices and C is a
+ R12X22
~ A~
real matrix of compatible dimension (We do not impose S-f (A + R X ) =
(20)
0 A22 RnzX2z
sign-definiteness on R). A symmetric matrix X which
satisfies (12) is called a stabilizing (resp. strong) solution conversely, if (19) has a
solution xzz,
and if
if A RX has all eigenydues in % 8 < 0 ( r e s ~ .% s 5 0). we define X via (la), then X is clearly a quasi-stabilizing
A quasi-stabilizing solution is a kind of strong solution solution of (12). H
~ we have
~ proved
~
~the following
,
that has a particular null space structure together with
. , , ,a
, , ,+
certain stabilizing property. The precise statement is as
follows:
Theorem 6 Consider a coordinate change matrix S as
defined in (15), where A, C, V and Ap are asin Definition
Definition 5 Suppose (C,A) has r jw-axis unobservable 5. Then equation (12) admits a quasi-stab*g
solution
modes, counting multiplicity. Then there exists an n X T X if and only if (19) admits a stabilizing sojution XZ2.
full column rank matriv'V such that
Moreover, (18) gives the correspondence between X and

A~X+XA+XRX+C~C=O,

[

+

1-

+

"..--..,-.

A V = VA..

r

CV=O

(13)
~.

xzz.

Although S is not unique, it is not hard to check that
Withall eigenvalues
of A~ On the
A strong the non-uniqueness
is inessential to establishing unzquesolution X to (12) is called quasi-stabilizing if i t satisfies ness of
(see
the following two conditions:

5 Main Result

(a) X V = 0, and

+

(b) A RX has all eigenvalues in % s
that'kre eigenvalues of Ap.

< 0, except those

The main result follows dosely the result for the standard
problem. We simply
and
. . use the adjusted assumptions,
the
concept
of
quasi-stabiiig
solutions.
We can also define a quasi-stabilizing solution to a Riccati equation in the form
Theorem 7 Consider a physical plant P ( s ) , with realization as in (E), in conjunction with input and output
weightings W,(s)and W,(s) with minimal realizations
Because modifications to the definition are quite obvious, as in (2) and (4), and consider G(s) as in (1) and (7).
details are left to the reader.
Adopt assumptions AO', Al, A2' and A3'. Then the Main
In order t o make clear the structural properties of a Problem is solvable if and only if the following equations
quasi-stabilizing solution, let us consider the following admit nonnegative quas'atabilizing solutions X, Y with
coordinate change matrix:
p(XY) < 1, p(.) being the spectral radius:

Step 1. Normalize Dl2 and Dzl so that (9) is satisfied,
and compute D& and D& satisfying (8a) and (8b).
This step may be carried out using singular value
decompositio~~s
of Dl2 and DZI.

.4ssuming such matrices exist, the set of all controLlers
solving the .Main Problem is given by

where

Step 2. Find the basis matrices U and V as stated in
Lemma 3. .and seek Ul and 6 SO that

become square and orthogonal. Here orthogonality
is required for i~umericalreasons. This step may be
achieved using (real) Schur decompositions of A B2Dy2C1and A - BIDZICz (Recall that
= DT2
and that Dil = D& owing to (9)). This step is not
hard because we can usually specify .Apw and A,, in
advance.

~i~

Here all the quantities on the right-hand side are defined
by

S t e p 3. Using the coordinate change matrices S and T,
compute the 1nat.licesAzz, Clz, BIZ,B22, -4y1. BII.
Cl1 and Czl through the definitions:

[f- ti:].

S~(A
- B ~ D ~ , C ~=) S

where 0 := I

(27)

-Y X .

Remark 8 The formula for K(s) is identical with that
appearing in the standard problems, see, e.g. [2, 4, 121.

6 Numerical Issues
It is well known that strong solutions of Riccati equations are hard to compute in a numerically stable way.
Because the quasi-stabilizing solutions appearing in the
previous sections are a type of strong solution, the problem arises of how to compute them in a numerically stable
way. To circumvent'this difficulty, we exploit the particThe partition of the matrices above is made in acular null and stabilizing structure of the quasi-stabilizing
cordance
with that of S and T.
solutions; one possible method is to use reduced-order
Riccati equations such as (19). In this section, we shall Step 4. Compute the nonnegative, stabilizing solutions
give more details of this method.
X22 and Yll to the following reduced-order Riccati
Before proceeding, a comment on a realization in (1)
equations:
is in order. So far it has been assumed that the (1,l)block of the D-matrix in (1) is a zero matrix, i.e. that
Dl1 = 0. Of course, this does not always hold in practical
problems. Fortunately, it is not hard to see that, even
for the problem considered in the previous sections, the
'loop-shifting method' in 13, $5.41 still remains valid; in
other words, we can always transform an original problem
with DII # 0 into an equivalent problem with Dll = 0.
With this understanding, we assume, if necessary, that
Recall that (21) and (22) admit nonnegative, quasithe realization given in (1) results from loop-shifting, and
stabilizing solutions if and only if (33) and (34)
thus D n = 0.
have nonnegative, stabilizing solutions, and that
The following is a procedure for computing the quasithese stabilizing solutions are computable by stanstabilizing solutions to (21) and (22):
dard methods.
.,

S t e p 5. Let Xz2 and i.il be nonnegative, stabilizing solutions t o (33)and (34),respectively. Then

131 K. Glover, D. J. N . Limebeer, J. C. Doyle. E. hf.
Kasenally and M. G. Safonov. "A characterization
of all solutions to the four block general distance
problem", SIAM J. Control and Optimization, 29
(1991),pp. 283-324.

are nonnegative, quasi-stabilizing solutions to (21)
and (22), respectively. Finally, check the spectral
radius condition p(XY) < 1. Note that, in general, the condition p(Xzzli1) < 1 does not imply
that p(X1') < 1 even if the product XZ2Yl1
is welldefined.

[4]M. Green, I<. Glover, D. Limebeer and J. Doyle.
'LAJ-spectral factorization approach to 7-1, control
'', SIAM J. Control and Optimization, 28 (1990),
pp. 1350-1371.
[5]S. Hara, H.Fujioka and T. Kosugiyama, "Synthesis
of rubust servo compensators based on Hm control".
In Proc. 1994 ACC, pp. 3166-3170, 1994

Note that each of the steps above including loop-shifting
on Dllis carried out by using standard matrix computation routines, and thus the procedure above can easily
he implemented.

[6]Z. Hozurni, H. Fujioka and S. Ham, !'Em control synthesis for robust servo systems-An LMI
approach-", In Proc. First Asian Control Conference, pp. 33-36, 1994.

R e m a r k 9 To conclude this section, we remark that, for
some cases, the use of weighting functions with jw-axis
poles does not necessarily guarantee that all controllers
that (24)yields contain the same jw-axis poles that the
weighting functions have. There may be an 7-1, controller
having no jw-axis poles in common with a weighting function used even if it has an jw-axis pole. In fact, such a
case is found in [lo].Sufficient conditions for precluding
the case were given in [ll]and are as follows:

[7]D. J. N. Limebeer and G. D. Halikias, "A controller
degree bound for 'K,-optimal control problem of the
second kind", SIAM J. Control and Optimization,
26 (1988),pp. 646-677.
[8]K. Kuriyamq B. D. 0. Anderson and T. Mita, "A
complete solution to K
' , control problems with infinite gain weightings", submitted to P A C Antomatica, 1995.
191 K.-Z. Liu and T. Mita, "Generalized 7-1, Control",
In Proc. 1992 ACC, pp. 2245-2249, 1992.

where U and V are as defined in Lemma 3. We note that, 1101 T. Mita, K. Kuriyama and K.-Z. Liu, "7-1, control with unstable weighting functions--A design
in contrast t o [Ill,these conditions have not been used
method of 7-1, robust servo systemsn, In Proc. 32nd
in the course of our development of the theory (see [a]).
CDC, pp. 65M55, 1993.

(111 T. Mita, K. Kuriyama and K.-2. Liu, %
, control with weighting functions having purely imagIn this paper we have treated a design method of K
' , coninary poles-implementing internal models to 7-1,
trollers which contain jw-axis poles at specified points.
controllers", to appear in h t . J. Robust and NonlinNecessary and sufficient conditions for the controllers to
ear Control, 1994.
exist were obtained which guarantee closed-loop stability
of the physical system and controller as well as achieving 1121 I. R.Petersen, B. D. 0. Anderson and E. A. Jonckheere, "A first principles solution to the non-singular
an %,-norm constraint, and the set of all feasible conHm control problem", h t . J. Robust and Nonlinear
trollers were characterized. A computational approach to
Control, 1 (1991),171-185.
the design method was also indicated.
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